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Abstract

Space plasmas are composed of charged particles that play a key role in electromagnetic dynamics. However, to date, there
has been no direct measurement of the distribution of such charges in space. In this study, three schemes for measuring charge
densities in space are proposed. The first scheme is based on electric field measurements by multiple spacecraft. This method is
applied to deduce the charge density distribution within Earth’s magnetopause boundary layer using Magnetospheric MultiScale
constellation (MMS) 4-point measurements, and indicates the existence of a charge separation there. The second and third
schemes proposed are both based on electric potential measurements from multiple electric probes. The second scheme, which
requires 10 or more electric potential probes, can yield the net charge density to first-order accuracy, while the third scheme,
which makes use of seven to eight specifically distributed probes, can give the net charge density with second-order accuracy.
The feasibility, reliability, and accuracy of these three schemes are successfully verified for a charged-ball model. These charge

density measurement schemes could potentially be applied in both space exploration and ground-based laboratory experiments.
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Key Points:

Charge densities in geomagnetopause have been calculated using MMS electric field

measurements.

A method for extracting the charge density from 10-point electric potential

measurements is presented.

An additional scheme to measure the charge density using seven or eight electric

potential probes is explored.
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Measurements, Magnetopause
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Abstract

Space plasmas are composed of charged particles that play a key role in electromagnetic
dynamics. However, to date, there has been no direct measurement of the distribution
of such charges in space. In this study, three schemes for measuring charge densities in
space are presented. The first scheme is based on electric field measurements by
multiple spacecraft. This method is applied to deduce the charge density distribution
within Earth’s magnetopause boundary layer using Magnetospheric MultiScale
constellation (MMS) 4-point measurements, and indicates the existence of a charge
separation there. The second and third schemes proposed are both based on electric
potential measurements from multiple electric probes. The second scheme, which
requires 10 or more electric potential probes, can yield the net charge density to first-
order accuracy, while the third scheme, which makes use of seven to eight specifically
distributed probes, can give the net charge density with second-order accuracy. The
feasibility, reliability, and accuracy of these three schemes are successfully verified for
a charged-ball model. These charge density measurement schemes could potentially be

applied in both space exploration and ground-based laboratory experiments.
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1. Introduction

Electromagnetic fields are omnipresent in space. They control the motion of
plasmas, and the transportation, release, and transformation of energy in space, and
thereby are the key driver of space weather hazards. Charges and electric currents
(flows of charged particles) source the electromagnetic field, and therefore the
distribution and motions of charges determine its form. Charge separations occur in
electric double layers, which exist commonly in space plasmas (Block, 1975; Akasofu,
1981; Raadu, 1989). Net charges can appear in plasma boundary layers (Parks, 1991),
e.g., the magnetopause boundary layers and Alfvén layers (Hasegawa and Sato, 1989).
Charge separations can also occur during ambipolar diffusion processes (Alfvén, 1963;
Bittencourt, 2004), e.g., the Earth’s polar wind (Axford, 1968; Lemaire and Pierrard,
2001; Yau et al., 2007). In macro-scale plasmas, flow shears or vorticities can
accumulate these net charges, driving the field-aligned currents (Michael, 2014).
Charge separations also play a key role in plasma instabilities, e.g., the Rayleigh-Taylor
instability (Treumann and Baumjohann, 1997; Michael, 2014) and the tearing
instability (Treumann and Baumjohann, 1997).

The charge separations in space plasmas can appear at various spatial scales. The
plasmas with no magnetic field are commonly electrically neutral when the spatial scale
is much larger than the Debye length and the temporal scale is rather longer than the

plasma oscillation time (Bittencourt, 2004). At the Debye length space scale or plasma
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oscillation time scale, the electrical neutrality would be violated and charge separations
appear. On the other hand, the ambipolar diffusion takes place in inhomogeneous
plasmas due to the different thermal velocities of the electrons and ions, and
polarization electric fields will be created, which can span several Earth radii in the
Earth’s polar wind regions (Axford, 1968; Lemaire and Pierrard, 2001). However, as
results of the difference between the parameters of electrons and ions, the charge
separations in magnetized plasmas at spatial scales much larger than the Debye length
can take place. As for the magnetopause boundary layers, the protons of solar wind can
penetrate more deeply into the magnetosphere than electrons because of their greater
gyroradius. Therefore, the magnetosphere and magnetosheath sides of the
magnetopause boundary layer are positively and negatively charged, respectively, and
the width of the magnetopause boundary layer is at the order of proton gyroradius
(several hundred Kilometers) (Parks, 1991; Kivelson and Russell, 1995). During the
magnetospheric substorms, the plasmas are injected from the magnetotail into the inner
magnetosphere, and the ions and electrons are energized and drift duskward and
dawnward, respectively. As a result, the duskside and dawnside of the inner
magnetosphere accumulate positive and negative charges, respectively, and a
dawnward shielding electric field with a spatial scale of several Earth radius is

established (Hasegawa and Sato, 1989).

