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Abstract

The past six decades has seen an explosive growth in remote sensing data across air, land, and water dramatically improving
predictive capabilities of physical models and machine-learning (ML) algorithms. Physical models, however, suffer from rigid
parameterization and can lead to incorrect inferences when little is known about the underlying physical process. ML models,
conversely, sacrifice interpretation for enhanced predictions. Geostatistics are an attractive alternative since they do not have
strong assumptions like physical models yet enable physical interpretation and uncertainty quantification. In this work, we
propose a novel multiscale multi-platform geostatistical algorithm which can combine big environmental datasets observed at
different spatio-temporal resolutions and over vast study domains. As a case study, we apply the proposed algorithm to combine
satellite soil moisture data from Soil Moisture Active Passive (SMAP) and Soil Moisture and Ocean Salinity (SMOS) with point
data from U.S Climate Reference Network (USCRN) and Soil Climate Analysis Network (SCAN) across Contiguous US for a
fifteen-day period in July 2017. Using an underlying covariate-driven spatio-temporal process, the effect of dynamic and static
physical controls—vegetation, rainfall, soil texture and topography—on soil moisture is quantified. We successfully validate the
fused soil moisture across multiple spatial scales (point, 3 km, 25 km and 36 km) and compute five-day soil moisture forecasts

across Contiguous US. The proposed algorithm is general and can be applied to fuse many other environmental variables.
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Abstract

The past six decades has seen an explosive growth in remote sensing data across air,
land, and water dramatically improving predictive capabilities of physical models and
machine-learning (ML) algorithms. Physical models, however, suffer from rigid
parameterization and can lead to incorrect inferences when little is known about the
underlying physical process. ML models, conversely, sacrifice interpretation for
enhanced predictions. Geostatistics are an attractive alternative since they do not have
strong assumptions like physical models yet enable physical interpretation and
uncertainty quantification. In this work, we propose a novel multiscale multi-platform
geostatistical algorithm which can combine big environmental datasets observed at
different spatio-temporal resolutions and over vast study domains. As a case study, we
apply the proposed algorithm to combine satellite soil moisture data from Soil Moisture
Active Passive (SMAP) and Soil Moisture and Ocean Salinity (SMOS) with point data
from U.S Climate Reference Network (USCRN) and Soil Climate Analysis Network
(SCAN) across Contiguous US for a fifteen-day period in July 2017. Using an
underlying covariate-driven spatio-temporal process, the effect of dynamic and static
physical controls—vegetation, rainfall, soil texture and topography—on soil moisture is
quantified. We successfully validate the fused soil moisture across multiple spatial
scales (point, 3 km, 25 km and 36 km) and compute five-day soil moisture forecasts
across Contiguous US. The proposed algorithm is general and can be applied to fuse

many other environmental variables.
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1 Introduction

On April 1, 1960, (National Aeronautics and Space Administration) NASA launched the
Television and Infrared Observation Satellite (TIROS 1) demonstrating that satellites
could observe weather patterns, marking the advent of remote sensing (RS) to observe
global environmental phenomena. Sixty years and the launch of several satellites later,
rapid progress has been made in observing Earth-system processes (across air, land,
and water) accompanied by an explosion in the availability of data. This so called “big
data” are often spatio-temporal (indexed by a spatial coordinate and a time stamp)
resulting in an increased interest in space-time problems in the past two decades
(Gelfand et al., 2010; Wikle et al., 2019). Usually, environmental data are 1) spatio-
temporally dependent, 2) available at multiple resolutions from various instruments,
and 3) observed with gaps and noise. It is unreasonable to expect one source of data to
fill all the gaps across space and time. However, combining multi-sensor data, while
accounting for individual strengths and weaknesses, can lead to novel insights into
Earth-system Science. Paradigms facilitating the fusion of disparate data while handling

the sheer size of datasets are thus critical.

RS data have traditionally been used to update the states and improve parameterization
of physically based models. Indeed, the assimilation of satellite data into numerical
weather prediction models led to the “quiet revolution” (Bauer et al., 2015) in global
weather prediction. Data assimilation has also found success in oceanography
(Evensen, 1994; Ghil & Malanotte-Rizzoli, 1991) and land-surface hydrology (Reichle et
al., 2002). Physical models are vital for predicting variables poorly observed by RS

platforms such as ocean mixed layer (Wang et al., 2000) and root-zone soil moisture
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(SM) (Lievens et al., 2017). However, the rigid parameterization of physical models can
be a hindrance when knowledge of the underlying spatio-temporal process is
incomplete (Girotto et al., 2017). The resulting predictions can suffer from signatures of
strong (and sometimes incorrect) assumptions (Akbar et al., 2019). Moreover, RS
observations usually need to be pre-processed for correcting bias and scale-mismatch

before assimilation in the numerical model (Koster et al., 2009).

The recent decade has seen an incredible rise of Machine Learning (ML) in Earth-
System Sciences, which has been instrumental in improving predictive accuracy of
disparate physical processes (Camps-valls et al., 2013; Hengl et al., 2017; Jung et al.,
2010; Mao et al., 2019; Shi et al., 2017). Though classical ML models are inept at
accounting for spatio-temporal dependence, recent research in Deep Learning seems
promising (Fang et al., 2017; Shen, 2018; Shi et al., 2017). Accuracy without
interpretability, however, is insufficient (Reichstein et al., 2019); the lack of transparency
and physical interpretability of many ML models is viewed as a major deficiency.
Moreover, current state-of-the-art ML models are ill-equipped to handle some of the
major challenges associated with fusing RS data such as accounting for multi-sensor
multiscale data, uncertainty in observations and predictions, and missing data

(Reichstein et al., 2019).

On an interpretation-prediction spectrum, physical models derived from the first laws
of physics lie on one end while ML algorithms using black-box models fall on the other.
Geostatistics lie somewhere in the middle and are an attractive alternative for spatio-
temporal inference in a data-driven setting. They do not have strong assumptions like

physical models yet enable physical interpretation and uncertainty quantification. From
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its humble origins in South African mines (Cressie, 1990; Krige, 1952), geostatistics has
been widely used in modeling the spatio-temporal distribution of environmental
variables including precipitation (Cecinati et al., 2017), temperature (Lanfredi et al.,
2015), soil properties (Lark, 2012; Mohanty et al., 1991, 1994; Mohanty & Kanwar, 1994),
carbon dioxide (Zhong & Carr, 2019), ground-water quality (Goovaerts et al., 2005) and
SM (Joshi & Mohanty, 2010; Kathuria et al., 2019a; Mohanty et al., 2000). Recent work on
covariate-driven non-stationary models have also enabled the seamless integration of
covariates into geostatistical models (Reich et al., 2011; Risser & Calder, 2015) enabling

them to model complex spatio-temporal phenomena.

Geostatistical approaches typically assume an underlying Gaussian process (GP)
requiring quadratic memory and cubic time complexity in the number of observations,
which make them prohibitive as the data size increases. Various approximations have
therefore been proposed for applying geostatistics to massive datasets. Such approaches
generally aim at approximating the covariance (e.g., Kaufman et al., 2008) and inverse-
covariance matrices (e.g., Nychka et al., 2015). Among these, the Vecchia approximation
(Vecchia, 1988) is one of the oldest with several advantages such as it is 1) suitable for
high-performance parallel computing, 2) accounts for uncertainty in predictions, and 3)
outperforms several state-of-the-art approaches in accuracy (Guinness, 2018). Moreover,
recent work (Katzfuss et al., 2020; Katzfuss & Guinness, 2017) has shown that Vecchia
approximation can be generalized to include many existing GP approximation
approaches as special cases. However, the use of the Vecchia approximation, to the best

of the authors” knowledge, has been restricted to single-scale data only.



