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Abstract

In this study, a novel algorithm for jointly estimating the linear and quadratic gradients of physical quantities with multiple
spacecraft observations based on the least square method has been put forward for the first time. With 10 or more spacecraft
constellation measurements as the input, this new algorithm can yield both the linear and quadratic gradients at the barycenter
of the constellation. Iterations have been used in the algorithm. The tests on cylindrical flux ropes, dipole magnetic field and
modeled geo-magnetospheric field have been carried out. The tests indicate that the linear gradient gained has the second order
accuracy, while the quadratic gradient is of the first order accuracy. The test on the modeled geo-magnetospheric field shows
that, the more the number of the spacecraft in the constellation, the high the accuracy of the quadratic gradient calculated.
However, the accuracy of the linear gradient yielded is independent of the number of the spacecraft. The feasibility, reliability
and accuracy of this algorithm have been verified successfully. This algorithm can find wide applications in the design of the

future multiple S/C missions as well as in the analysis of multiple point measurement data.
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Figure 12: Distributions of the radius of curvature (top) and helix angle (bottom) of MFLs in the

coordinate plane y=0 in modeled magnetosphere based on theoretical (left) and new algorithm (right)

calculations. The dashed line indicates the magnetopause when B, = 27nT, D, = 3nPa [Shue et al.,

1998].
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Key Points:

A general algorithm for the linear and quadratic gradients based on 10 or more

spacecraft measurements is presented for the first time

The characteristic matrix of the constellation affecting the determination of the

quadratic gradient has been found and its features shown

The algorithm has been tested on the magnetic field, indicating the obtained linear

magnetic gradient is of second order accuracy
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Abstract

In this study, a novel algorithm for jointly estimating the linear and quadratic
gradients of physical quantities with multiple spacecraft observations based on the least
square method has been put forward for the first time. With 10 or more spacecraft
constellation measurements as the input, this new algorithm can yield both the linear
and quadratic gradients at the barycenter of the constellation. Iterations have been used
in the algorithm. The tests on cylindrical flux ropes, dipole magnetic field and modeled
geo-magnetospheric field have been carried out. The tests indicate that the linear
gradient gained has the second order accuracy, while the quadratic gradient is of the
first order accuracy. The test on the modeled geo-magnetospheric field shows that, the
more the number of the spacecraft in the constellation, the high the accuracy of the
quadratic gradient calculated. However, the accuracy of the linear gradient yielded is
independent of the number of the spacecraft. The feasibility, reliability and accuracy of
this algorithm have been verified successfully. This algorithm can find wide
applications in the design of the future multiple S/C missions as well as in the analysis

of multiple point measurement data.
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Plain Language Summary

With the development of space explorations, the constellations with 10 or more
spacecraft may become true in the near future. However, there is still no general
algorithm available for calculating the quadratic gradient of various physical quantities
with 10 or more point measurements. In this article, we present a universal approach
that can estimate both the linear and quadratic gradients of physical quantities based on
10 or more point measurements. This algorithm has been tested and its reliability has
been verified. The tests show that the linear gradient obtained is of the second order
accuracy, while the quadratic gradient the first order accuracy. This algorithm
developed will be beneficial for the design of the future multiple S/C constellation

missions and have wide applications in analyzing multiple point measurement data.

Key Words:
Multiple Spacecraft Measurements, Iteration, Linear gradient, Quadratic

Gradient, Geometry of Magnetic Field Lines
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1. Introduction

The gradients of physical quantities play important roles in the dynamic evolution
of space plasmas. For example, the first-order gradient of electromagnetic fields
balance their temporal variations as well as the sources (charge density and current
density); the linear gradient of physical quantities (magnetic field, thermal pressure,
etc.) can also drive the drift motions of the charged particles in electromagnetic fields.
The linear gradient of physical quantities can be estimated from the 4 points in situ
measurements with a first-order accuracy, and a lot of estimators have been developed
already (Dunlop et al., 1988; Harvey, 1998; Chanteur, 1998; De Keyser, et al., 2007,
Vogt et al., 2008; Vogt et al., 2009).

On the other hand, the quadratic gradient of physical quantities can lead to the
diffusion and dissipation processes in plasmas. The quadratic gradients of
electromagnetic potentials can balance the sources as shown by the Poisson equation.
The geometry of the magnetic field depends on both the first order and the second-order
magnetic gradients (Shen et al., 2020).

Recently some investigations have been made to fit the magnetic field to the
second order based on the four spacecraft magnetic and current density observations
(Torbert et al., 2020). Shen et al. (2020) have put forward an explicit algorithm to
calculate the quadratic magnetic gradient as well as the complete geometry of magnetic

field lines with 4 point magnetic field and particle/current density measurements under
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the constraints of electromagnetic laws. This approach, however, can not be applied to
estimate the quadratic gradient of other physical fields, such as those of the density,
temperature, and electric potential, etc. Generally, at least 10 point measurements of a
physical quantity are required to calculate its second-order gradient (Chanteur, 1998).

With the development of space exploration, the constellation mission with 10 or
more spacecraft has become possible (e.g., Cross-Scale mission). However, we still
have no applicable universal algorithm for estimating the quadratic gradient of physical
quantities with 10 and more point measurements.

In this paper, we present a universal algorithm that can estimate both the linear and
quadratic gradients of physical quantities based on 10 or more point measurements.
This algorithm has been tested and its reliability has been verified. The accuracy of this
algorithm has been investigated. The algorithm is presented in the Section 2, the tests
on the method have been made in Section 3, and the summary and discussions are given

in Section 4.

2. Algorithm

Consider that a constellation, which is composed of N >10 spacecraft, performs
in situ observations on a certain physical field f (density, magnetic field, or electric
potential, etc.). In the Earth center frame of reference (or other inertial frames of the
investigator), the Cartesian coordinates are (Xl,XZ,XS) (corresponding to (X,Y,Z),

respectively) with their bases ()A(l,)A(z,)A(g). The position of the ath spacecraft is at
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i 2 3

X'a) =(x(1a),x(a),x(a))(a =1,2,---,N), and its velocity in the Earth center reference

frame is U ;). The coordinates Xé of the barycenter of the constellation satisfy

N N

> Ax, =D (X, -%)=0. (1)
a=1 a=1
So that
i 1 - i
X = N; X(a) - (2)

The physical quantity observed is f '(XL ) = f,, inthe spacecraft reference frame
and f (X;)z f,, in the Earth center reference frame (a static frame of reference),
respectively. There is a certain transformation relationship between f(;) and f(a).
For the magnetic field, Bza) =B(a) . For the electric field, Eza) = E(a) U, X B(a) . For
the electric and magnetic potentials, AE,Z) = A(a) ; ¢('a) = ¢(a) —Uy) 'A(a) . For the
charge density and current density, p('a) =P,y and jza) = j(a) ~Ui)Play -

In the Earth center reference frame, the linear gradient of the physical quantity fis

2

—=V. f and its quadratic gradient is — =
PYIRAER q & ox'ox!

V.V, f . Based on Taylor expansion,

the physical quantity observed, f(a), can be expressed as
i 1 i
foy = fo+AX,, Vi +§Ax(a)Ax(Ja)ViVj f., 3)

where all the gradients with orders higher than 2 are neglected under the assumption
that AX(ia) are much less than the characteristic scale of the magnetic structures
investigated. So that there are 10 parameters ( f.,(V,f).,(V.V i f).) to be determined.
The formula (3) can also be written as

foy = fo+AX L axi,AX) G (3"

(@ = 1T 8i 5 Ay Xy B>

where, the linear and quadratic gradients of the physical quantity at the barycenter are
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g, =(v,f). and Gy =(V;V,;f)_, respectively. It is noted that G;; =Gj; .
Therefore, to obtain the 10 parameters ( fc , O, Gij ), observations by the

constellation with at least 10 spacecraft are required.

In order to obtain the estimator for the 10 parameters ( fc , i, Gij) with the
desired accuracy from the N >10 spacecraft in situ observations, we make use of

the least square method (Harvey, 1998; Shen et al., 2003). Assume the action to be
S = iz[ f o+ Ax(ia)gi + iAxga)Ax('a)Gij - f(a)T . 4)
N 2
Minimize it by
5S=0, )

so as to find the formulas for f, g, =(v,f), and G, =(v,v,f).-

Equation (5) leads to

Due to
oS 1 i 1o i
= N;z[ fo +AX,,0; + EAX(Q)AX(a)Gij - f(a)}
7 1 T NG
=2-— fo—f  |+2- =) Ax 0, +— ) Ax Ax! G, =0
N;[ ()} Nt (2) N < () =) i
we get
L oF LS AX! AX! G
C_N; (“)_N; X (2% ()i (®)

where the equation (1) is used. The above equation can also be written as

_ 1 1 ij )
fC—N;f(a)—ER G,. 8
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Here R" is the volumetric tensor (or 3x3 matrix) (Harvey, 1998; Shen et al., 2003),

which is defined as

R = %;Axga)Axga):%;(x('a) -x )% —x). )

Therefore, the physical quantity at the barycenter is the average of all the measurements
plus the correction term by the quadratic gradient.