The acquisition of a spatial distribution of electric charge density is of critical
importance for recognizing and understanding the dynamics of electromagnetic fields
and plasmas in space. However, there is still no equipment available for directly
measuring the net charge density in space, although measurements of the charge density
in the atmosphere near the ground have been achieved. The difficulty of such
measurements in space arises because the plasmas there are extremely thin, with only
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a few charged particles per ¢cm3, and the net charge density is even lower by several
orders. According to Harris (1962), the maximum charge density within the

magnetopause boundary layer is |p|  ~2ne(1—V?/c?)*V?/c?, where n is the

number density of the plasmas, V is the drifting velocity of electrons and ions, ¢ is the
free speed of light in vacuum. According to Lee and Kan (1979), the main carriers of
the current in the magnetopause are ions, whose temperature is about 300 eV and

thermal velocity is estimated to be V ~200km/s . Assume n=10cm™ in the
magnetopause, then |p| _ ~10e/m®.

Cluster mission has first achieved the four-point measurements on the electric field
in space (Escoubet et al., 2001), with which the electric field structure of the
magnetopause boundary layer has been revealed (Paschmann et al., 2005; Haaland et
al., 2021 and references therein). The Magnetospheric MultiScale (MMS) constellation
(Burch et al., 2016) can measure the 3-dimensional electric field vector at four locations
in space so as to obtain the linear gradient of the electric field. By using this advantage,
Tong, et al. (2018) have deduced the spatial distribution of net charge within a magnetic
hole and found there are net positive charges in the center of the magnetic hole and an
electron sheath around the hole. With a similar approach Argall et al. (2019) have
investigated the distribution of charge density in the diffusion region of magnetic
reconnection. However, we still have no independent charge density measurement
equipment in space. In this article, we will explore how the charge density can be
deduced based on multiple-probe electric potential measurements on board a single
spacecratft.

In Section 2, we first discuss the method for deducing the charge density from 4-
point electric field measurements, which has been applied to analyze the charge density

distribution in the dayside magnetopause boundary layer during an MMS
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magnetopause crossing event. In Section 3, a method for deducing the charge density
from > 10 -point electric potential measurements is studied. Section 4 explores
measurements of the charge density based on seven or eight electric potential probes.

Section 5 gives a summary and some discussion.

2. Deducing the charge density from multi-spacecraft electric field measurements
The direct approach to obtain the net charge density is to sum up the charge

densities of positively and negatively charged particles with the formula
p:_ene"'zqi n, (1)
i

where N, and N; are the densities of the electrons and the i-th ion, respectively, and
0, isthe charge of the i-th ion. However, the electric force is so strong that the plasmas
are always quasi-neutral, and the separation between the two types of charges is very
slight. Therefore, the charge densities in space plasmas are extremely small. It is almost
impossible to determine the net charge density by measuring the densities of charged
particles at the present stage of space exploration.

The most feasible and practicable method at present is to deduce the net charge
density by measuring the electric potentials or electric fields created by the net charges
at high accuracies with well-developed technology (Mozer et al., 1967; Mozer, 1973;
Paschmann et al., 1997; Pedersen et al., 1998; Michael, 2014). The Spin-plane Double
Probes (SDPs) and Axial Double Probes (ADPs) (Torbert et al., 2016; Lindqvist et al.,
2016; Ergun et al., 2016) onboard the four spacecraft of the MMS constellation (Burch

et al., 2016) yield four electric field vectors at four different locations separated by tens
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of kilometers. With the Gaussian theorem, #~ % "= we can get the charge density at

the center of the constellation, as illustrated in Fig. 1. Suppose that the four spacecraft

of the MMS constellation are located at four different positions I, (Oﬂ =12, 4) . The

4
barycenter of the MMS constellation is T, E—zra . It is convenient to assume that

a-1
I. =0, so that the barycenter of the constellation is the origin of the frame of reference.
The four spacecraft yield four electric fields, E, = E(ra), a=124 . Under the linear
assumption, the i-th component of the gradient of the electric field at the barycenter can

be calculated as (Harvey, 1998; Chanteur, 1998)
13 4
(ViE)c = ZZ; E.riRii (2)

1 4
where Rij = Z Z Iily; 1s the volumetric tensor of the constellation (Harvey, 1998), and
-1

Rj_il its inverse. By using the Gaussian theorem, we can get the charge density with

the divergence of the electric field vector, i.e.,

3

pZEOV'E:gozviEi, 3)

i=1
The accuracy of the axial electric field measured by MMS is 1 mV /m (ADPs, Ergun
et al.,2016), while the accuracy of the components of electric field in the spin plane is
< 0.5 mV/m (SDPs, Lindqvist et al., 2016). The two corresponding errors can be
denoted as 6E,~1mV /m and §Eg~0.5 mV /m, respectively. It is known that the
characteristic spatial scale of MMS is L = 20 km. Therefore, the error of the charge

density calculated from the MMS 4 point electric measurements is estimated to be

0E, 0Eg

6p = & (T +2 - ) ~ 0.45 e/m® which, as we will see in a case study, is much

smaller than the observed charge density. The algorithm presented here is also evaluated

and validated by a more sophisticated simulation shown in Figure S1 and S2 in the
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supporting information file (jgra55009-sup-0001-2021JA029511-si).