108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

Manuscript submitted to Remote Sensing of Environment

Thus, the objective of this paper is to investigate whether geostatistics, with its rich
parametric inference and uncertainty quantification, can potentially be used with
Vecchia approximation to fuse spatio-temporal multiscale big data.. We achieve this by
applying the Vecchia approximation to a geostatistical hierarchical model (Gelfand et al.,
2001; Kathuria et al., 2019b). In this paper, we define the term “multiscale big data” as
data which are observed from multiple platforms at varying footprints, are massive in
size, and are observed over vast extents rendering standard geostatistical (and many

other statistical) approaches infeasible.

We explore the utility of the approximation using simulations, and by fusing real SM
datasets as a case study. SM is a critical variable governing land-atmosphere
interactions and contains significant information about physical processes such as
rainfall (Koster et al., 2016), streamflow (Koster et al., 2018) and evapotranspiration (ET)
(Akbar et al., 2019). SM is highly correlated in space and time resulting from dynamic
interactions between surface and atmospheric controls making it a prime candidate for
geostatistics driven multiscale data fusion. Kathuria et al. (2019b) previously proposed
a geostatistical data fusion scheme for combining multiscale SM data but its application
was restricted to regions with small extent and small data size limiting its utility. We
also choose SM as a case study application for our proposed algorithm to provide a big
data closure for Kathuria et al. (2019b). The rest of the paper is organized as follows. We
describe the SM datasets used in the case study in Section 2. The data fusion algorithm
along with its big data extension is detailed in Section 3. This is followed by the
discussion of results in Section 4 before we conclude in Section 5. Note that in the

following sections, all vectors are assumed to be column vectors.
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2 Study Area and Data

2.1 Case Study: Soil moisture

We apply the proposed algorithm to combine daily point surface (top 0-5 cm) SM data
from U.S. Climate Reference Network (USCRN) (Diamond et al., 2013) and Soil Climate
Analysis Network (SCAN) (Schaefer et al., 2007) with satellite data from Soil Moisture
Ocean Salinity (SMOS) (Barré et al., 2008) and Soil Moisture Active Passive (SMAP)
(Entekhabi et al., 2010) for Contiguous US (CONUS) for July 06-20, 2017. This fifteen-
day time interval was randomly chosen for the warm summer period so that the effect
of snow on SM estimation is minimal. For any given day, there are approximately 143
sites for USCRN and SCAN while individual satellites partially observe SM across

CONUS with some overlap between the two data sets (Figure 1).

Both SMOS and SMAP use L-band radiometers to measure surface brightness
temperature (T,) at an average revisit time of three days (Colliander et al., 2017; Pablos

et al., 2019). Both the satellites apply (different) retrieval algorithms to T;, and generate
composite daily L3 SM products resampled, at 36 km for SMAP (L3) and 25 km for
SMOS (Barcelona Expert Center L3), to an Equal Area Scalable Earth (EASE)-2 grid. For
the SMAP data we remove the pixels where 1) the retrieval was unsuccessful (using flag
data), and 2) where the vegetation water content is greater than 5 kg/m? (O’Neill et al.,
2018). For consistency we use the morning overpass for both satellites— 6 AM local
time. For the covariate data, daily rainfall data were extracted from Parameter-elevation
Regressions on Independent Slopes Model (PRISM) at 4 km resolution. PRISM provides
gridded rainfall data across CONUS at a daily scale using a combination of

climatological and statistical methods (Daly et al., 1994). Soil and elevation data were
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Soil Moisture (v/v)

e e

0 01 02 03 04 05 06 07

Figure 1. Fifteen day soil moisture data from USCRN and SCAN (black cross), SMOS (swath - black outline)
and SMAP (swath - purple outline) for July 06-20, 2017. For individual days, both SMOS and SMAP observe
different regions of Contiguous US (CONUS) and there is a significant overlap between the data. The size of the

SM data and the extent of study domain (CONUS) are both massive making data fusion computationally
demanding.
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extracted from Soil Survey Geographic Database (1 km) (Soil Survey Staff, 2020) and
Leaf Area Index (LAI) (as a proxy for vegetation) were extracted from Moderate

Resolution Imaging Spectroradiometer (MCD15A3H, 500m) (Myneni et al., 2015).

3 Methodology
3.1 Multiscale data fusion

Let the environmental variable varying across space and time (such as SM, ET,
temperature, etc.) be denoted by y. We assume that y(.) is a Gaussian Process (GP) (a
standard geostatistical assumption) at the point scale in a domain or extent ® in d
dimensions (d = 1,2,3 ...). For instance, if y represents daily land-surface temperature
(LST) varying spatially (latitude and longitude) and temporally (days), then d equals 3.
The variable y is defined at the point scale using a mean function u and a covariance

function C:

y(.) ~ GP(u, C). (1)

For any environmental variable y, in addition to point data, we might observe data at
aggregate resolutions from RS platforms or large-scale numerical models. For instance,
surface SM is observed at aggregate resolutions from SMAP (~ 36 km x 36 km, daily)
and SMOS (~ 25 km X 25 km, daily) while ET is observed using ECOSTRESS (~

70m x 70m, daily) and MODIS (~ 500m x 500m, 8-day). Since y is defined at point

1

scale, for any aggregate pixels 4; and 4;, y(4;) = ™

J, ¥(s)ds, with the corresponding

mean and covariance as:
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u(A) == [, u(s)ds and

|4 ©A

c(4,4;) = IAIIAlf f C(sy,5,)ds ds,, 2)

where |4;| is the d-dimensional resolution of pixel 4; and s represents a point in d
dimensions. If A; and A; represent coordinates of point data, the mean of data at 4; is

simply u(4;) and the covariance between A4; and 4; is given as C(4;,4;). If 4; is an areal

pixel and A; represents a point, then the covariance C(4;, 4;) is given as - f C(s, 4))ds.

Let the total number of observed pixels be n and be denoted by A = {4, ..., 4,} with

A; € D. The joint distribution of y(A) = (y(41), ..., ¥(4,)) can be shown to be

multivariate normal (Gelfand et al., 2001):

where p(A) is a vector of length n and C(A, A) is a matrix of size n X n. The
individual elements of (u(c/l))i and (C (A, c/l))ij are given by equation 2. Since we
cannot always analytically solve the above integrals, we use a numerical approximation
(Gelfand et al., 2001) by assuming an equidistant numerical grid G over the extent D
with ng number of grid points such that G = {g;, ..., gn,} or equivalently G = {gy: k =
1,...,ng}. Here g, denotes the location of the k" grid point in G. We can then

approximate y(4;) as:

10
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y(4;) = —Z}’(gk) (4)

Ai g€ Ga;

where G4, denotes the subset of the total grid points G lying inside the pixel 4; ,and
ny, denotes the number of grid points in G4,. The corresponding approximations for the

mean and covariance can be written as:

uA) ~— ¥ u(gi),

Ai gkEG 4,

C(Al' 1) ngegA ZglegA C(9r 91)- (5)

nA nA

We illustrate the numerical approximation using a hypothetical example in Figure 2.