From 5s/69,=0, we get

N

58 _ 1 K l K m i
5N ; 2{ fo = flay + X 0+ > MG G }Ax(a)

_ 13 i ik ikm
_—2-N;f(a)Ax(a)+2R g, +R*"G, =0, (10)
where the 3 order tensor is defined as
R L
R*" = N;Ax(a)Ax(a)Ax(a) . (11)
R*™ is symmetrical, i.e., R*" = R =R"™ . Eq. (10) reduces to

i 1 N i i l ikm
R =2 (X =% ) f. 5 R*"Gy. (12)

Let R' ©be the inverse of the volumetric tensor, which satisfies

(R"l)ik R¥ =RX (R'l) =0 Hence the linear gradient at the barycenter is obtained

ki

from Eq. (12) as follows

gi:(R_l)ij .%ZN:(X({X) _XCj) L. _%(R_l)ij RIGy. (13)

The second term at the right-hand side of the above formula is the correction arising
from the quadratic gradient.

From 0S/ 8Gij =0, we get
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13 k 1, .« m i j
. Nz{ fo = fay + A% 0k + EAx(w)Ax(a)ka }AX(Q)AX(Q) =0. (14)
Thus
i 1 N i j ijk 1 Sijkm
fCR _NZ f(a)AX(a) AX(a)-'_R gk+ER ka :0’ (15)
a=1
where the 4-order tensor

ukm _ 1 L
ZNZ X AXC (16)
a=1

Note that R™™ is symmetric with R™™ =R"™" =R" =R*" . Obviously, f_,

9, =(v,f), and G, = (v,v,f)  canbe obtained by solving the equations (8’)

(12) and (15).

In order to ensure the calculation accuracy, we perform iterations to solve these
equations, which can be conveniently realized by computation. At first, the linear
approximation is made with G i = 0. Therefore, from the formulas (8’) and (13), we

obtain the physical quantity and its linear gradient at the barycenter as

1
= 2 (17)

and

G, =(v,).=(R"). ﬁi(x(i) -1, (18)

respectively. Secondly, by substituting the above two equations into (15), we can get

1 ijkm _ 1 i i ij uk
ER G,, _N; X, AX, — f,R'=R"g, , (19)

with which the quadratic gradient <& ,__ at the zero-order can be attained. the zero-
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order quadratic gradient &, into (8’)and (13) to yield the physical quantity f_at
the second order and its linear gradient g, = (v, f)_ at the first order; and again by
using Eq. (19) to get the corrected quadratic gradient < __, at the first order. Repeat
the above processes, so as to yield the solutions of Egs. (8”), (12) and (15), i.e., the
estimations of the 10 parameters ( f_, g, = (v, f)., Oj =(ViV;f).) of the
plasma structure investigated.

Equation (19) is a tensor equation, which concrete solution we need to find.

Rewrite it as the following expression

> Y RMG, =¢', i,j=123, (20)

1=1 k=1

The tensor at the right-hand side of the above equation is defined as

. 2 N . i L -
¢’ = NZ f(a)AX(Ia) AX(Jot) -2 fcR” - ZRIJka . 21)
a=1

We will transform the tensor equation (20) into a matrix equation so as to obtain
its solution concisely. The second-order tensor c! is symmetric, i.e., ¢’ =c". c'
contains 6 independent components, which can be expressed as
c® =(C”,Clz,CB,CZZ,CZS,C33). Similarly, the symmetric underdetermined tensor
G, also contains 6 independent components, which can be written as
Gy =(Gu1:Gpy:Gy3.G,, Gy, Gsy) - The fouth-order tensor R™ is symmetric, and

RIM=RIM) ‘where both ij and kI have six independent compositions. Therefore,

the tensor equation (20) can be rewritten as

ii(z—ak,)R”k'Gk, =¢', (=123 j=i,-3) (22)

1=k k=1
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To facilitate the calculation, the coefficient at the left-hand side of the above equation

should be index symmetric. Multiplying the two side of Eq. (22) by (2 —,) toyield

iz(z_é}j)(z_5k|)RijkIle :(Z_é‘ij)ciji (i=123, j=i,-,3) (23)

3

1=k k=1

Note that in the above formula the sum over the indices i and j are not made even if i
and j are repeated. The formula (23) can be regarded as a matrix equation in a 6-

dimensional  space. The bases of this 6-dimensional space are

(XX, XXy, X Xq, XX, , X, %5, XX ), which can also be marked as (Iil, Ky, RS) , Or RM ,
M=1, 2, ..., 6, satisfying IZM -IZN =0y - The underdetermined tensor G, » Which is
composed of 6 independent components, can be treated as a vector in the 6-dimensional

space and writtenas G =( X', X?,---, X®) with its components
Y p

XM =G, . (24)

6 By
G => X"k, (24)

The term (2 —é‘ij)Cij at the right-hand side of equation (23) is composed of 6
components, can also be regarded as a vector in the 6-dimensional space and expressed
as C= (Cl, c?,...,C° ) , with the components
M o_ (i)
C" =(2-0;)c". (25)

Thus the vector C in the 6-dimensional space is written as

6 By
c =) C"k,. (26)

M=1

At the same time, the coefficient tensor (2-0;)(2-0) R™ can be treated asa 6x6

matrix:
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R = (2-5;)(2-5,)R 27)
The index M corresponds to (ij)» and N to (kl). The matrix ®™ is symmetric and
RMN=®"™ | It can be expressed in vector format as
R =R"MK, Ky . (28)
Just like the 3x3 volumetric matrix R", the 6x6 matrix R®™ respects the
characteristic geometric features of the constellation.
Therefore, the tensor equation (20) has been transformed into a matrix equation  as

follows:

RN . XN —CM. (29)
which vector form is

R-G=C. (29°)
The symmetric matrix R can be diagonalized. Suppose that its eigenvectors are
(&,

A=A

A A

2,---,é6) with €y €y = Oy , and its eigenvalues (Al,AZ, ------ ,As) with
2 =

D>

+2Ag=0 | The nrelationship between the eigenvectors

~

(6,,6,,--&;) and the bases (IZl,IZZ,--.,kG) is
8y = EunKy.- (30)

Then R can be written as

6
‘R:ZAMéMéM. (3D
M=1
In the eigenspace (€,,6,,-€;) of %", G and C can be expressed as

6 ~
G=) X"é,, (32)

M=1

and
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Respectively.

Substituting (31), (32) and (33) into (29°), we get

Then

Thus

In the above formula, it is required that A, > 0. If the eigenvalue A, =0, %

can not be determined.

Therefore,

From (26), (30) and (33), we can get
I
c" :Z é:MLCL .
L

Finally, the formula (38) becomes

6

1
XM= Z _§MN§MLCL5

M,N,L AM

(33)

(34)

(35)

(36)

v L

(37

(3%)

(39)

(40)

which is the solution for the 6 independent components of the quadratic gradient at the
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barycenter of the constellation in the Earth center reference frame.

In order to obtain a more accurate quadratic gradient, an iterative method is used.
Correct the physical quantity f_ and its linear gradient g, = (v, f)_ at the barycenter
by substituting the quadratic gradient <, attained from (40) into (8°) and (13);
Calculate the corrected tensor Cij by the expression (21); Further calculate the
components of the 6-dimensional vector C , CM = (2_5”)(:("') ; Then get the
components of the quadratic gradient at the barycenter, X N = G(k,) from the
formula (40), which have been corrected by the first iteration. Repeating the above
cycle till satisfactory accuracy is achieved. This iteration method will be tested and its

reliability verified in the next section.