MMS 1

MMS 2 2

Figure 1. A schematic view of the measurements of the electric field by the MMS

constellation and the calculation of the charge density.

Here we will explore the net charge distribution within the magnetopause
boundary layer based on MMS electric measurements. It is well known that a charge
separation occurs in the magnetopause, brought about by the effects of inertia (because
there is a large difference between the masses of the electrons and ions). As a result of
that, the net positive charges accumulate at the magnetospheric side and the net negative
charges accumulate at the magnetosheath side of the magnetopause boundary. Because
the MMS constellation has a rather small size (with the spacecraft separations being
several tens of kilometers) and can be well-embedded in the magnetopause boundary,
the charge density can be deduced from the MMS electric observations using the above

method. We investigate one MMS magnetopause crossing event at 14:26:14 on 11
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November 2015 by examining the electric field and calculating the charge density,
whose values during the crossing event are shown in Fig. 2. It can be seen that the
rotational discontinuity (RD) appear at UT14:26:40 with the maximum magnetic
rotation rates (Panel (d)) (Shen et al., 2007), minimum value of the gradient of the
magnetic strength (Panel (e)), and smallest radius of curvature of the magnetic field
lines (Panel (f)). As shown in Panel (g), a charge separation is evident within the
magnetopause boundary, with the positive charges at the magnetospheric side and
negative charges at the magnetosheath side. The maximum value of the charge density
in the magnetopause is about 60e/m?®, which is much larger than the error (6p =
0.45 e/m3) as given above. It is evident that the electric neutrality is kept in the
magnetosheath near to the magnetopause. These results are in agreement with the
conventional kinetic models of the magnetopause boundary layers (Harris, 1962; Lee

and Kan, 1979; Parks, 1991; Kivelson and Russell, 1995).
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Figure 2. The structure of the magnetopause during an MMS crossing event on 11
November 2015. From top to bottom: (a) the magnetic flux density at the center of the
constellation, (b)the electric-field at the center of the constellation ,(c) the electron and
ion number densities measured by MMS-1 (Pollock et al., 2016), (d) the rotation rates
of the magnetic field (Shen et al., 2007), (e) |V|B||, (f) the radius of curvature of the

magnetic field lines (Shen et al., 2003), and (g) the charge distribution. The red vertical


https://cn.bing.com/dict/search?q=red&FORM=BDVSP6&cc=cn
https://cn.bing.com/dict/search?q=vertical%20line&FORM=BDVSP6&cc=cn

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

line marks the largest rotation rates, and the black vertical dotted lines mark the largest

and the smallest charge densities.

3. Charge density measurements from 10 probes on board a spacecraft — Stiff

Booms Method

It is known that the linear gradient of a quantity can be estimated based on 4-point
measurements (Harvey, 1998; Chanteur, 1998; Shen et al., 2003), while the quadratic
gradient of a quantity can be calculated based on 10-point measurements (Chanteur,
1998). In the low Earth Orbit missions DEMETER (Berthelier, et al., 2005) and
Zhangheng-1 (Shen, et al., 2018), the electric field is measured with four probes
mounted at the ends of four stiff booms. We suggest to construct an electric equipment
composed of 10 or more electric probes so that both the electric field and charge density
can be measured. In a previous investigation (Shen et al., 2021), a new algorithm was

put forward to calculate the linear and quadratic gradients jointly based on 10 or more

measurements. It can be applied to obtain the quadratic gradients (V 2(0 ) from 10-point

electric potential field ( @ ) measurements. Moreover, with the Poisson equation,
p=-5V'p, @)

it yields the distribution of the electric charge density. For the processes with temporal

variations, the general governing equation 1is the d'Alembert equation,

-C_zﬁt2 p+ V2(0 = —80_1,0 , instead. However, for slow varying structures or steady

structures and low-frequency plasma waves with their motion speeds much less than c,
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the first term at the right hand side of the d'Alembert equation can be neglected.