Figure 2 (a) represents three partially overlapping datasets which cover different
extents and have different resolutions: two areal datasets R; (64 green pixels) and R, (36
purple pixels), and point dataset P; (40 blue triangles). Figure 2 (b) represents the
equidistant grid G (black dots) over the study domain. Assuming the mean and
covariance functions are known at the point scale, the mean of pixel 4; (4,) and the
covariance between pixels 4; and A, in Figure 2 (c) are given by equation 5. Here
Ga,(Ga,) are subset of the total grid points G, color-coded as green (purple), lying inside

A; (Ay) withny =9 (n,, = 6). Similarly, the mean function at point A; in Figure 2 (d) is

simply given as u(A4;) while C(A44,43) is given by ZQkEQA C(gr,A3).

11
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Figure 2. (a) Example depicting two areal (green and purple) and one point (blue triangles) data platforms (b)
Equidistant point grid assumed throughout the study domain (c) The mean and covariance of pixels A, and A,
approximated using the numerical grid (d) The mean and covariance between a pixel A, and point observation

A3.

12
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We can write ni Y. ¥(gx) (equation 4) in matrix form as hj y,,, where h, is a vector of
i gk€ gAi

length n,, with each element equal to 1/n4, or hy, = (1/n4,..... 1/ny), and y,, isa
vector of length n,, with elements {y(gx): gx € G,,}- Similarly in equation 5, u(4;) can be
written as hj. u,, (with p,, having elements {u(gy): g € Ga,})- We also write C(A; 4;) in
equation 5 in matrix form as hgi(C Gap G Aj))hAj, where (as mentioned before) G,,

denotes the subset of the total grid points G lying inside the pixel 4;.

Retrievals of an environmental variable from different platforms are typically subject to
systematic (bias) and stochastic (random) errors (e.g. refer Fan et al. (2020) and Reichle
& Koster (2004) for SM, Li et al. (2014) and Westermann et al. (2012) for LST, Klees et al.

(2007) for water storage, Hu et al. (2015) and Velpuri et al. (2013) for ET). Thus, for any
observed pixel 4;, it is important to differentiate between the noisy observation from a
platform (denoted as z(4;)) and the latent environmental variable y(4;) that is
uncorrupted by the parameterized errors. For a given observation z(4;) (from a data

platform) for pixel 4;, we thus write:

z(4;) = y(A) + 6(4) + k(A4)y(4) +€(4y), (6)

where §(4;), k(4;) and €(4;) are respectively the additive bias, multiplicative bias, and
random measurement error associated with z(4;). We parameterize the random error as

€(Ay) ~ V(0,75 with variance 7. We then write:

13
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z(Ay) = hyya, + 8(A) + k(ADhy,ya, + €(4))
= (1 + k(A))hf ya; + 8(A) + €(A)
= (RA)" ya, + 8(4) + €(4y), (7)
where hy, = (1 + K(Ai))hgi. The mean (1) and covariance function (C) in equation 1 are
thus given parametric forms based on the environmental variable y while the additive
bias (8(4;)), multiplicative bias (k(4;)) and error-variance (73,) for a pixel 4; in

equation 7 are parameterized depending on the data platforms. Let all the parameters

used to parameterize the mean, covariance, bias and random error be denoted by the
vector 6. Elements of 8 can either assumed to be known or be estimated from the
observations. If the total number of observations from all platforms is equal to n, we
denote z(A) = {z(4,),2z(A,), ...,z(A,)}. The parameter vector 0 is estimated by

maximizing the likelihood f (z(A)|6) where f(A|B) denotes the probability density of A

given B. For our model, it can be easily derived that the (log-) likelihood is:

—2log(f (z(A)10) = log(det(2,)) + (2(A) — 1) 2 (2(A) — p,) + nlog(2m), (8)

where the it" element of the vector u, (size n) and the (i, /)" element of the matrix X,

(size n X n) in equation 8 are given as:
fzi = (h5) 1a, + 8(AD,

ZZ,ij ~ (hzi)T(C(gAi' gA]))hz:] + Tji’j/ (9)

14
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2 . .

2.0 = ) : ) .

where 72 ={ 4" ] . However this data fusion algorithm becomes computationally
Aij 0,i#]j

infeasible when the size of the datasets and /or the extent of study domain becomes
large. We therefore propose an approximation to the fusion algorithm for such cases in

the next Section.

3.2 Vecchia-multiscale: An Approximation for Multiscale Big Data

If the total number of observations (governed by the number of data platforms and
resolution of pixels for a given study domain) be n, and the number of assumed grid
points (governed by the extent of the study domain and distance between individual
grid points) be ng, then computing %, and finding its inverse X7 ! in equation 8 requires
0(ng) + 0(n?) floating point operations. This evaluation becomes computationally

prohibitive as the number of data and the size of study domain increase (e.g., when
combining multiple data platforms for continental scale fusion of an environmental

variable), and thus requires an approximation. To approximate the likelihood, we first
write the joint distribution in f(z(A)|0) as a product of univariate conditional

distributions as
f(z(A)0) = f(2(A41)]6) X lf[zf(z(Ai)Iz(Al:i—l)'g)r (10)

where A4.;_1 denotes {4, ..., A;_1} and thus z(A;.;_1) denotes {z(4,), ..., z(4;_1)}.

Following Vecchia (1988) we approximate the likelihood f(z(A)|0) as:

f(z(A)16) = f(2(41)|6) x ilif(Z(Ai)Iz(Ami)' 0), (11)

15
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i—1i<m

, .Here mis
m,i>m

where 4,,, is a subvector of A;,;_; of length m; such that m; = {

an integer lying between 1 and n — 1 withm = n — 1 representing the exact likelihood
in equation 10. The elements of subvector A4,,, consist of m; elements from Ay,;_y which
are closest to 4; in space. The subvector z(4,,,) is the observed data vector
corresponding to A4,y,, . To illustrate the approximation, we again use the hypothetical
example in Figure 2 (a) comprising three datasets: areal data R, (64 green pixels) and R,
(36 purple pixels), and point data P; (40 blue triangles), making the total number of
observations n = 140. For this data, the univariate conditional distributions are
illustrated in Figure 3 using a random permutation of the pixels A and choosing m =
20. Column (a) presents the conditional distributions in equation 10 corresponding to
the exact likelihood while column (b) consist of the corresponding conditional
distributions resulting from the Vecchia approximation. The i pixel 4; in equations 10
and 11 (where i = 2,...,140 increases from top to bottom in the columns) is color-filled
in red while the pixels (or points) of the conditioning vector z(44,;_1) (equation 10) or
z(A,,) (equation 11) are color-filled in green (R,), purple (R;) and blue (P;). It can be
seen in Figure 3 that for i > m, the Vecchia approximation selects a subset of m pixels
(or points) for each 4;. It can be shown that this approximation is equivalent to inducing
sparsity (large percentage of zeros) in the inverse Cholesky factor matrix 4 (A4 = Z;1).
This leads to fast evaluation of ;! (and consequently the likelihood) in equation 8 used

for estimating the parameter vector 6 as well as doing subsequent predictions. The
detailed algorithm for parameter estimation and subsequent predictions is given in

Appendix Al. We call this approximation Vecchia-multiscale.