The estimation of the quadratic gradient of a physical quantity relies on the
configuration of the constellation. We can get the complete quadratic gradient if all
the 6 eigenvalues of the characteristic matrix R™™ are non-zero. However, as shown
in the expression (40), the quadratic gradient can not be completely determined if one
or more eigenvalues of the characteristic matrix R®"™ are zero. For example, if the
constellation is linearly distributed, it can be seen from the definitions (16) and (27)
that only the eigenvalue of the characteristic matrix R™ along the spacecraft array is
larger than zero, while all the other 5 eigenvalues of the characteristic matrix R are
equal to zero. Therefore, only the quadratic gradient along the spacecraft array can be

attained in this situation. For the situation when the constellation is planar, the 3
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eigenvalues of the characteristic matrix R™ along the directions in the spacecraft
plane are larger than zero, while all the other 3 eigenvalues are zero. So that only the

three components of the quadratic gradient in the constellation plane can be found.

For example, we can obtain the linear and quadratic gradients of the electric
potential with this approach based on the N >10 spacecraft potential measurements,
and further get the electric field and charge density at the barycenter of the constellation.
Suppose the electric potential observed at the position I, of the spacecraft & is
¢(a) =¢(r ),a=12,-N. By using the above algorithm, we can yield the electric
potential (I)C and its linear and quadratic gradients, (V(i))c and (qu))c , at the
barycenter of the constellation. Therefore, the electric field at the barycenter is

E=-(V9).. (40)
With Gauss’ law, we get the charge density at the barycenter as follows.

p=¢,(V-E), = -5 (V?P) 41)

As for the multiple spacecraft magnetic field measurements, thereby we can
obtain the magnetic linear and quadratic gradients at the barycenter of the
constellation, and further attain the complete geometry of the magnetic field lines
(MFLs), including the Frenet frame, the curvature and torsion of the MFLs. Suppose
that the magnetic field at the position I, of the spacecraft & is

B, = B(ra ) ,a=1, 2, ---, N. Utilizing the above algorithm, the magnetic field
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and its linear gradient (VB), =VB(r,) and quadratic gradient
(VVB), =VVB (I‘C) at the barycenter of the constellation can be calculated. The
tangential vector or the unit magnetic vector of the MFLs is b =B/B. The curvature
of the MFLs at the barycenter of the constellation can be estimated by the following
formula [Shen et al., 2003; 2020]

6iQcm

K4 = Bc_lbci (viBi )c - BC_lbcib b (ViBm )c ’ (42)

, and the binormal vector of

The principal normal vector of the MFLs is K = K/ |K

A

N, we can get the torsion of

dZ

A A 1 N
the MFLs is N=0xK'. From its definition, 7= —E
K

the MFLs at the barycenter of the constellation as the expression [Shen et al., 2020]

7,71, "B, °NB, (VB, ), (ViB)), + 1. "B, N BB, (V,V/B)) . (43)

3. Tests

In this section, we will investigate the applicability of the algorithm to the vector
field, and check its ability to yield the linear and quadratic magnetic gradients and the
complete geometry of the magnetic field lines (MFLs) based on the multiple-points
magnetic measurements.

The algorithm has been tested for the cylindrical force-free flux rope, dipole
magnetic field and modeled geo-magnetospheric field, so as to evaluate its capability.
15-points measurements have been assumed. The tests are focused on how well the
algorithm behaves as iterations are performed and how the truncation errors vary with

the increase of relative measurement scale. Assuming L is the size of the constellation



359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

and D the local characteristic scale of the magnetic structure, the relative measurement
scale is L/D. The influence of the number of spacecraft of the constellation on the

truncation errors has also been analyzed.

3.1 Configuration of the constellation

The positions of the 15 spacecraft of the constellation in the barycenter coordinates are
generated randomly, which are demonstrated in Figure 1. The three characteristic
lengths of the constellation (Harvey, 1998) are a = 0.75Rg,b = 0.61Rg, c =
0.24Rjg , respectively, and hence the size of the constellation is L = 2a = 1.5Rj.

The elements of the 6 x 6 characteristic matrix R can be calculated by the
definition (27), and its six eigenvalues are shown in Table 1. All of them are non-zero,
thus the algorithm can be applied to calculate the linear and quadratic gradients with
the measurements by this constellation. In the following tests, the configuration of the
constellation will be kept unchanged, while its size adjusted by scaling up and down

the distances between the spacecraft.

3.2 Flux ropes

The axially symmetric force-free flux rope will be used to test the algorethm
developed in Section 2, the magnetic field in which in cylindrical coordinates can be

expressed as (Lundquist, 1950)

B = B,[0,],(ar),Jo(ar)], (44)
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where r is the axial-centric distance, 1/a the characteristic scale of the flux rope, J,
the first kind Bessel function of order n, and B, is the characteristic magnetic strength
in the flux rope. We can set that & = 1/ Re and B, = 60nT. The overall spatial
chracteristic scale of the flux rope is D =1/a =1R; . However, when I < la =1R,
it is proper to set the local characteristic scale as the axial-centric distance r , i.e.,
D=r . The helix angle B of the MFLs in the cylindrical flux rope obeys
tan B =J,(ar)/ J,(ar) - The curvature and torsion of the MFLs are expressed as

k=r"cos’ B (45)
and

r=xtan g, (46)
respectively [Shen, et al., 2020].
The linear and quadratic gradients ofthe magnetic field, VB, and V.V J-Bk , are usually
composed of 3*3=9 and 6*3=18 independent components, respectively. Axially
symmetric flux rope has two symmetries: the three components of the magnetic field in
the cylindrical coordinates are invariants along both the axial and azimuthal directions.
So that some components of the quadratic magnetic gradient are zero. It is easy to find
that, the 13 independent components of V;V jBk in Cartesian coordinates at one point
of the x-axis are zero, i.e, 0,0,B;=0,and 0,0,B,=0,0,B =0,0,B,=0,0,B,=0;
while the remaining 5 independent components, 0,0,B,, 0,0,B,, 9,0,B,, 0,0,B,

and 0,0,B, are non-zero. Similarly, for the linear magnetic gradient, V;B;, its three

components, 0,B,, 0,B, and 0,B, , are non-vanishing, and all the other 6
y y g

components are zero analytically. Without loss of generality, putting the barycenter of
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the constellation composed of 15 spacecraft at the x-axis, we can focus on checking the
calculations of the algorithm on the 5 non-zero independent components of the
quadratic magnetic gradient and 3 non-vanishing components of the linear magnetic
gradient.

We first investigate the resultant’s behavior during iterations. Assume that the
barycenter of the constellation is at [1,0,0]Rg, and reduce the separations between the
spacecraft of the constellation proportionally so that the relative measurement scale
L/D= 0.013. We have performed the iterative calculation and tracked the errors of the
linear and quadratic gradients of the magnetic field, which are plotted in Fig. 2. The
relative error (vertical axis), Xaigorithm/Xrear — 1, before the first iteration is 1 since we
assume these quantities vanished at the beginning (not shown in Fig.2). After the first
iteration (horizontal axis), some of the relative errors have dropped under 0.3 while
others remain high. With more iterations, the errors are decreasing and finally converge
to certain fixed values as given by the exact solutions of the original equations. The
number of iterations for the solutions to converge is varying and mostly less than 100.

This has confirmed the convergence of the iteration method.

Secondly, we investigate the dependence of the truncation errors of the non-zero
components of the linear and quadratic magnetic gradients on the relative measurement
scale L/D.

We have tested three situations when the barycenter of the 15 spacecraft

constellation are located at three representative points, [1,0,0] Rz, [0.5,0,0] Ry and
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[0.1,0,0] R; in Cartesian coordinates, respectively. We scale up and down the original
15-S/C constellation to adjust its characteristic size L. It is shown that, the algorithm
yields reliable results for most relative measurement scale L/D.

The evaluation of calculations on the linear magnetic gradient and also the
curvature of the magnetic field lines are made, which are illustrated in Figure 3(a),(c),
and (e). The calculated linear magnetic gradient and curvature of the MFLs have sound
accuracies and their relative errors are all less than 5%. As shown in Figure 3(a),(c),
and (e), the relative errors of the three non-vanishing components of the linear magnetic
gradient and the curvature of the magnetic field lines are varying at the second-order of
L/D.

As shown in Figure 3(b),(d), and (f), the relative error (vertical axis) of the
quadratic gradients (solid lines) increases about linearly with L/D (horizontal axis)
and are generally less than 5 percent, so do that of the resultant torsion of the magnetic
field lines (dashed and dotted lines) with slightly greater errors. Note that all errors
shown in Fig.3 are converged. Such small errors imply that the algorithm runs well for

the flux rope 15-point measurements.