We can check the feasibility of this 10 probe scheme. The electric field generated
by a uniformly charged ball will be used to test this approach. Supposing that the radius
of the ball is r, and its charge density is p, we get the electric potential field

analytically as,
g2 4 12 -
ceprtt—1gp if r <,
@(r) = 1 0Q 5 5)

- ifr > r
Ame T f 0

where Q = %m‘(ﬁ p is the total charge and r is the distance from the center of the ball
to the measurement point. In the following modeling, constant values of 1 are assigned
to p, 1y, and €, 1.e., p =1y = € = 1. The positions of the 10 probes in the barycenter
coordinates are generated randomly and presented in Tab. 1 and Fig. 3. The three
characteristic lengths of the distribution of the 10 probes (Harvey, 1998; Robert, et al.,
1998) are a =0.10, b =0.06, and ¢ = 0.03. The reconstructed characteristic

. MN .
matrix R 1S

12.73 —-11.09 -5.05 5.22 2.74 1.61
—11.09 20.90 5.47 —-6.71 —497 -2.28
—-5.05 547 6.44 —-249 -—-456 -2.27

MNY — -3

) 5.22 -6.71 =249 1283 -191 227 1075, ©)
2.74 —497 —456 —-191 9.09 0.86
1.61 —2.28 =2.27 2.27 0.86 2.68

and its eigenvalues are given in Tab. 2.
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X y z
-0.16474 | 0.520923 | -0.07516
-0.29774 | -0.2433 | -0.00151
0.107263 | -0.00029 | 0.243785
-0.12458 | -0.14707 | 0.116693
-0.11324 | 0.080113 | -0.22108
0.505285 | -0.29726 | -0.0293
0.055479 | 0.300437 | -0.28976
0.461577 | -0.14647 | -0.13865

-0.2916 | 0.323618 | 0.339179
-0.13771 | -0.3907 | 0.055801

Table 1. The locations of the 10 probes in the barycenter coordinates .
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Figure 3. The distribution of the 10 probes.
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Table 2. The eigenvalues of the characteristic matrix R .

0.03614 | 0.01326 | 0.00114 | 0.00235 | 0.00510 | 0.00668

We first investigate the behavior of the resultants with the number of iterations.
D is the local characteristic scale of the electric field structure and is set equal to r in
this model. It is assumed that the barycenter of the constellation is at [0.1,0,0], and the
probe separations L are reduced proportionally so that the relative measurement scale
L/D= 0.026. The relative truncation error, Xqigorithm/Xrear — 1, is shown in Fig. 4.
With increasing numbers of iterations, the errors decrease and finally converge to
certain fixed values. In this calculation, the solution converges after 100 iterations. By
testing various fields, we found that the number of iterations required for convergence

varies.

Constellation at [0.1,0,0] Constellation at [0.1,0,0]
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Figure 4. The relative errors of the linear (a) and the quadratic (b) electric potential
gradients, i.e., d,¢ and 0,0,¢, calculated for different numbers of iterations at

[0.1,0,0] within the uniformly charged ball.
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Secondly, we investigate the dependence of the truncation errors on the relative
measurement scale L/D. We have tested six situations, with the barycenter of the 10
probes located at three representative points within the ball, [0.1,0,0], [0.4,0,0], and
[0.7,0,0], and three points outside the ball, [3,0,0], [5,0,0], and [8,0,0]. We scale up
and down the size of the original 10 probes to adjust the characteristic size L and

therefore L/D.

Figure 5 shows the errors modeled in the ball. In general, the errors are less than
1075% for the linear gradients and less than 0.02% for the quadratic gradients. With
the same number of iterations, 1000, the errors at different positions vary by an order
of 2. The extremely accurate results arise from the fact that the charge density has been
assume homogeneous and electric field is linear varying within the charged ball. A
further check on the method for a charged ball model with a non-uniform charge density
ball has been performed in the Supporting Information file (jgra55009-sup-0002-

2021JA029511-s1).
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300 Figure 5. The variation of the errors of the calculation by using the 10-probe scheme
301  with the relative measurement scale L/D for the case of a uniformly charged ball. The
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303  show the truncation errors for the non-vanishing component of the linear gradient by
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306  illustrate the relative errors of the non-vanishing components of the quadratic gradient
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and charge density (dashed line) calculated for the same three locations of the
barycenter. It is noted that ¢ ; = d,¢ and ¢,, = 0,,0,,¢, where a comma denotes

partial differentiation.

Figure 6 shows the modeling results outside of the ball. As L/D<0.01, the
relative errors of the non-vanishing quadratic gradient components are below 2%. The
attained linear and quadratic gradients are accurate to second order and first order,
respectively.