16
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f(2(42)|2(A1)) (@ f(2(42)12(41)) (b)
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Figure 3. Illustration of the Vecchia-multiscale to the hypothetical data in Figure 2(a) consisting of 64 green
pixels (R,), 36 purple pixels (R,) and 40 point data P, (blue triangles). Column (a) denotes the conditional
distributions as implied by the the exact likelihood while column (b) gives the conditional distributions using
Vecchia-multiscale approximation with maximum size of the conditioning vector m equal to 20. The i*" pixel A;
(where i = 2,...,140 increases from top to bottom in the columns) is color-filled in red while the pixels (or

points) of the conditioning vector are color-filled in green (Ry), purple (R,) and blue (P,).
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3.2.1 Permutation in Vecchia-multiscale
There are two criteria we seek in the approximation: speed and accuracy. For the

Vecchia-multiscale, significant computational and memory benefits can be achieved by
selecting m « n. Further, equation 11 results in a product of independent univariate

distributions which is readily parallelized for faster computations.

Regarding accuracy for a fixed value of m, as the right side of equation 11 consists of an
“ordered” sequence of conditional probability distributions, the approximation
depends on the order in which the pixels appear in A. This is because in equation 11,
for a pixel 4; (i = 2), we select the subset 4,,, (of length m;) from elements of

Ay.;_4 which are closest in space to 4;. This leads to different values for z(4,,,) in
equation 11 based on how we permute {4, ..., A,}. Thus, the approximation accuracy

will depend upon what permutation of {44, ...,4,} we choose for the pixels (and points)

for computing f(z(A)|0) in equation 11. When the size of the multiscale data is
massive, it is infeasible to explore all such permutations. For point data, Guinness (2018)
found that certain permutations of A give more accurate approximations when
compared with the exact likelihood f(z(A)|6). In this paper we explore the same for
multiscale data. We use four popular permutations (Guinness, 2018): 1) Joint-Coordinate
(ordering the locations based on increasing coordinate values), 2) Joint-Middleout
(ordering locations based on increasing distance to the mean location of the extent), 3)
Joint-Maxmin (ordering in which each successive point is chosen to “maximize the

minimum distance” to previously selected points), and 4) Joint-Random (randomly
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ordering locations). Interested readers are encouraged to refer to Section S1, Supporting

Information (SI) and Guinness (2018) for details on these permutations.

In addition to the above “Joint-“ permutations, we introduce “Separate-” permutations
where we first separate out the point and areal data and apply the above-mentioned
four permutations separately to each. We then form the final permutation by sorting the
“ordered” point data followed by the “ordered” areal data. This leads to four additional
corresponding permutations: 5) Separate-Coordinate, 6) Separate-Middleout, 7) Separate-
Maxmin, and 8) Separate-Random. The difference between “Joint-“ and “Separate-"
permutations is illustrated in Figure 4. We assume the centroid of an areal pixel as its

location for applying the permutations.

Using the hypothetical example in Figure 2 (a), we illustrate the effect of these eight

chosen permutations (Section 51, SI) on how the pixels and points are ordered in A and

how it affects the evaluation of f(z(A)|0). To see which permutation performs better
for the Vecchia-multiscale in general, we use simulated data in two (e.g, a variable
varying across latitude and longitude) and three (e.g., a variable varying across latitude,
longitude and time) dimensions. The details of the simulations and the corresponding

results are given in Section S2, SI.

For both two and three dimensions, in general, the Separate-Maxmin and Separate-
Random perform the best while the Coordinate-based orderings perform the worst. This is
important because many approximation schemes use Coordinate-based ordering as their

default (e.g. Datta et al., 2016; Sun & Stein, 2016) and it should be used with caution
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Figure 4. llustration of “Joint-" and “Separate-" permutations for Vecchia-multiscale. (a) Hypothetical example
comprising six aggregate pixels and four point data. Different colors are used to distinguish between different
pixels and points. (b) The “Joint-" permutation results in both the pixels and points getting permuted together
following a given permutation “Perm1”. For “Separate- ordering, we first separate the point and aggregate
data, apply the permutation “Perml” separately to each, and then form the final permutation by sorting the
permuted point data followed by the permuted agqregate data. In this figure we choose a random permutation as
“Perm1” and the resulting permutations of the pixels/points are shown. The “Joint-" and “Separate-"
permutations can lead to different ordering of the pixels/points in A = {Ay, ..., Ay} resulting in different values
of the approximate likelihood computed using Vecchia-multiscale. In this paper, we explore “Coordinate”,
“Middleout”, “Maxmin” and “Random” as possible permutations for “Perm1”. The centroid of an agqregate

pixel is chosen as its location for permutations.
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when using Vecchia-multiscale. The subvector A,,, (equation 11) consists of a good mix of
both far and near pixels as well as nearby point data for Separate-Maxmin (Figure S2 (i)-
(1), SI) and Separate-Random (Figure S2 (m)-(p), SI). We hypothesize that conditioning a
pixel/point on both near and far pixels help in better approximation of the exact
likelihood. Additionally, the “Separate-“ permutations lead to the subvector A,,, consist
of nearby point data which is potentially helpful because 1) for a given study domain,
point data are generally sparse for any environmental variable and are generally (but
not always) considered more accurate than remote sensing data, and 2) we define our
model at the point scale (equation 1), and it is thus potentially helpful to condition

pixels/points on nearby point data.

We therefore suggest adopting Separate-Maxmin or Separate-Random when using Vecchia-
multiscale. Since, our aim is to propose a general algorithm, we only use location
information for permuting {4;,...,4,}. A promising area of future research is exploring
physically-based permutation of pixels based on the environmental variable to be fused.
In the next Section, we apply the Vecchia-multiscale to fuse multiscale SM data for

CONUS.

4 Results and Discussion

4.1. Case Study : Soil moisture

We fuse fifteen days of SMOS, SMAP, and point (USCRN and SCAN) SM data across
CONUS from July 06-20, 2017. We randomly hold-out 27 point stations (=~ 20%) for

validation leaving 116 station data for training. Since SM observations are theoretically

bounded between 0 and 1 and exhibit considerable skewness, the Gaussian assumption
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becomes untenable. We thus use a logit transform SM’ = log (%) which transforms

the SM values to lie between — to o0 and also make the distribution less skewed
(Figure S4, SI). Overlapping data from SMOS and SMAP during the analyzed period

also exhibit slightly better correlation on the transformed scale (Figure S5, SI).

4.2.1 Mean, covariance and bias

Numerous studies (Cosh & Brutsaert, 1999; Crow et al., 2012; Entin et al., 2000; Gaur &
Mohanty, 2013, 2016; Joshi et al., 2011; Joshi & Mohanty, 2010; Kathuria et al., 2019a;
Ryu & Famiglietti, 2006; Teuling & Troch, 2005; Vereecken et al., 2014) have found that
SM distribution across space and time is affected primarily by precipitation, soil texture,
topography and vegetation. Therefore, we model the spatio-temporal SM distribution
as a function of these physical covariates. For SMAP, since we only consider pixels
where SM retrieval was successful (from flag data) and have a vegetation water content
< 5 kg/m?, we assume that the SMAP data are of good quality and do not have any
bias. As we did not pre-filter SMOS data, we assume a constant additive and
multiplicative bias for SMOS. Exploratory analysis between overlapping SMOS-SMAP
pixels at the logit scale (Figure S5, SI) also suggest a (additive and multiplicative) bias
between the two platforms. We assume normally distributed measurement error (at the
transformed scale) with mean zero and variance 74,4p and 74,5 for the two platforms
respectively. Since the USCRN /SCAN data undergo rigorous quality control, we

assume point data to be the ground truth with no bias/error.