Due to the magnetic field in the flux rope is generally varying rather slowly in
space, the application of the algorithm on it is very effective and good accuracies can

be reached as illustrated above. However, the magnetic field in space can have severe



447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

468

spatial variations, e.g., the dipole magnetic field. The strength of the dipolar magnetic
field is decreasing by the third power of the distance from the dipole, and the magnetic
gradients at every order are comparable. The actual calculations on the linear magnetic
gradient and current density of the near-Earth magnetic field based on multiple
spacecraft measurements are occasionally not accurate [Yang et al., 2016]. Here, we
would like to apply the new algorithm to estimate the linear and quadratic magnetic

gradients and check its accuracy and capability.

3.3 Dipole magnetic field

In this subsection, we will analyze the capability of the algorithm for the dipole
magnetic field. The dipole field in Cartesian coordinates is assumed as

B = % [3xy, 3yz, 3z% — r?], 47)

where M, is the magnetic dipole moment and r = \/m . It is supposed

that the magnetic dipole moment points to the positive z-direction. the magnetic dipole

moment is setas M, = —30438nT - R3, which is approximately that of the Earth. It

is easy to obtain the analytical expression of the curvature of the MFLs as

_ 3(L+cos?0)[sin ¢9|, (48)

" (1+3cos’ «9)%
where 0 is the polar angle. The MFLs in the dipole magnetic field are plane curves,
whose torsion is zero, i.e., 7=0.
The local characteristic scale D of the magnetic field measured can be chosen to be the

distance of the constellation from the dipole, i.e., D=r.
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The configuration of the constellation is the same as that in Subsection 3.1, which
is shown in Figure 1. We scale up and down the original 15-S/C constellation to alter
the characteristic size L of the constellation.

Firstly, we investigate the convergence behavior of the components of the linear
and quadratic magnetic gradients calculated with the algorithm by iterations. The
constellation is put at the equatorial plane of the dipole with its coordinates being
[3,0,0] Rg, where only 5 independent components of the magnetic quadratic gradient
are non-zero. The separations between the spacecraft of the constellation are reduced
proportionally so that the relative measurement scale L/D = 0.013. The convergence
behaviors of the non-vanishing independent components of the linear and quadratic
magnetic gradients estimated by the algorithm are illustrated in Figure 4 (a) and (b),
respectively, which indicates that the linear and quadratic magnetic gradients attain
convergence within about 50 iterations.

Then the algorithm has been utilized to calculate the magnetic linear and
quadratic gradients as well as the curvature and torsion of the MFLs in the dipole field
as expressed by equation (47) for various characteristic scales of the constellation. The

constellation is located at [3,0,0],[2,0,3],[0,0,3]rR respectively, which are

E b
corresponding to low, middle and high latitudes, respectively. Figure 5 (a,c,e) presents
the relative errors of the calculated linear magnetic gradient and curvature of the
magnetic field lines by the characteristic scale of the constellation. As shown in Figure

5 (a,c,e), the relative errors of the non-vanishing components of the linear magnetic

gradient and the curvature of the magnetic field lines are of the second order of L/D.



491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

As L/D< 0.01, the relative errors of the linear magnetic gradient are less than 5%.
Therefore the linear magnetic gradient calculated has higher accuracy than the quadratic
magnetic gradient. The variations of the relative errors of the magnetic quadratic
gradient calculated with the algorithm by L/D are shown in Figure 5 (b,d,f). It can be
seen that the relative errors of the magnetic quadratic gradient are at the first order in
L/D. However, the errors in estimating the magnetic gradients are higher than those in
the case of flux ropes. This is because that the dipolar magnetic strength is decreasing
rather rapidly with the distance from the dipole. It is also shown in Figure 4 (b,d,f) that,

as L/D < 0.01, the relative errors of the quadratic magnetic gradient are less than 10%.

3.4 Modeled Geomagnetosphere

By including one more dipole, the mirrored dipole, in the Earth’s dipole field,

Mz Mz3
ry

5
4

B =

[3xy,3yz,32z% — r?] + Z2[3(x — 40Ry)y,3yz,32z%2 —r5], (49)

the modeled geo-magnetospheric field is strongly inhomogeneous and continuously
asymmetric, therefore serves as a scenario whereby the algorithm is tested more
strictly and realistically. In Eq. (49), M, is the Earth’s dipole moment, and r; =
\/m the distance of the measurement point from the Earth’s dipole. The

mirror magnetic dipole, M,, = 28M,,, is located at x = 40Rg, and 1, =

J(x —40Rg)% + y2 + 22 is the distance from the mirror dipole. In general, the
modeled magnetospheric field is approximately equal to the Earth’s dipole field in the
inner region, I < 6RE . Since the dipole field has been tested in the last subsection,

we would focus on the outer region, I} > 6RE . Three points, [5, 15, 5] Rg, [5, 10,
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10] Rg and [-5, 15, 10] R , corresponding to the far flank and high latitude at
dayside and high latitude far flank at nightside, respectively, are chosen as the

locations of the barycenter. Here we define the relative errors of the components 0,8

and 8k5jBi as
i = (al Bi)algorithm - (aj Bi)real , (50)
(0B)
and
eijk _ (akaj Bi )algorithm - (akaj Bi)real (51)
(00B)

3 3
respectively, where (OB) = Z|8 ;B/[/9 and (00B) = Zbké ;Bi|/27 are the average

i i Jk
values of the components of linear and quadratic magnetic gradients, respectively.
Figure 6 shows the convergent trend of the linear and quadratic gradients within 50
iterations when the separation between the spacecraft in the constellation is adjusted to
make L/D = 0.026. Again the algorithm is confirmed to be reliable and suitable for
analyzing fields severely varying in space.

Figure 7 illustrates the relative errors of all components of the linear and quadratic
gradient calculated at different S/C scales. Due to the inhomogeneity and asymmetry
of the geo-magnetospheric field, all components are non-vanishing. It is found that the
linear gradients increase quadratically with L/D and quadratic gradients linearly with
L/D.As L/D < 0.01, the relative errors of the quadratic gradient are below 10% , and
those of the linear gradient below 5%. The accuracy of the algorithm for the modeled
magnetospheric field is close to that for the dipole field.

The global geometry of the magnetospheric magnetic field can also serve as an
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elaborate scenario for testing. The geometrical features of the MFLs can be depicted by
the curvature K and torsion T commonly. On the other hand, they can also be
represented by another set of parameters, the radius of curvature and spiral angle, (R, ,
) [Apendix E in Shen, et al., 2020]. We have compared the analytical distributions
of the radius of curvature and spiral angle of MFLs in x =0 plane and those
calculated based on the algorithm, and the results are as shown in figure 8 . Note that
we have only modeled the region with (y > 0,z>0), one quarter of the
magnetosphere, on considering the north-south and dawn-dusk symmetries of the
modeled magnetosphere. Analytically, the modeled geomagnetic field has mirror
symmetry about the z=0 coordinate plane ( or the equatorial plane), so that the torsion
of the MFLs is negated through the mirror and will be zero at the equatorial plane with
z=0, as indicated in the panel (c) of Figure 8. The separation between the spacecraft is
fixed to L = 28km. With the ever-changing D when we move the constellation
around, the largest relative scale isL /D = 0.0545 at left-bottom corner (near the Earth),
while the least scale L/D = 0.00400 at right-top corner. The raduis of curvature
given by the algorithm is almost identical to its real value, as shown in the top panels
of Figure (8).The MFLs tend to be more straight at the polar region and more bending
at the low latitude region. The distribution of the spiral angle of the MFLs as attained
by the algorithm is shown in Panel (d) of Figure (8), which is in good consistency with
that analytically calculated as demonstrated in Panel (c). Both of them show the strong
twist of the MFLs in the duskside cusp region. It is noted that at the low attitude polar

region, the algorithm yields negative spiral angles of the MFLs, as shown in the deep
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blue area in Panel (d). This abnormal deviation from the accurate calculation mainly

results from the extremely small curvature of the MFLs in this region.

In this test, 15 points measurements are applied and have verified the feasibility
and accuracy of the algorithm. The algorithm needs at least 10 point measurements as
input to estimate the quadratic gradient reliably. The more points the algorithm builds
on, the more accurate the estimated quadratic gradients are.