The same error analysis prodecure for the 10-probe scheme has been applied to
another charged ball model in which the charge density is inversely proportional to the
square of the distance from the ball center, as shown in Figure S3 and S4 in the
Supporting Information file (jgra55009-sup-0002-2021JA029511-s1), and a similar

conclusion has been reached.
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Figure 6. The dependence of the truncation errors of the calculations by using the 10-
probe scheme on the relative measurement scale L/D for the case of a uniformly charged
ball. The measurements are performed outside of the charged ball. The left panels, (a),
(c), and (e), show the truncation error for the non-vanishing component of the linear
gradient as a function of L/D calculated for three different locations of the barycenter
of the 10 probes outside of the ball, [3,0,0], [5,0,0], and [8,0,0]. The right panels, (b),

(d), and (f), illustrate the relative errors of the non-vanishing components of the
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quadratic gradient and the absolute value of the charge density (dashed line) calculated
for the same three locations of the barycenter. It is noted that the real charge density

outside of the ball is zero.
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Figure 7. The relation between the absolute error of the charge density and the number
of measurement points at [3,0,0]. The relative measurement scale is chosen as L/D =
0.05 (left) and L/D = 0.01 (right). The dashed lines are fitted from the modeled

€Irors.

We further investigate the relationship between the accuracy of the density
estimated and the number of the probes used. Figure 7 indicates that the accuracy of the
charge density is not improved significantly as the number of probes is increased.
Therefore, 10 probes with a proper spatial configuration will be sufficient for robust
measurements of the charge density.

This scheme is possible to be used for the net charge measurements on the low
Earth orbits at the altitudes of several hundred kms, for which the 10 probes are

mounted at the ends of 10 booms with different lengths, and the spacecraft can be either
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spinning or not.

The feasibility of the measurements at the low attitude Earth orbits can be shown
by including observational errors The accuracy of the probes is assumed at
S~ LoVg ~10mx=0.5mV /m ~5mV . The electric potential at an arbitrary probe can
be expanded as the following.

9 =4, +Ax-V¢+%AxAx-VV¢

~¢C—E-L+%ip|_2,

80
where, Ax is the distance of the probe from the center, which is at the scale of L;
V¢=-E,and VV¢ is estimated by V2(0= —pl &, . The second term at the right
hand side (or the first order term) is the contribution of the electric field, which is about
EL ~600mV / mx10m~ 6.0V . The third term (or the second order term) is the

contribution of the charge density, which is about i1 p > ~50mV if the typical

€o
value of the charge density at low Earth orbits is assumed to be p ~5x10%e/m?*, which

is about three order higher than those at the high Earth orbits. They are both much larger

than the probe sensitivity (5mv ), so that at low Earth orbits the charge density is

observable with the approach described above.

4. Measuring the charge density with seven or eight electric potential probes
Only three diagonal components of the quadratic gradient of the electric potential

. . . . 2 2 2
are contained in the Poisson equation (p oc V¢ = 54)(2 o+ %yz ¢+9 . ¢ ). The

three other cross-components of the quadratic gradient, 5X6y¢ , ayazd) ,and 8,0, ¢,
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are of no use for computing the charge density, so three independent parameters can be
neglected in this algorithm. Therefore, 10-3=7 probes are sufficient to acquire the data

for the estimation of the Laplacian operator on the electric potential (v2¢ ) as well as
p p p ¢

the charge density.

4.1 Seven-probe scheme

A seven-probe scheme, which is similar to the electric potential measurement of
the MMS at high altitude orbits, is shown in Fig. 8. All probes are placed on three axes
of the Cartesian coordinate system. The spatial parameters are X,=-X =L, ,
Yo==Y= |_y ,and Z,=-7=L,. By taking differences, the linear and quadratic
gradients at second-order accuracy can be obtained to estimate the charge density at the

center.
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Figure 8. A schematic view of the seven-probe measurement of the charge density. The

probes are indicated by black dots.

The linear and quadratic gradients along the x-axis are

_ ¢x2 — ¢x1
0= 7)
¢x2 _¢0 _ ¢o _¢x1
2 4 Lx Lx _ (¢x2 + xl) B 2¢o
o 9= L = L? 8

Similarly, the linear and quadratic gradients along the y-axis are
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o= ©
6j¢= (¢y2 + Iilzl) - 2¢0 (10)

The linear and quadratic gradients along the z-axis are

8z¢ _ ¢222_L¢21 (11)

af¢: (¢12 + Ii;) — 2¢0 (12)

The linear and quadratic gradients are both accurate to second order.

However, in actual measurements, the central probe is inside the spacecraft and
cannot determine the electric potential accurately. To improve this measurement, the
central probe is replaced by another two additional probes located on the z-axis. The
algorithm for this is shown in the following section. It is noted the seven-probe scheme
can be still applied to the electric field and charge density measurements in ground-

based laboratory experiments.

4.2 Eight-probe scheme
The eight-probe scheme is shown in Fig. 9 with X,=-X% =L, y,=-y,= Ly )

2,=-2,=L,, and Z,/—7 =L, +l,. The algorithm is constructed as follows.
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Figure 9. A schematic view of the eight-probe measurement of charge density.