We use exploratory analysis for determining the parametric forms for the mean

function. Since we assume bias in SMOS data, we use only SMAP and point data for the
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exploratory analysis. For the exploratory analysis, the covariates are linearly averaged
to the SMAP resolution. For rainfall, we assume 3-day antecedent mean rainfall as a
covariate. On the original scale (Figure 5 (a)), the relationship between SM and the
physical controls is non-linear. But after some non-linear transformations of the
covariates (and logit transform of SM), an approximate linear relationship between SM
and the covariates can be assumed (Figure 5 (b)). The mean trend of SM can be therefore

written as:

u (log (ij)) = U(SM") = By + B1log (LAI) + frexp(—T5) + faexp(— 52).  (12)

rain elevation

We fix pf 2in and pfl evation a5 3.3 mm and 342.6 m based on exploratory analysis. These
two parameters represent the range of the exponential functions in equation 12 for
which an approximate linear relationship holds between SM' and the transformed
covariates in Figure 5 (b). Note that the covariates are resampled only for exploratory
analysis and no resampling of (SM and covariate) data is required for implementing the
actual algorithm in Section 3. Since we use an equidistant grid to approximate
multiscale SM data, the grid points are assigned values according to the covariate pixels
in which they lie. Though this results in grid points lying in a covariate pixel getting the
same values, this allows us to work with covariate data at different resolutions and

avoid errors introduced due to resampling of covariate data.

The covariance between any two points (x1,y;,t;) and (x,,¥,,t;), wherex, y, t
represent the latitude, longitude and time respectively, will also vary based on the

underlying covariate heterogeneity and therefore the assumption of a stationary
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Figure 5 Exploratory analysis of soil moisture with physical covariates. (a) The relationship of soil moisture with

the physical covariates is non-linear on the original scale. (b) Appropriate covariate transformation results in an
approximate linear relationship of SM (on the logit scale) with the physical covariates. The values of pfain and

are fixed as 3.3 mm and 342.6 m in the plots.
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covariance function is too simplistic. Thus, for the covariance function C (equation 1),
we use a non-stationary covariance function (Kathuria et al., 2019a; Reich et al., 2011)

such that:

C(SM'(XL}’L t1), SM'(x3, y,, tz)) = C(s1,52)

]Ele KXeov(51)IWj KXeov(52)) G5 (|51 = s210)- (13)

The covariance function in equation 13 is a weighted sum of M isotropic covariance
functions {C;;j = 1,2, ....., M} where the weights {w;; j = 1,2, ....., M} are a function of the
underlying physical covariates X,,,(s) affecting the covariance. The weighting
functions w;s are modeled using a multinomial logistic function of the underlying

exP(Xcov(S)Taj)
Zﬁ1exP(Xcov(5)Tal)'

covariates: w;(s) = The details of the covariance function can be found

in Reich et al. (2011) and Kathuria et al. (2019a). For our analysis, we choose exponential
covariance functions (Matern with smoothness = 0.5) for individual ;s (equation 13)

with different range parameters for space (rxjy) and time (rtj ) (e.g., Guinness, 2018):

[(x1,y1)=(%2,¥2)|12 + |f1—f2|2)' (14)

(r),)? )z

Cj(s1,52) = ofexp(—

We chose the exponential covariance functions for individual ;s as changing the
smoothness parameter for Matern resulted in insignificant change in the estimated
maxmimum likelihood, and exponential functions are computationally faster to
evaluate than Matern due to the added cost of evaluating the Bessel functions for the
Matern function. We fix M = 3 to keep the number of parameters to be estimated

relatively low. We include LAI, three-day mean antecedent rain, clay and elevation in
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X.op- As mentioned in Section 3, both the mean and covariance functions are defined at
point scale with computations at areal supports done as outlined in Section 3.1. In this

work, since point data are sparse, the parameter estimates of the mean and covariance

functions are expected to be mainly driven by SMAP and SMOS data. Note that we do
not include latitude, longitude or time as covariates in either the mean or covariance

function to make the fusion scheme more general and transferable.

4.2.2 Parameter estimation and inference

We assume a numerical grid G (Section 3.1) spaced approximately 0.09 degrees apart
across the CONUS for each of the fifteen days resulting in close to 100,000 grid points
per day (ng = 15 x 100,000 = 1,500,000). The total number of observations n from all
platforms (SMAP, SMOS, and USCRN /SCAN) for fifteen days equal 100,386. Parameter
estimation and subsequent predictions by computing exact likelihood is
computationally intractable for such a big dataset and thus requires an approximation.
We use the approximation detailed in Section 3 using the Separate-Maxmin orderings.
Since SMAP and SMOS observe SM at an interval of 3-7 days, we compute the Separate-
Maxmin ordering only considering the spatial coordinates (latitude and longitude) of
the data so that the temporal information of SM is also adequately represented in the
conditioning vector z,,, in equation 11. We fix the number of neighbors as m = 60; the
choice of m was taken to balance the predictive accuracy and computational speed. We
carry out parameter estimation using a global optimization algorithm called
Generalized Simulated Annealing (Xiang et al., 2013), a generalized and improved form

of simulated annealing, to find the parameter estimates that maximize the likelihood.
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On the logit scale, the estimated mean parameters (equation 12) are 8 = {By, B1, B2, B3} =
{-1.71, 0.08, -0.35, 0.17} thus showing a good correlation of mean SM with the controls
especially antecedent rainfall. The additive and multiplicative bias for SMOS are § =
—0.003 and k = 0.15 respectively, while the measurement error variance for SMAP

and SMOS are t&,4p = 0.026 and 7,05 = 0.023. To quantify the effect of covariates on
the spatio-temporal covariance of SM, we first transform the covariance to the original
scale. For a specified covariance between two points (from the covariance function in
equation 13) on the logit scale, we use the well-known Cholesky-Decomposition
method to simulate (50,000) pairs of values for these two points (Gong et al., 2013). We
then back-transform these values to the original scale and use the empirical covariance

of the pairs as an approximation of the covariance at the original scale.

For the non-stationary covariance function, since the covariance between any two
points depends on the lag-distance in space and time as well as the covariates(X,,,), the
effect of an individual covariate on the covariance is nontrivial. We thus quantify the
effect of a covariate by comparing the covariance for different lags (in space and time)
when the control is at the mean value (of the study domain) to when the control is at
extreme value (5" and 95 percentile) while keeping the other controls at their mean
values (Kathuria et al., 2019a; Reich et al., 2011). The resulting correlation plots are
given in Figure 6. We find that all four covariates affect the correlation in space with
higher values of rainfall, LAI, percent clay and lower values of elevation associated with
increase in spatial correlation. For the temporal correlation, we found only a slight effect

of the covariates on the correlation. Note, however, inclusion of other physical
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Figure 6. Spatial (top) and temporal (bottom) correlation plots when one of the physical covariates (Leaf Area Index,

rainfall, clay and elevation) is changed from the mean value (of the study domain) to high (95" percentile) and low

values (5 "percentile). For each of the plots, the blue curve is the same representing the spatial and temporal

correlation when all the covariates are at their mean values (LAl =1.3, Rain = 7.1 mm, Clay =17.4%and Elevation

=586 m) The red (green) curve refers to the correlation when one covariate is changed to a high (low) value keeping

the other three covariates at the mean value.
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covariates as well as analysis of a longer time-period might show the effect of certain

covariates on the temporal SM correlation.