To investigate this relationship, we need to exclude the effect of the spatial
distribution of the constellation. For n points modeling, we have generated 1000
constellations spontanously, each of which consisting of n S/C, and then choose one
constellation with minimum error of the calculation as the representative one. Figure 9
shows the mean relative errors of the linear and quadratic magnetic gradients at
[1,1,2]R; 1n the modeled magnetospheric field derived from virtual measurements by
constellations with different numbers of spacecraft, n, and two fixed characteristic
spatial scales, L. As indicated by the dashed magenta lines, the mean error of the
quadratic gradient is nearly proportional to 1/n. The mean error of the linear-gradient,
however, appears to be a constant plus a weak variation by the S/C number of the
constellation. The averaged mean error of the linear magnetic gradient is about
2.07 x 107! as L/D = 0.05 and 8.28 x 1073 as L/D = 0.01. As indicated from
Figure 9, the results obtained here also confirm the previous arguments that the errors
of the linear-gradient components decrease quadratically with L/D, and that of

quadratic-gradient components linearly with L/D (see Fig. 9).
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4 Summary and Conclusion

The algorithms for calculating the linear gradients of physical quantities based on the
measurements by constellations composed of >4 spacecraft have been well established
and found wide applications in Cluster, THEMIS and MMS data analyses. Recently a
special algorithm for estimating the quadratic magnetic gradient utilizing the 4-point
magnetic and particle observations has been developed and successfully applied in
MMS data analysis [Shen et al. 2020]. With the evolution of space explorations, 10 or
more S/C constellations can possibly be realized in the near future. Therefore it is
meaningful to develop the method to draw the high order gradients of the physical
quantities based on >10 point measurements so as to make well preparations for the
future multiple point data analysis.

In this investigation, we have established the joint algorithm to deduce the linear
and quadratic gradients of an arbitrary physical quantity by using the least square
method. This approach can yield the linear and quadratic gradients at the barycenter of
the constellation with the input of >10 point measurements. With the least square
method, the equations for determining the physical quantity and its linear and quadratic
gradients at the barycenter have been found. To solve these equations, iterations are
made to find the approximation solutions. Firstly, under the linear approximation, the
linear gradient is obtained from the multiple point measurements. Secondly, the
quadratic gradient is calculated on these bases. Thirdly, the first iteration is made and

the quantity and its linear gradient at the barycenter are modified with the obtained



601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

quadratic gradient. Then, the quadratic gradient is recalculated with the corrected values
of the physical quantity and its linear gradient. The iterations are performed until the
linear and quadratic gradients with satisfactory accuracies have been attained.
Generally, the determination of the 3 components of a physical quantity is dependent
of the 3x3 volume matrix that reflects the configuration of the constellation. This
exploration indicates that the calculations of the 6 independent components of the
quadratic gradient rely on the 6x6 symmetric characteristic matrix R"™ of the
constellation. If the 6 eigenvalues of the characteristic matrix R™ are all nonzero, the
6 components of the quadratic gradient can be determined completely.

With the 10 point electric potential observations, the linear and quadratic gradients at
the barycenter can be found, as well as the electric field and charge density. With the
10 point magnetic field measurements, the linear and quadratic magnetic gradients at
the barycenter can be obtained, as well as the complete geometry of the magnetic field
lines.

The tests on the algorithm have been made with the cylindrical flux ropes, dipole
magnetic field and modeled geo-magnetospheric field, and the reliability and accuracy
have been confirmed. In the test, the spatial distribution of the geometrical parameters
(radius of the curvature and spiral angle) of the MFLs in the modeled geo-
magnetospheric field has also been yielded, which are in well consistence with the
analytic results. All the three tests show that, the calculations converge within 50
iterations. The attained linear gradient is at the second order accuracy, while the

quadratic gradient at the first order accuracy. The test on the modeled geo-
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magnetospheric field indicates that increasing the number of the spacecraft in the
constellation can enhance the accuracy of the quadratic gradient calculated and its
relative errors are anti-proportional to the number of the S/C. However, the accuracy of
the linear gradient yielded can not be further improved by increasing the number of the
S/C, and its relative errors are almost independent of the number of the S/C. So that it
is a very effective, reliable and accurate algorithm for jointly calculating the linear and
quadratic gradients of various physical quantities with >10 point constellation
measurements.

This approach can be used to calculate the complete geometrical parameters of the
magnetic field (e.g., the curvature and torsion of the MFLs) in the magnetosphere (e.g.,
with T models) numerically. This algorithm is also very meaningful for the design of
the future multiple S/C missions. For a constellation with 10 or more spacecraft, its
characteristic matrix R®™ needs to have six non-zero eigenvalues thus to make the
complete determination of the quadratic gradients of the physical quantities possible.
This algorithm will obviously find wide applications in the analysis of multiple point

observation data.
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Table 1: Eigenvalues (in Rj) of the characteristic matrix R

Al

A,

A

A4

A

5

A

0.03512

0.02385

0.002728

0.008468

0.01130

0.01080
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Figure Captions

Figure 1: Schematic view of the distribution of the constellation.

Figure 2: The relative errors of the non-vanishing components of the linear (a) and
quadratic (b) magnetic gradients in the flux rope calculated by different numbers of
iterations. It is noted that B, =0B, /X, B, ;, =0°B, / 0X;0X,, where a comma

denotes partial differentiation.

Figure 3: Left panels (a),(c), and (e) show the relative errors of three non-vanishing
components of the linear magnetic gradient and curvature ( K ) of the magnetic field
lines in flux rope by L/D calculated for three different locations of the constellation,
[1,0,0] Rg, [0.5,0,0] R and [0.1,0,0] R in Cartesian coordinates, respectively. Right
panels (b),(d), and (f) illustrate the relative errors of non-vanishing components of the
quadratic magnetic gradient and torsion ( 7 ) of the magnetic field lines in flux rope
by L/D calculated for the three different locations of the constellation, [1,0,0] Rg,

[0.5,0,0] R; and [0.1,0,0] R in Cartesian coordinates, respectively.

Figure 4: The relative errors of the non-vanishing components of the linear (left panel
(a)) and quadratic (right panel (b)) magnetic gradient in the dipole field at the

equatorial plane as calculated by different numbers of iterations.
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Figure 5: Left panels (a), (c) and (e) show the relative errors of the three non-
vanishing components of the linear magnetic gradient and curvature ( K ) of the MFLs
in the dipole field by L/D calculated for three different locations of the constellation,
[3,0,0] Rg, [2,0,3] Rg and [0, 0, 3] Ry in Cartesian coordinates, respectively. Right
panels (b),(d), and (f) illustrate the relative errors of the non-vanishing components of
the quadratic magnetic gradient in dipole field by L/D calculated for the three
different locations of the constellation, [3, 0, 0] Rg, [2, 0, 3] R and [0, 0, 3] R in

Cartesian coordinates, respectively.

Figure 6: The relative errors of the components of the linear (left panel (a)) and
quadratic (right panel (b)) magnetic gradients in the modeled geomagnetic field at the
position [-5, 15, 10] Ry as calculated by different numbers of iterations, the scale of

the constellation is set as L/D = 0.026. In panel (b), dashed, dotted and solid lines

with colors are for derivatives of g,B, and 8, , respectively.

Figure 7: Left panels (a), (c) and (e) demonstrate the relative errors of the components
of the linear magnetic gradient and curvature ( K ) of the MFLs in the geomagnetic
field by L/D calculated for three different locations of the constellation, [-5, 15, 10]
Ry, [5, 10, 10] Ry and [5, 15, 5] R in Cartesian coordinates, respectively. The black
dash-dotted line is for the curvature. Right panels (b), (d) and (f) illustrate the relative

errors of the components of the quadratic magnetic gradient and torsion ( T ) of the
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Figure 8: Distributions of the radius of curvature (top) and helix angle (bottom) of
MFLs in the coordinate plane x=0 in modeled magnetosphere based on theoretical (left)
and new algorithm (right) calculations. The dashed line indicates the magnetopause

when B, = 27nT,D,, = 3nPa [Shue et al., 1998].