The four electric potentials observed by the probes on the z-axis can be expressed as a

Taylor series. By keeping the first five terms we get

1 1 1

¢zl = ¢0 + Zlaz¢ + E Z12622¢+ g Zl3azs¢ + E 214az4¢ (13)
1 1 1

¢22 = ¢o + 2282¢ + E Zzzaz2¢+ 5 223823¢ + m Zz4az4¢ (14)

1 1 1
¢23 = ¢o + Z3az¢ + E Z328z2¢+ 5 Z338z3¢ + E 234824¢ (15)

1 1 1
¢z4 = ¢0 + Z4az¢ + E 242822¢+ a Z43azs¢ + m Z44824¢ (16)
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Summing up the above four equations leads to
1 2 2 2 2 2 1 4 4 4 4 4
(P + 0 + D3+ 0,4) =44, +E(Zl +2,+2;+2,)0,°¢ +m(21 +2,+2;+2,)0, ¢ -
The electric potential at the center is therefore
1 1 2 2 2 2 2 1 4 4 4 4 4
@, :Z(¢Zl 0t P +¢z4)_§(21 +2,+23+2;)0,°¢ _%(21 +2,+23+2,)0,'¢ A7)

Subtracting Eq. (13) from Eq. (16) and Eq. (14) from Eq. (15) gives

1
¢z4 _¢z1: (Z4 - Zl) 6z¢+§(z43 - 213)8z3¢

(18)
— 1 3 3 3
b —0,= (2,—17,) az¢+§(23 —2,)0, ¢
or
1 3~ 3
¢z4 _¢z1:2Z4az¢ 54 az ¢
3 )
1 (18°)
by —0,,=22;0,9 + 3 2,°0,’¢
Then, we get the linear gradient along the z-axis at the center as
0 ¢: Z33 (¢z4 _¢zl) — Z43 (¢23 — ¢22) (19)

22,2, -22,2,°
The expression above is of fourth-order accuracy. On the other hand, from Equation

(18), the third-order derivative of electric potential along the z-axis is

323 (¢z4 — ¢zl) — 324 (¢23 — ¢22)

3 3
2,2, - 1,1,

0, 9= (20)

The expression above is of second-order accuracy.
Subtracting the sum of Eq. (14) and Eq. (15) from the sum of Eq. (13) and Eq. (16), we

get

1 1
(¢z4+ zl) - (¢z3+¢z2): E (212 + 242 - Z22 - 232)022¢+ m (214 + 244 - Z24 - 234)az4¢
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The second-order derivative is, therefore,

_2(¢24+ zl_¢23_¢12) _i(214+244_224_234) 4
9,'¢
2_,2 1)

azz¢_ 2 2 2 2 2 2
(z+z,°-2,°-2) 12 z°+z,°-2,° -1,

The expression above is of second-order accuracy.
Substituting Eq. (21) into Eq. (17), we get the corrected potential ¢° at the center
as

1 122+2 1
¢0 :Z(¢zl+ o+ Z3+¢Z4)_Zzlz _222 (¢z4+¢zl_¢z3_¢22) +ﬂzj.2222824¢ (17,)
1 2

The above expression is of fourth-order accuracy because the expression is
truncated at the fourth-order term.
Furthermore, by neglecting high order terms, we get the estimators for the

potential and its linear and quadratic gradients at the center as

2 4 (¢z4+¢zl) — (¢z3+¢22) !
T L -1, (21)
az¢ _ (Lz + Iz)3(¢23 _¢22) _ L23(¢24 _¢zl) (191)

2L, (L, +1)@LL, +1,%)

(L, +1)"+L2 I .
m(@ﬁ% Pz —Py) 7"

by =g B+t )

As stated above, the second-order derivative along the z-axis is of second-order

accuracy. The potential and its first-order derivative along the z-axis are of fourth-order
accuracy.

Similar to the seven-probe scheme, the first-order and second-order derivatives of

the potential along the x- and y-axis are subjected to Egs. (7)-(10). The central potential

by is calculated with Eq. (17°). The first-order and second-order derivatives along the

x- and y-axis are of second order accuracy.
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The electric field at the center is
E=—£0,4-8,0,4-¢,0,¢ (22)

Using the Poisson equation (4), the charge density is obtained as

p==50¢+0,°¢+0,°¢)

=g, |: (¢x2 + x21) - 2¢0 : (¢)Q + ¢y21) - 2¢0 N (¢z4+ Zl) — (¢23+¢22) (23)
L L L 2L, +1,)

where by is given by Eq. (177).

The eight-probe scheme will now be examined for the electric field produced by a
uniformly-charged ball.