Of course, individual plots in Figure 6 represent only three combinations of the physical
covariates. In reality, all the covariates exhibit considerable heterogeneity across
CONUS (Figure S6, SI) and act together to give vastly different correlation patterns. To
illustrate this effect, we choose 5 points (A-E, Figure 7) across CONUS under
contrasting covariate heterogeneity and look at the spatial correlation of these points
with surrounding points (~ 3 km apart) within an approximately 60 km x 60 km
region for July 06, 2017. We see that the correlation pattern differs significantly based on
the how the quartet of rainfall, LAI, clay and elevation vary in the surrounding region

of the respective points.

4.2.3 Predictions at different Scales

Once the parameters have been estimated, we compute multiscale SM predictions
(Appendix A1.2) across CONUS. As a final step, we back-transform the predictions i.e.,
SM = exp(SM")/(1 + exp(SM")) to the original scale. We compare our SM predictions at
four support scales: point (USCRN and SCAN), 3 km (SMAP/Sentinel-1), 25 km
(SMOS) and 36 km (SMAP). We compute five-day SM forecasts from July 21-25, 2017 on

all four support scales.

4.2.3.1 USCRN and SCAN Scale

As mentioned before, we randomly held out 27 USCRN and SCAN stations across

CONUS (Figure 8) as test data. Figure 9 depicts the SM for the “observed”
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Figure 7. Spatial Correlation pattern of Soil moisture for five points (A-E) across Contiguous US for July 06,
2017. The correlation of the five points with their surrounding region varies considerably due to the covariate

heterogeneity of the regions.
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Figure 8. Location of the validation USCRN/SCAN stations across Contiguous US. We randomly hold out the
27 USCRN/SCAN stations to compare soil moisture predictions at the point scale across Contiguous US. The

locations span different hydroclimates and surface heterogeneities.
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Figure 9. Comparison of soil moisture predictions with the observed SCAN/USRN data for the “observed” (July 06-
20, 2017) and “forecast” period (July 21-25, 2017). The covariate values of LAI (averaged during the forecast
period), percent clay and elevation (m) are denoted by green, brown and purple colors respectively. The three-day

mean antecedent rainfall is also given in blue during the forecast period to demonstrate its effect on SM forecasts.
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(July 06-20, 2017) and “forecast” (July 21-25, 2017) period. For the observed period, the
correlation (R) and root mean squared error (RMSE) are 0.67 and 0.087 v/ v respectively.
The slightly high value of the overall RMSE can be attributed to some point station data
where there is high bias between the predictions and observation (such as Site 1, 2, 7
and 10) and some stations where the observed SM does not change much during the 20-
day period (such as Site 14) possibly resulting from sensor malfunction. Though the SM
predictions during the observed period will be mainly influenced by SMAP and SMOS,
the predictions serve to fill in important gaps left by these platforms which observe SM

at a time interval of 3-7 days.

For the forecast period, R and RMSE of the sites are 0.57 and 0.086 v/ v respectively. The
forecast period is especially important because it allows us to forecast five-day SM at
the point scale in the absence of any observed SM data. We plot the three-day mean
antecedent rainfall (from 4km PRISM data) during the forecast period to demonstrate
the wetting of SM in response to rainfall. The degree of wetting of SM in our predictions
varies not only with rainfall amount but also with the underlying land-surface
covariates. Overall, the forecasts for July 21-25, 2017 at point scale are satisfactory given
that we utilize only SMAP, SMOS and 116 point station (training) data across CONUS
during July 06-20, 2017. Better bias characterization driven by underlying surface
heterogeneity for both SMOS and SMAP can help to reduce the bias occurring at some

sites.

4.2.3.2 SMAP/Sentinel-1 Scale

The SMAP /Sentinel-1 L2 SM (Das et al., 2018) product uses concurrent 36 km SMAP T,
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Figure 10. Comparison of soil moisture predictions and SMAP soil moisture with the observed SMAP/Sentinel-
1 soil moisture at 3 km scale. For the majority of the days, the predicted soil moisture using the fusion approach

outperforms the original base SMIAP product (even for the forecast period). The red line denotes the 1:1 line.
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measurements and 3 km backscatter measurements from Sentinel-1 radars to give 3 km
SM in the overlapping regions of the two platforms. The Sentinel-1 radars have a much
narrower swath (~250 km) however, compared with the relatively wide swath (1,000
km) of SMAP which significantly reduces the spatial coverage of the SMAP /Sentinel-1
product. The average temporal revisit time of Sentinel-1 radars is 6 days and due to
different revisit times of SMAP and Sentinel-1 radars, the temporal resolution of the
SMAP /Sentinel-1 SM product varies from 6-12 days. Therefore, for any given day, the

coverage of the SMAP /Sentinel-1 product across CONUS is quite limited.

We compute SM predictions at 3 km (assuming the equidistant grid points G to be 1 km
apart) for the observed SMAP /Sentinel-1 pixels during the 20-day period and compare
with the observed SMAP /Sentinel-1 product (Figure 10). We also compare the

SMAP /Sentinel-1 observations with the SMAP product from which it is derived. We
see that for the majority of the days the SM predictions agree well with the

SMAP /Sentinel-1 product outperforming the original SMAP product even for the
forecast period. This shows that fusing SMAP SM with SMOS (and USCRN-SCAN data)
and accounting for the effects of physical covariates on SM distribution results in better
predictive accuracy at 3 km support scale than just using the SMAP SM. Since the
spatio-temporal coverage of SMAP /Sentinel-1 is extremely limited, predictions using
the data fusion scheme are useful as they help predict SM across the entire CONUS at a

daily scale.

4.2.3.3 SMAP and SMOS Scale
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Since we use all of SMAP and SMOS data for the “observed” period (July 06-20, 2017)
for estimating our parameters, we compare SM predictions with observed SMOS and
SMAP data for the forecast period (Figure 11 (a)). We make predictions assuming an
equidistant numerical grid spaced approximately 9 km apart and remove pixels which
have less than 7 grid points lying inside the pixels. We find that the predictions
satisfactorily agree with the observed SM with RMSE ranging from 0.039 v/v to 0.055
v/v for SMAP, and 0.049 v/ v to 0.067 v/v for SMOS while R ranging from 0.84 to 0.90
for SMAP, and 0.76 to 0.87 for SMOS. As an illustration, the mean SM predictions as
well as the prediction variance for July 21, 2017 are given in Figure 11 (b). It should be
noted that since the multiscale predictions are derived from both SMOS and SMAP,
their accuracy is affected by how well the two platforms agree with each other. To get a
rough estimate of this, we bilinearly interpolated the SMOS pixels which overlap with
the SMAP pixels for July 21-25, 2017 and found an RMSE of 0.051 v/v to 0.076 v/v

while R varied from 0.74 to 0.86.