Figure 9: Mean truncation errors of linear (red) and quadratic (blue) gradients for

different numbers of measurement points. The modeling is for L/D = 0.05 (left) and

L/D = 0.01 (right) at [1,1,2]R. in the modeled magnetosphere. The dashed magenta

line is a fitted curve.
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835  Figure 3: Left panels (a),(c), and (e) show the relative errors of three non-vanishing

836 components of the linear magnetic gradient and curvature ( K ) of the magnetic field lines in flux
837 rope by L/D calculated for three different locations of the constellation, [1,0,0] Rg, [0.5,0,0] Rg
838  and[0.1,0,0] Rg in Cartesian coordinates, respectively. Right panels (b),(d), and (f) illustrate
839  the relative errors of non-vanishing components of the quadratic magnetic gradient and torsion
840 (T ) of the magnetic field lines in flux rope by L/D calculated for the three different locations of

841 the constellation, [1,0,0] Rg, [0.5,0,0] R and [0.1,0,0] Ry in Cartesian coordinates, respectively.
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Abstract

Topological configurations of the magnetic field play key roles in the evolution of
space plasmas. This paper presents a novel algorithm that can estimate the quadratic
magnetic gradient as well as the complete geometrical features of magnetic field lines,
based on magnetic field and current density measurements by a multiple spacecraft
constellation at 4 or more points. The explicit estimators for the linear and quadratic
gradients, the apparent velocity of the magnetic structure and the curvature and
torsion of the magnetic field lines can be obtained with well predicted accuracies. The
feasibility and accuracy of the method have been verified with thorough tests. The
algorithm has been successfully applied to exhibit the geometrical structure of a flux
rope. This algorithm has wide applications for uncovering a variety of magnetic

configurations in space plasmas.
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Plain Language Summary

The magnetic field plays a key role in the dynamical evolution of space plasmas; it
traps and stores plasma particles, and controls the transfer, conversion and release of
the energies. The Magnetic field can form various structures, where the magnetic field
lines can be bending and twisting. At the present time full imaging of the magnetic
field has not been achieved. Therefore, it is very important to estimate the magnetic
gradients at every order, as well as the geometrical features (curvature and torsion) of
the magnetic field lines (MFLs), from the in situ observations. Although we have
successfully deduced the first order magnetic gradient and the curvature from multiple
S/C magnetic measurements, it is still not solved how to estimate the high order
magnetic gradients and the torsion of MFLs. The research reported here has, for the
first time, put forward a novel explicit algorithm, which can acquire the quadratic
magnetic gradient and the torsion of MFLs with the 4-point magnetic field and current
density measurements as the input. This algorithm has stable accuracies and can be
applied effectively to analyze the observations of MMS. This method can find a

plenty of applications in space exploration and research.
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1. Introduction

A magnetic field can trap plasma populations; control the transfer, conversion
and release of energy in planetary magnetospheres; play a key role in the spatial
distribution of the plasmas and development of instabilities, as well as controlling the
evolution of substorms and storms. The measurement of the magnetic field in space
has been carried out by a limited number of sometime collocated spacecraft placed in
various locations. It is therefore important and possible to establish the continuous
distribution of the magnetic field, based on multi-point magnetic observations. With
two point measurements the gradient of the magnetic field along the spacecraft (S/C)
separation line can be obtained; With three point magnetic measurements, the
magnetic gradient within the S/C constellation plane can be yielded; while with four
or more point magnetic measurements, the three dimensional linear magnetic gradient
can be estimated (McComas et al.,1986; Harvey, 1998; Chanteur, 1998; Vogt et al.,
2008; Shen et al., 2012a, b; Dunlop et al., 2015; Dunlop et al., 2016; Dunlop et al.,
2018; Dunlop et al., 2020). In order to get the quadratic magnetic gradient, 10 S/C
magnetic measurements are needed (Chanteur, 1998).

In the past, magnetic measurements have been performed with two S/C
(ISEE-1/2, DSP, RBSP, ARTEMIS, etc.) [Ogilvie et al., 1977; Liu et al., 2005; Shen et
al.,, 2005; Angelopoulos, 2008], three S/C constellations (THEMIS, Swarm)

[Angelopoulos, 2008; Friis-Christensen et al., 2006], and four S/C constellations
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(Cluster and MMS) [Escoubet et al., 2001; Balogh et al., 2001; Burch et al., 2016;
Russell et al., 2016]. However, presently 10 S/C magnetic field observations in space
are on the drawing boards. Deducing the various orders of magnetic gradients fully
with a limited number of S/C observations remains an important question.

Attempts to partially solve this problem, have used physical constraints to assist
the complete determination of the magnetic gradients [Vogt et al., 2009]. The
symmetries in plasma structures and the electromagnetic field laws can also be useful.
It has been found by Shen et al., [2012a] that, for a force-free magnetic structure in
which the current is field-aligned, the 3 dimensional (3-D) magnetic gradient can be
completely obtained with 3 spacecraft magnetic measurements. In their derivation,
Ampere’s law VX B and the solenoidal condition of the magnetic field
V-B=0are used to reduce the equations. Furthermore, if the force-free magnetic
structure is steady and moving with a known relative velocity, only two S/C magnetic
observations are needed to gain the complete 9 components of the linear magnetic
gradient [Shen et al., 2012b]. Liu et al. (2019) have suggested a method to get the
nonlinear distribution of the magnetic field in a stable plasma structure by fitting the
second-order Taylor expansion based on 4 S/C magnetic measurements and one S/C
current density observations. Torbert et al. (2020) have successfully obtained the 3 D
distribution of the magnetic field by using the 4 point magnetic and particle/current
density measurements of MMS. In their exploration, they have applied a fitting

method to the magnetic field to the third order in magnetic gradient, named the
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“25-parameter fit”. However, there still exists no explicit solution to the determination
of the quadratic magnetic gradient based on multiple spacecraft measurements.

With multiple S/C magnetic observations, geometrical features of the magnetic
field lines can be obtained [Shen et al., 2003, 20084, b, 2011, 2014; Rong et al., 2011;
Lavraud et al., 2016; Xiao et al., 2018]. The geometry of the magnetic field lines
(MFLs) so obtained includes the tangential direction (just the direction of the
magnetic vector), principal direction (along the curvature vector), binormal vector
(the normal of the osculation plane of one MFL), curvature and torsion. However,
the torsion of the MFLs has not been obtained in these previous methods. The reason
for this is that the torsion of the MFLs depends on the quadratic magnetic gradient,
which needs 10 point S/C magnetic measurements [Chanteur, 1998] to be deduced.
Therefore, it is necessary to explore the calculation of the torsion of MFLs based on
observations of a limited number of S/C, in order to learn this more complete of
MFLs in space.

This problem is addressed herein, where an explicit algorithm has been derived
to estimate the quadratic magnetic gradient as well as the complete geometrical
parameters of the MFLs based on measurements with a limited number of spacecraft.
This approach has a wide range of applications for analyzing the magnetic structure in

space plasmas.

2. The estimators for the linear and quadratic gradients of magnetic field
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It is very important to obtain the quadratic gradient of the magnetic field. With it,
we can grasp more accurately the structure of the magnetic field and, uncover the
complete geometrical structure of the MFLs, including the Frenet coordinates and
curvature, as well as the torsion. In this section, we obtain the explicit estimator of the
quadratic magnetic gradient based on magnetic field and current density
measurements from a multi-S/C constellation.

We present the derivations of this algorithm as follows.

The configuration of the four-spacecraft constellation (Cluster or MMS) is

illustrated in Figure 1.

X,
Figure 1. The exploration on the magnetic field in space in the S/C constellation
frame of reference. (X, X,,X,) are the Cartesian coordinates in the S/C constellation
reference frame. The S/C constellation is composed of four spacecraft (the number of

spacecraft can be more 4), whose barycenter is at the point C. The apparent motional

velocity of the magnetic field structure relative to the S/C constellation reference is
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V . Conversely, the velocity of the S/C constellation relative to the proper reference of

the magnetic field structureis V'=-V.

In the S/C constellation frame of reference, the simultaneous position vectors of

the four spacecraft are ra(a:1,2,3,4) and the position vector of the barycenter of

the four S/C is
4
r, = 1 Z r,. (1)
4 a=1

In this study, the Greek subscripts or superscripts apply to spacecraft, and
a p y, --=1,2,3,4; while the Latin subscript c indicates the barycenter.

The apparent motional velocity of the magnetic field structure relative to the S/C
constellation reference frame is denoted as V', which may vary from point to point
[Hamrin, et al.(2008)]. The velocity of the S/C constellation relative to the proper
reference frame of the magnetic field structure is V'=—V . We establish the
Cartesian coordinates (X, X,,%, ) in the S/C constellation reference, and choose the
X; axis along the direction of V'=—V with its basis X,=-V/V . The
configuration of the S/C constellation is characterized by the volume tensor, which is
defined [Harvey, 1998; Shen et al., 2003] as

1 4
Rkj:ZZI(rak_rck)(raj_rcj)' (2)

We have applied some Latin subscripts or superscripts (other than c) to denote

Cartesian coordinates with i, j, k, e, m, n=1,2,3 and p, q, s, r=1,2.