The relationship between the relative truncation errors and the relative
measurement scale, L/D, is studied when we set L, = L, = L, = [, and scale up and
down the distances between the spacecraft to adjust L/D. Due to the broken spherical
symmetry, two points inside the ball, [0.5,0,0] and [0.5,0.4,0.3], and two points
outside of the ball, [8,0,0] and [2,2,6], are chosen as the representative points. The
modeled results are shown in Fig. 10. The quadratic gradient in the ball is close to a
constant and the charge density here is a constant. The truncation errors given by the
algorithm, as shown in Fig. 10 (a,b), are negligible in this case. The charge density
outside the ball is zero, and the calculated density, amounting to 10™* as shown by the
dashed lines in Fig 10 (c,d), is fairly close to zero. Note that the scale is one in the
modeled system. As L/D < 0.1, the truncation errors of the quadratic gradient are less
than 2%. It can be seen that the relative errors of the quadratic gradient and hence the

charge density are at second order in L/D.
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Figure 10. The dependence of the truncation errors of the calculations by using the 8-
probe scheme on the relative measurement scale L/D for the case of a uniformly charged
ball. Panel (a) and (b) show the relative truncation errors of the quadratic gradient of
the electric potential (solid lines) and the charge density (dashed lines) at [0.5,0,0] and
[0.5,0.4,0.3] in the ball, respectively. Panel (c) and (d) show the relative truncation
errors of the quadratic gradient of the electric potential (solid lines and left vertical axis)
and the absolute errors of the charge density (dashed lines and right vertical axis) at
[8,0,0] and [2,2,6] outof'the ball. In panel (c), the orange line orange line is overlaied

with the green line. In panel (d), the blue line is overlaied with the orange line.
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For real measurements in space, the distances between the probes along the z-axis,
L, and l,, are much smaller than those along the other axes, L, and L,. The
truncation error in real case, therefore, should be less than evaluated when setting them
all equal.

An error analysis on the eight-probe scheme using the charged ball model of p =
b/r? is also conducted. The result as shown in Figure S5 in Supporting Information
(jgra55009-sup-0002-2021JA029511-si) has further confirmed the accuracy of this
algorithm.This 8 probe scheme is potentially applied for the net charge measurements
on the high altitude orbits, for which the spacecraft is spinning thus that the four probes
can stretch out at the ends of the four wire booms on the spin plane as shown in Fig. 9.
Performing similar error analysis as in Section 3, it is found the sensitivity of the probes

1s required to reach 0.5mV, which still need technical efforts to achieve in the future.

5. Summary and Discussions

Preliminary explorations for measuring the net charge density in space have been
presented in this paper. Three schemes for the charge density measurements have been
developed.

The first scheme deduces the charge density based on four spacecraft electric field
measurements. Based on the electric fields (E,, a = 1,2,3,4) observed at the four
spacecraft, we can obtain the gradient of the electric field at the barycenter of the
constellation, (VE),, and furthermore, the divergence of the electric field, (V- E)..

The Gaussian theorem yields the charge density as p = €V - E. This algorithm requires
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the constellation not to be distributed in a plane or linearly. In other words, the three
eigenvalues of the volumetric tensor of the constellation should be non-vanishing.
Based on this algorithm, an analysis on the electric field data acquired during a dayside
magnetopause crossing event by the MMS constellation shows a charge separation in
the magnetopause boundary layer and that the positive charges are accumulated on the
magnetospheric side while the negative charges are accumulated on the magnetosheath
side. A normal electric field pointing at the magnetosheath is also discovered. This

confirms a previous theoretical prediction (Parks, 1991; Kivelson and Russell, 1995).

Another charge density measurement scheme is based on 10 or more electric
potential probes. By using a newly-developed algorithm [Shen et al., 2021], the linear
gradient, (V¢)., and the quadratic gradient, (VV¢),, of the electric potential at the
center of the probes can be calculated from the N > 10 electric potentials,
¢o(a =1,2,---,N), as measured at the N probes. Furthermore, the electric field and
the net charge density at the center of the probes can be calculated using E= —(V¢)c
and the Poisson equation, p = —eV?¢, respectively.

This scheme requires the probes to be distributed uniformly. In other words, the
eigenvalues of the 6 X 6 matrix R should be non-vanishing (Shen et al., 2021). The
accuracy of the charge density estimated by the algorithm is of first order and that of
the electric field is of second order. Modeling also shows that more probes lead to

higher accuracy.
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Finally, two other schemes are presented to measure the electric charge density,
which improve on the existing schemes for electric field observations onboard
spacecraft. If one more electric potential probe is added in addition to the six electric
potential probes of the electric field equipment on board the MMS spacecraft (that are
distributed symmetrically on the three axes of the Cartesian coordinate system), the
charge density can be derived along with the electric field vectors. The seventh probe
is placed at the origin of the coordinate system. Due to the shielding potential of the
spacecraft, this seven-probe scheme cannot be applied to measurements in space.
However, it can be utilized in charge density measurements in ground-based laboratory
experiments. Alternatively, by placing two more probes symmetrically on the two stiff
booms in the six-point scheme of the MMS constellation, the eight-probe scheme will
work for charge density measurements in space. The simulation test shows that the
estimated electric field is of fourth-order accuracy and the charge density is of second-
order accuracy. The truncation errors contained in this scheme are much less than those
in the 10 -probe scheme. The implementation of this scheme requires further

development in the future.
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Figure Captions

Figure 1. A schematic view of the measurements of the electric field by the MMS

constellation and the calculation of the charge density.