The proposed data fusion scheme thus shows good potential for improving SM
predictions across scales. Future research efforts should focus on applying the
algorithm for bigger time periods and across different seasons using high performance
computing systems. Improved formulations of the mean, bias and covariance functions
as well as the inclusion of other physical covariates should be explored. The accuracy of
the data fusion scheme at multiple scales can be improved by fusing SM estimates from
other platforms such as the Cyclone Global Navigation Satellite System (CYGNSS) and
the highly anticipated NASA-ISRO Synthetic Aperture Radar (NISAR) mission. The
data fusion allows seamless integration of any number of platforms at varied scales;

appropriate parametrization of the bias and error for individual platforms, however, is
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Figure 11. (a) Comparison of soil moisture predictions and SMAP and SMOS observed soil moisture for July

Variance

21-25,2017. The red line denotes the 1:1 line. (b) Soil moisture predictions across Contiguous US along with the

prediction variance. Predictions are unavailable for certain regions due to absence of covariate data.
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necessary. As mentioned earlier, the proposed algorithm is general and can be
potentially used to fuse other spatio-temporally correlated environmental variables

which have measurements available from multiple platforms.

5 Conclusions

In this work, we propose a geostatistical framework called Vecchia-multiscale for fusing
multiscale big data. Using simulated data, we found that certain orderings work better
in approximating the exact likelihood at a fraction of the computational cost. We then
apply Vecchia-multiscale to fuse real SM datasets and compute multiscale SM predictions

and forecast five-day SM across scales.

As the volume of environmental data are expected to dramatically increase in the
future, further research into finding better orderings becomes critical. We chose our
orderings based only on space and time; future work will focus on proposing
physically-based orderings where, in addition to the mean and covariance, the ordering
will also be covariate-driven. We applied Vecchia-multiscale to simulated data and real
SM observations; further application to diverse (spatio-temporally correlated)
environmental variables will vet the widespread utility of the algorithm. An advantage
of the proposed approach is that it is not a “black-box” and its components can be
readily modified based on the underlying physical variable and expert-knowledge.
Note that this algorithm can only be applied under a Gaussian Process assumption. In
cases where such an assumption is untenable, recent research indicates that the
approximation can be further extended using Generalized Gaussian Processes (Zilber &

Katzfuss, 2019).
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We live in an exciting era where a deluge of environmental data presents an
unprecedented opportunity for uncovering hidden patterns existing in nature and
ultimately achieving the elusive mass and energy balance in Earth-System processes.
Data-fusion algorithms harnessing the combined utility of RS and insitu data are critical
to advance our understanding of global environmental processes at multiple scales and
make data-driven predictions. Moreover, since the breakthrough in numerical modeling
occurred when satellite data were assimilated in physical models, fusing multi-platform
satellite data can enhance the utility of existing physical models and help take the next

leap forward in understanding and predicting environmental processes.
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processed—data—from—the—version—2—uscrn—database :

https:/ /www.wcc.nres.usda.gov/scan.

Appendix

Al. Parameter estimation and prediction for Vecchia-multiscale

A1.1 Parameter estimation
f(z(A)) = f(z(A1)]6) % ilillzf(Z(Ai)Iz(Al:i—l)' 0) (A1)

where Ay.;_1 = {A1,4,, ... . A;_1}. If z(A) ~ N(uy, X,), then it can be shown that the (i, j)t"

element of A—the inverse of Cholesky factor of X (A" A = £~!) — can be written as

Ay = ———4 (A2)

where w;; equals 2ii1C(Ay1, A) forj=1,...,i — 1, equals —1 for j = i, and equals 0

fOI'j > i. Here Zl:i—l = C(Al:i—llAl:i—l) + TZIi_l and O'ZZ.

ilZ1:i—

= C(AuA) —

C(A;, Ayi1)21-1C(A1i_1,4;). Here I;_; represents the identity matrix of size i — 1. We
write C(Ay-1,4;)j = (h]j},)TC (gAj'gAi) hj, and C(Ari—1,Aric1)ji =

(hﬁj)TC (gAj,gAk) hi for j,k =1,...,i — 1 where G4, denotes the subset of the total grid

points G lying inside the pixel 4; and hj, is given by equation 7.

We replace A;,;_4 with its subset 4,,, of maximum length m as defined in Section 3.2.
This approximation leads to a sparse 4 because now w;; =0 forj =1,...,i — 1if j ¢ m;,

leading to fast computation and low storage for m < n.
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If u(4;) = X(A)" B where X (4;) = {X*(4)),...,XP(A;)} is a vector of covariates of length
p for pixel 4;. Then u,, = X, B in equation 9 where X, is the matrix of covariates

associated with the points associated with y, in equation 7. Then u, (equation 8) can be
written as X where the i®* row of X is given as {hsX1,..., hjini, 8(4))}. The parameter

vector f§ can be profiled out by using the profile-likelihood:

—2log(f (z(A)|0) = —2log(det(A)) + (A(z — X)) A(z — XpB) + nlog(2m) (A3)

The maximum likelihood estimate for ﬁ is given as (Guinness, 2018; Stein et al., 2004):

Bure = [(AX)"(AX)] 7 (AX)" (Az) (A4)

A1.2 Prediction Algorithm

We follow the prediction algorithm from Guinness (2018). Let AP"¢¢ denote a vector of
length nP"¢? comprising pixels where we want to want to make predictions y?"?. Form
the vector LA™ = (A, AP¢1) of length n + n?"¢¢ = n™P_ The corresponding
observation-prediction vector is y<°™ = (z,yP"®?). Let the covariance matrix of y°°™?
be 2P, Writing X°™P(A°°™P) as a 2 X 2 block matrix {Z;"™"}; j—12 ({A7]""}i j=12) and

using standard rules of multivariate normality:
E[yPrd|z] = XPTe4f 4+ 557 (£50™) (2 - XP)
= — (5" MGz = — (") A (2 - XB), (A5)

where A°™P is the sparse approximation of A°°™ calculated following A1.1.
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To find the prediction variance Var(y?P"¢?|z), we first simulate uncorrelated standard

normals of length n™?; w* ~ N'(0, I,,comp) where I,,comp is the identity matrix of size
ncm?_ We then simulate y®°™P* = {z*,yP¢4*} = (A°°™ )~1w which is computationally

fast since A°°™P isa sparse triangular matrix. Then, —A73 Ay, (z — z*) + yPreds

comp _ ypcomp (Zcomp ~1ycomp
21 12

approximately has a covariance matrix X, 1 , which is equal to

Var(yP"e?|z) based on the well-known properties of multivariate normality. We

simulate —A31A,,(z — z*) + yP"®?" five thousand times to approximate the prediction

variance.
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S1. Illustration of different permutations for Vecchia-Multiscale
We illustrate the effect of different permutations (Figure S1 and S2) by applying the

eight permutations to the hypothetical example in Figure 2 (a) comprising three
datasets: areal datasets R; (64 green pixels) and R, (36 purple pixels), and point dataset
P; (40 blue triangles), making the total number of observations n = 140. The numbers
in columns (I) to (III) in Figure (S1) represent the ordering number in A = {4, ..., A140}
assigned to individual data in P; (I), R; (II) and R, (III) for the different permutations.
Column (IV) denotes the subvector A,,, (color-filled blue triangles, and color-filled

green and purple pixels) for a randomly chosen pixel 4; (color-filled red) for m = 20.

The Joint-Coordinate permutation (Figure S1 (a)-(c)) sorts the data based on the sum of

coordinate values resulting in the data from the three platforms getting ordered from
the lower-left to the upper right along the diagonal. For any pixel 4;, this results in
Ajy.;—1 located close to A;. The subvector 4,,, (selected from elements of A;;_4 closest to
A; in space) is thus located in the immediate neighborhood of A; (Figure S1 (d)).