191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

(1) The linear gradients of the magnetic field and current density at the
barycenter
As the MMS S/C cross a magnetic structure, the four S/C measure the magnetic
field with high accuracy and time resolution [Russell et al. 2014; Burch et al. 2015].
The magnetic field observed by the ath S/C at position r, is
B,(t)=B(tr,),a=1 2 3, 4. (3)
The MMS S/C can measure the distributions of ions and electrons with efficient
accuracy to yield the local current density [Torbert et al., 2015, 2020] as
. (H)=i(tr,),a=1 23, 4. (4)
To obtain the magnetic field and its first order gradient at the barycenter of the
MMS constellation, we first neglect the second order magnetic gradient under the
linear approximation. With four S/C, simultaneous magnetic observations, the
magnetic field and its linear gradient at the barycenter of the S/C constellation can be
obtained with the previous methods established by Harvey (1998) and Chanteur
(1998). In order to suppress the fluctuating components in the magnetic field and
obtain the magnetic gradient at higher accuracy, we make use of the time series of the
magnetic observations by the four S/C to get the magnetic gradient with the method
first put forward by De Keyser, et al. (2007). In their approach, the time series data of
the four S/C do not need to be synchronized. Appendix A gives the explicit estimator

of the linear gradient of magnetic field in space and time from this approach.
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Based on equations (A14) and (A15) in Appendix A, the magnetic field and its
first order derivatives at the barycenter of the MMS constellation under the linear

approximation are as follows.

l 4n
B.(t,r)=—)> B (t,,r.), 5
|(crc) 4n; |(ara) ()
V,Bi(t —R—114n “o—xE)B(t (6)
v i(c’rc)_ Vy.E;(X(a)_XO> i(a’ra)'

And the above formulas in the vector format are

4n
B(t,r.) =~ B(t,.r,), (7)
4n =
Vv, B(t r)—R‘l-ii(x“ —x”)B(t r,) (8)
v cr el M 4n = (a) 0 a'‘a):

In the above formulas (5)-(8), the general volume tensor R*" in spacetime is

defined by (A9). These equations will yield the time series of magnetic field B(t_,r,),
its time derivative 0,B(t.,r,) and first order gradient VB(t,,r,) at the barycenter
of the S/C constellation.

In the above formulas (5)-(8), the accuracy is found to first order due to omission
of the second order gradients. We will correct the magnetic field and its first order
derivatives at the barycenter with the second order derivatives of the magnetic field
according to Appendix A and will further obtain the corrected quadratic magnetic
gradient by iteration (see (vii) later). The corrected magnetic field and its first order
gradient at the barycenter will then have second order accuracy.

In this investigation, we have neglected the magnetic gradients with orders

higher than two, so that the current density can be regarded as linearly varying.
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According to the Equations (Al14) and (A15) in Appendix A, the current density at

the barycenter is
.. 1 &,
Jo =3t 1) = =2 i (t ), (9)
N

and the linear gradient of the current density at the barycenter is

4n

. L1 , .
VAtar)=R oD () - (L), (10)

of which the component form is

4n

. 4 1 . s
VoG n R 2D (o - ) B (o). (10"
a=1

Generally, the electron and ion measurements have different time resolutions. So
that the electron and ion current densities and their linear gradients at the barycenter
can be first calculated separately with Equations (9) and (10), and finally added to

obtain the total current density and its linear gradient at the barycenter.

(if) The second order time derivative of the magnetic field and the first order
time derivative of the magnetic gradient

With the time series of magnetic field B(t.,r.)and its first order time derivative
0,B(t.,r.) at the barycenter obtained in (i), it is easy to get the second order time
derivative of magnetic field 0,0,B(t.,r,) atthe barycenter, where 0, =0/t .

The gradient of the time derivative of the magnetic field is equivalent to the time
derivative of the magnetic gradient, i.e.,

VB (tr)=0,[VB(tr)]. (11)

Therefore, at the central point(t.,r.),
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0
vjatBi (tc' rc) = atvai (tc’ rc) = at_[VJBI (tc’ rc):l ' (12)

(iif) The transformations between the temporal and spatial gradients of the
magnetic field in different reference frames

This approach will make use of the proper reference frame of the magnetic
structure so as to determine the second order gradient in the direction of the apparent
motion of the magnetic structure, i.e., the longitudinal quadratic gradient of the
magnetic field. To do this, we need to find the apparent velocity V of the magnetic
structure relative to the spacecraft constellation. For space plasmas, this relative
velocity is much less than the speed of the light in vacuum, i.e., V <<c. Shi et al.
(2006) have first obtained the velocity of the magnetic structure relative to the
spacecraft with the temporal and spatial variation rates of the magnetic field under
the assumption of stationarity. Hamrin et al. (2008) have obtained the apparent
velocity of the magnetic structure using a proper reference frame. Here we give a
concise discussion on the transformations between the temporal and spatial gradients
of the magnetic field in different reference frames.

The time and space coordinates (t, r) in the S/C constellation reference frame
and the corresponding time and space coordinates (t', r") in the proper reference
frame of the magnetic structure obey the Galilean transformations, i.e., t'=t,
r'=r-Vt (see also Figure 1). (The Eulerian description is applied in each reference
frame.) The magnetic fields observed in the S/C constellation frame and the proper

frame of the magnetic structure are B(t,r) and B'(t',r'), respectively. As V <<c,



274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

B(t,r)=B'(t',r'). It is obvious that the magnetic gradient in these two reference
frames are also identical, i.e.,
VB(t,r)=V'B'(tr'). (13)
The relationship between the time derivative of the magnetic field in the S/C

oB(t,r
ot

N—"

constellation, , and time derivative of the magnetic field in the proper

. ! t!,ri ]
reference frame of the magnetic structure, # , 1S

!

oB(tr)_oB'(t\r') _at' oB'(t.r) , or VEBI(t,r),
ot ot ot ot ot

or

oB(t,r)_oB'(t,r")

P -V-VB(t,r). (14)

Which is the same formula as given by Song and Russell (1999) and Shi et al.

(2006).
’ !’ r!
In the proper reference frame of the magnetic structure, # =0, thus
oB(t,
étr)z—v(t,r)-VB(t,r). (15)

At the barycenter of the S/C constellation,

BOL) - _y(tr)-vB(Lr,) . (16)

The component form of the above formula is

aBj(t,rc):_Vi(t’rc)_viBj(t,rc) _ (16"
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The above equation has a unique solution of the apparent velocity and a proper
reference frame can be found only if |VB(t, r)| # 0. Thus the apparent velocity of the
magnetic structure relative to the S/C constellation is (Shi et al., 2006; Hamrin et al.,
2008)

V(tr)=-V/(tr,)=-0,B(t.r,)-(VB), (tr,). (17)

It is noted that the apparent velocity of the magnetic structure can vary with time.
The formula (17) is applicable for magnetic structures with V << ¢, whether steady
or unsteady. V/V is a characteristic, directional vector, so that we can define

-V /V as the directional vector of the x, axis in the S/C constellation reference
frame, i.e., X =-V/V.

We can further investigate the transformation between the time derivatives of the
magnetic gradients in the two different reference frames. Similarly to the linear
magnetic gradients in the formula (13), the quadratic magnetic gradients in the S/C
constellation frame and the proper frame of the magnetic structure are identical, i.e.,

VVB(t,r)=V'V'B'(t',r'). (18)

The relationship between the time derivative of the magnetic gradient in the S/C

constellation frame, 0,VB(t, r), and the time derivative of the magnetic gradient in

the proper frame of the magnetic structure, 9,V'B'(t',r'), satisfies

0 0
—VB t, :_vrB! t’, rr
SVB(Lr)=S VB (1)

:@iv’B’(t'1 r')+a_r'vlv!B!(t(’r/)

ot ot’ ot

=V S B(Er)-V-VVB(Hr). (19)

. oB'(t,r) ] _ _
Considering ————==0 in the proper reference frame and the equation (18), this
reduces to
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%VB(t,r):—V-VVB(t,r), (20)

which is the formula relating the time derivative of the linear magnetic gradient to the
quadratic magnetic gradient in the S/C constellation reference frame. With this
general formula the gradient of the linear magnetic gradient in the direction of

apparent velocity is readily obtained as shown below in (iv).

(iv) The longitudinal gradient of VB(t,r,)
Based on Equation (20), the gradient of the linear magnetic gradient along the

X, direction at the barycenter r, satisfies

V%VB(LQ) ~0VB(tr,), (21)
or
00,8, (L.1.) :%ataksm (tr,). (22)

The right hand side of the above equation can be obtained from Equation (12), so that
9 components of the quadratic magnetic gradient can be obtained. Formula (22) is
applicable for both steady and unsteady magnetic structures.