Figure 2. The structure of the magnetopause during an MMS crossing event on 11
November 2015. From top to bottom: (a) the magnetic flux density at the center of the
constellation, (b)the electric-field at the center of the constellation ,(c) the electron and
ion number densities measured by MMS-1 (Pollock et al., 2016), (d) the rotation rates
of the magnetic field (Shen et al., 2007), (e) |V|B||, (f) the radius of curvature of the
magnetic field lines (Shen et al., 2003), and (g) the charge distribution. The red vertical
line marks the largest rotation rates, and the black vertical dotted lines mark the largest

and the smallest charge densities.

Figure 3. The distribution of the 10 probes.

Figure 4. The relative errors of the linear (a) and the quadratic (b) electric potential

gradients, i.e., d,¢ and 0,0,¢, calculated for different numbers of iterations at

[0.1,0,0] within the uniformly charged ball.


https://cn.bing.com/dict/search?q=red&FORM=BDVSP6&cc=cn
https://cn.bing.com/dict/search?q=vertical%20line&FORM=BDVSP6&cc=cn
https://cn.bing.com/dict/search?q=vertical%20line&FORM=BDVSP6&cc=cn
https://cn.bing.com/dict/search?q=marks&FORM=BDVSP6&cc=cn
https://cn.bing.com/dict/search?q=largest&FORM=BDVSP6&cc=cn
https://cn.bing.com/dict/search?q=vertical%20line&FORM=BDVSP6&cc=cn
https://cn.bing.com/dict/search?q=marks&FORM=BDVSP6&cc=cn
https://cn.bing.com/dict/search?q=largest&FORM=BDVSP6&cc=cn
https://cn.bing.com/dict/search?q=smallest&FORM=BDVSP6&cc=cn

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

717

718

719

720

721

722

Figure 5. The variation of the errors of the calculation by using the 10-probe scheme
with the relative measurement scale L/D for the case of a uniformly charged ball. The
measurements are performed inside of the charged ball. The left panels, (a), (c), and (e),
show the truncation errors for the non-vanishing component of the linear gradient by
L/D calculated for three different locations of the barycenter of the 10 probes inside
the ball, [0.1,0,0], [0.4,0,0], and [0.7,0,0]. The right panels, (b), (d), and (f),
illustrate the relative errors of the non-vanishing components of the quadratic gradient
and charge density (dashed line) calculated for the same three locations of the
barycenter. It is noted that ¢ ; = dy¢ and ¢,, = 0,,0,,¢, where a comma denotes

partial differentiation.

Figure 6. The dependence of the truncation errors of the calculations by using the 10-
probe scheme on the relative measurement scale L/D for the case of a uniformly charged
ball. The measurements are performed outside of the charged ball. The left panels, (a),
(c), and (e), show the truncation error for the non-vanishing component of the linear
gradient as a function of L/D calculated for three different locations of the barycenter
of the 10 probes outside of the ball, [3,0,0], [5,0,0], and [8,0,0]. The right panels, (b),
(d), and (f), illustrate the relative errors of the non-vanishing components of the
quadratic gradient and the absolute value of the charge density (dashed line) calculated
for the same three locations of the barycenter. It is noted that the real charge density

outside of the ball is zero.
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Figure 7. The relation between the absolute error of the charge density and the number
of measurement points at [3,0,0]. The relative measurement scale is chosen as L/D =
0.05 (left) and L/D = 0.01 (right). The dashed lines are fitted from the modeled

CIrors.

Figure 8. A schematic view of the seven-probe measurement of the charge density. The

probes are indicated by black dots.

Figure 9. A schematic view of the eight-probe measurement of charge density.

Figure 10. The dependence of the truncation errors of the calculations by using the 8-
probe scheme on the relative measurement scale L/D for the case of a uniformly charged
ball. Panel (a) and (b) show the relative truncation errors of the quadratic gradient of
the electric potential (solid lines) and the charge density (dashed lines) at [0.5,0,0] and
[0.5,0.4,0.3] in the ball, respectively. Panel (c) and (d) show the relative truncation
errors of the quadratic gradient of the electric potential (solid lines and left vertical axis)
and the absolute errors of the charge density (dashed lines and right vertical axis) at
[8,0,0] and [2,2,6] outof'the ball. In panel (c), the orange line orange line is overlaied

with the green line. In panel (d), the blue line is overlaied with the orange line.