Middleout ordering is based on the same heuristic as Coordinate ordering and orders the

locations based on increasing distance from the mean location of the study domain

(Guinness, 2018). Thus, it also has 4,,, located in the neighborhood of A; (Figure S1 (h)).

The Joint-Maxmin ordering (Figure S1 (i)-(1)) selects the first pixel / point which is closest
to the mean location of the study domain and then sequentially selects a successive
pixel / point which maximizes the “minimum distance” to previously selected
pixels/points (Guinness, 2018). This results in the pixels/points getting permuted such

that for any A;, A1.;_1 now consist of a good mix of both far and near pixels/points

(Figure S1 (i)-(k)). The subvector A,,, now consist of both far and near data surrounding



A; (Figure S1 (1)). Though Joint-Random (Figure S1 (m)-(p)) is not based on any heuristic,

it can give similar results to Joint-Maxmin (Guinness, 2018).

The corresponding “Separate-" orderings for the four “Joint- orderings are given in
Figure S2. The “Separate-“ orderings separate the point and areal data, apply the
permutations separately to each and then form the final permutation by sorting the
permuted point data followed by the permuted areal data (Figure 4, main text). Though
the “Separate-” orderings retain the heuristic of the corresponding “Joint-“ permutations

separately for point and areal data, the “Separate-” permutations introduce a constraint
that the point data always lie in the beginning of the vector A. For instance, in Figure S2
(Column I) since we have 40 point data, {4y, ..., A4} always represent point data in
“Separate-“ permutations. Now for any areal pixel A; (which for “Separate-“
permutations in this example represent {A,;, ..., A140}), A1.i-1 will always consist of
point data. This often leads to the subvector 4,,, consist of point data which are near to

A; (Figure S2, Column IV).
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Figure S1. Illustration of the “Joint-“ Permutations applied on the example from Figure 2 (a) in the
main text consisting of 40 point data P; and 100 areal pixels in R, (64 pixels) and R, (36 pixels) .
Numbers in columns (I) to (II) represent the ordering number in the vector A = {4, ..., A140}
assigned to data in P; (I), R, (I) and R, (III) for the four different “Joint-“ permutations. Column
(d) denotes the subvector A4,,, (equation 11, main text) comprising color-filled blue triangles, and
color-filled green and purple pixels, for a randomly chosen pixel A; (color-filled red) form = 20.
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Figure S2. Illustration of the “Separate-“ Permutations applied on the example from Figure 2 (a) in
the main text consisting of 40 point data P, and 100 areal pixels in R, (64 pixels) and R, (36 pixels) .

Numbers in columns (I) to (II) represent the ordering number in the vector A = {4, ..., A140}
assigned to data in P; (I), R, (I) and R, (III) for the four different “Separate-” permutations.
Column (d) denotes the subvector 4,,, (equation 11, main text) comprising color-filled blue

triangles, and color-filled green and purple pixels, for a randomly chosen pixel A; (color-filled red)

form = 20.



§2. Simulation

We use simulations for two (e.g, a variable varying across latitude and longitude) and
three (e.g., a variable varying across latitude, longitude and time) dimensions in space
inaregion D = [0,1] x [0,1] and [0,1] x [0,1] x [0,1] respectively. We fix each
dimension between 0 and 1 for generality. The objective of the simulations is to

investigate that for a given value of m, which approximation (equation 11) resulting out
of the eight permutations better approximates the exact likelihood (equation 10). Similar

to the hypothetical example in Figure 2 (a) in the main text, we assume three data
sources for each setting—two aggregate datasets (R; and R;) covering the entire region
D, and point dataset (P;) in D. The number of pixels in R; and R, along with their
resolutions as well as the number of point data P; are given in Table S1. The number of
point data are chosen as 1) 5% of the areal data to represent scenarios where the point
data is sparse compared to areal data, and 2) 25% of the areal data to represent
scenarios where point data are considerable in number compared to areal data. We
assume an equidistant numerical grid § consisting of 11000 points for two dimensions

and 1089 x 11 = 11979 points for three dimensions across D.

As mentioned in the main text, evaluation of the exact likelihood requires quadratic
complexity in the number of assumed grid points ng and cubic complexity in the
number of observations n. Therefore for the simulations, the number of observations of
each platform and the size of the numerical grid are chosen so that the computation of

actual likelihood f(z(A)|0) is feasible.

We use a flexible class of covariance function called the Matern, with a range,
smoothness and variance parameter, for simulating the covariance matrix. Other widely
used covariance functions such as the Exponential and the Gaussian are special cases of
the Matern. We do simulations for range = {0.2, 0.4, 0.6}, smoothness (nu) =

{0.5,1, 1.5}, variance = 1 and measurement error variance (in R; and R,) = {0.05,0.2}.
This ensures that the simulations are carried out for a wide range of parameters

resulting in a total of 72 simulations for each ordering. We perform 72 simulations for
each of the eight orderings and take m =5, 10, 20, 40, 60, 100, 120 and 180.



To control for simulation error, we use the Kullback-Leibler (KL) divergence, which

measures how much information we lose using the approximation f(z(A)|0) (equation

11, main text) over the exact likelihood f(z(A)|6) (equation 10, main text), both using

the true value of the parameters. A lower KL-divergence between f(z(A)|6) and

f(2(A)|0) thus denotes a better approximation. Plots of eight representative
simulations (out of 72) comparing the (log) KL-Divergence of the approximations over
the true likelihood are given in Figure S3. For both 2D and 3D, in general, the Separate-
Maxmin and Separate-Random perform the best while the Coordinate-based orderings
perform the worst. There was no effect of measurement error on the relative
performance of the orderings. Therefore, in general, we suggest adopting Separate-

Maxmin or Separate-Random when using Vecchia-multiscale.

Table S1. Data setting for the simulations in Section S2.

Data |Resolution| Number of pixels/points Grid pc.>ints
per pixel
Two Dimensions
R, 0.09 34 x 34 =1156 9
R, 0.06 52 %52 =2704 4
200( =~ 5%) &
P, - -
1000( =~ 25%)
Total 4060 &
ota ] 4860 ]
Three Dimensions
R, 0.03 11x11x11=1331 9
R, 0.02 16 X 16 x 11 = 2816 4
p 20x 11 =220( = 5%) & i
! 100 x 11 = 1100( ~ 25%)
Total 4367 &
ota ] 5247 ]
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Figure S3 Representative simulations comparing the (log) KL-Divergence of the approximations over the true
likelihood for measurement error variance equal to 0.05. A lower KL-Divergence denotes a better approximation.
For the majority of the simulation settings, the Separate-Maxmin and the Separate-Random lead to better
approximation of the exact likelihood.
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Figure S4 Histograms of point soil, SMAP and SMOS soil moisture data for July 06-20, 2017. On the original
scale soil moisture exhibits considerable skewness but on the logit scale the soil moisture distribution becomes

less skewed making the Gaussian assumption tenable.
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Figure S5 Overlapping SMOS and SMAP pixels for July 06-20, 2017. The SMOS pixels are bilinearly
interpolated to the overlapping SMAP pixels for this exploratory analysis. The red line denotes the 1:1 line.
The transformed scale results in a slightly better correlation (R) between the two datasets. On the transformed

scale, it can also be seen that there is a bias between SMOS and SMAP datasets for the analyzed time period.
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Figure S6 Covariate plots for July 06, 2020 for Contiguous US (CONUS). All the four covariates exhibit
considerable heterogeneity across CONUS.
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