Furthermore, due to the symmetry of the quadratic gradient,

V,V,B=V,V B, (23)
of which the right hand side is given by Equation (20), so that 6 more components of
the quadratic  magnetic gradient can be obtained. Now only
V,V,Bi(p,q=12, 1=1,2,3) are to be found, which involve 4x3=12 components.
Considering the symmetry of the quadratic magnetic gradient, vV V B,=V V B, only

3x3=9 of these components are independent.
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The gradient of the current density will be needed for the estimation of the remaining

components of the quadratic magnetic gradient.

(v) Three components and two constraints for the quadratic magnetic gradient
using the gradient of current density
From Ampere’s law, we get the constraints that
V(VxB)=Vj,
with which we can obtain some components of the quadratic magnetic gradient if Vj
is known (for simplicity, we replace g,j by j.). If the electromagnetic fields are
strongly varying, j=VxB-c?0E/ot, with the electric displacement current
included. However, in this investigation we only consider the slow-varying
electromagnetic fields with the limitation |V xB|>>c™|0E/&t|, which is commonly
satisfied in large scale space plasmas. The component equation 0, (Vx B):asj is not
an independent constraint due to Eq. (22). It is a surplus condition, which we have not
used because Eq. (22) can vyield the longitudinal gradient directly already.
Furthermore, V-j:V-(Vx B):O, so that the gradient of the current density only
provides 9-3-1=5 independent constraints.
The transverse quadratic gradient of the longitudinal magnetic field, i.e., the
quadratic gradient of the magnetic component B, in the plane orthogonal to the
direction of motion (or X, direction) satisfies

0,0,B,=9, (a[q B, + 0B, ) =9, (glqs ji +0:B, ) , (24)
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Where again Ampere’s law VxB =] has been used. Thus, Equation (24) leads to
0,0,B;(t,1,) =£:0,J (t.1,)+0;0,B, (t.1,), (25)
where 0, j, is used. The above formula yields the transverse quadratic magnetic
gradient of the longitudinal magnetic field and contains 3 independent components of
the quadratic magnetic gradient at the barycenter.

There are still 6 components of the quadratic magnetic gradient remaining to be
determined, i.e., 0,0,B,(t,r,), which are the transverse quadratic gradients of the
transverse magnetic field.

Two additional constraints can be obtained from
0,j:=0, (0,B, —9,B,), (p,q=12), i.e,

{818182 _6182 Bl = 81j3 (26)
828182 - 8252 Bl = a2j3 (27)

which is at the barycenter.

Based on Ampere’s law, therefore, 3 more components of the quadratic magnetic
gradient and 2 constraints on it can be obtained with the gradient of current density as
shown in the formulas (25), (26) and (27).

Now 4 constraints are to be found for the complete determination of the

quadratic magnetic gradient.

(xi) The last four constraints
The magnetic field is divergence-free, i.e., V-B=0. Therefore

0.0,B,=0. (28)
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It is noted that the sum over k is made in the above formula. Because
0,0,B,=0 is a dependent constraint in Equation (22), there are only
two independent constraints, i.e., 6,0,B, =0, (p,q=12). So that
0,0,B,+0,0,B,=-0,0,B;, (29)
0,0,B,+0,0,B,=—-0,0,B,, (30)
where 0,0,B; =0,0,B, :%apatB3 according to Eq. (22).

There are therefore only two constraints left to be found.

Using magnetic rotation analysis (MRA) [Shen et al., 2007, see also Appendix B],
the remaining two constraints can be obtained from the properties of the magnetic
field. As shown in Appendix B, based on MRA, the magnetic rotation tensor has three
characteristic directions ( X,, X,, X,), as illustrated here in Figure 2. The

coordinate line X,isalong X,. In the third characteristic direction X,, the magnetic

unit vector b= % has no rotation, and the square of the magnetic rotation rate is

ob ab 0 (31)
oX, 0X,
So that
cb =0 . (32)
0X,
Since b =0 at each point of the coordinate line X, (as indicated in Figure 2),
3
we have

o ob
X, X,

(33)
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Figure 2. lllustration of the characteristic direction at which the magnetic rotation

minimizes.

Since the magnetic unit vector b obeys b-b=1, the above constraint contains only
two independent component equations, which can be chosen as

B
0 05 =0, p=1, 2. (34)
0X, 0X, B

The three characteristic directions (X,, X,, X,) have a relationship with the base
vectors (X,, X,, X,) of the S/C coordinates (X, X,, X;), as follows:

X, =a.X (35)

i = g%

A

where the coefficients a; =X -X; =cos

1

4(5(“5(].)} . If we assume a vector
X=x% =X X, then x =XX, & =a,X,.
The first order partial derivative obeys:

o _ 0 & 0

X, ox X, M ax
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and he second order partial derivative obeys:

0 0, 0, 0 4, 00
OXy 0X,  ox | o, o,

Generally, 5(3 is varying slowly in space and 6ia3j is a small quantity, thus
Xk

aia3j is omitted in the above equations. Therefore, Equation (34) reduces to
Xk

0 o0 (B
aSKaSj%@(EDJZO’ p=1, 2. (36)

Finally, we show below that we can find  9,0,B (t, r,) by combining the

equations (26), (27), (29), (30) and (36).
We also can investigate the formula (36) in more detail. For simplicity, we can

adjust the coordinates (X, X, X;). We keep the X, axis unchanged with its basis

X,=-V/V , and rotate x, and X, axesaroundthe X, axis such that the coordinate

A

base vector X, is orthogonal to both X, and 5(3,i.e.,

>
>

3 X

ot 37)

3

X =

>
>

X

3

(and as illustrated in Figure 2). Thus

Then the formula (36) becomes

o* (B (B o o(B
2 P2 2 | 2|9 — | =2, 38
a”axg(B] aﬁ?‘ax;(sj a33a326x38x2(BJ (38)

All the terms in the right hand side of the above equation are known. With the formula

(59) developed in the next section, we can express the second order gradients of the
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components of the magnetic unit vector on the two sides of Eq. (38) in terms of the

magnetic gradients. With the formula (59), we get

8 8 Bp -1 -3 -2 -3 -3
| =2 |=B"9,0,B, -B7B,B,3,0,B,-2B0,B,0,B+38°B 0,80,B BB 0,B,0,B,

ox, ox, | B
, (39)
or
B
0,0, [E“J =(B"9,0,B,-B°B,B,9,0,B,) (39°)

+(-B*B,B,0,0,B,-2B?0,B,0,B+3B°B,9,B0,B~BB,0,B,0,B,
The second expression on the right hand side is known already. Substituting (39”)

into (38), we get

B0,0,8, Y B7B,B,0,0,B, = —3}8—2(5] 24,555
Py a;, ox;\ B s, B
-[-B~B,B,0,0,B,-2B70,B,0,B+3B°B,3,B0,B-BB,0,B,3,B, |
(40)
where p=1, 2. All the terms in the right hand side of the above equation can be
determined with (59), (8), (22), (23) and (24).
Therefore, combining equations (26), (27), (29), (30) and (40), we can determine
0,0,B, (t.r,).
Actually, with the two equations in the formula (40), we can completely find the
solution 9,0,B,(t,r,), (s=1,2) .
Furthermore, with the formulas (30) and (27), we can get 0,0,B, (t, rc),(szl, 2),
i.e.,

0,0,B,=0,0,B,=—8,0,B, —,0.B, , (41)

and
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0,0,B, =0,0,B, =0,0,B,+0,];. (42)

The above two equations are valid at the barycenter.
In addition, from the equation (29) and (26), we can obtain  0,0,B; (t, rC) , (s=1,
2) ,i.e.,

0,0,B,=-0,0,B, -0,0,B,, (43)
and

0,0,B, =0,0,B,+0,j,. (44)
The above two equations are also valid at the barycenter.
So far, we have obtained all the components of the quadratic gradient (VVB)C
at the barycenter. The accuracy of the quadratic gradient is to first order, just as

that for the magnetic gradient.

(vii) Recalculating the magnetic gradients by iteration

In order to enhance the accuracy of the magnetic quantities, we can correct the
estimate of the field and its linear gradient at the barycenter with the quadratic
magnetic gradient obtained above (based on the formulae (A8) and (A13) in Appendix
A). Subsequently, we can further go through the above steps (ii) - (vi) to get the
corrected quadratic magnetic gradient with better accuracy.

The procedure is as follows:

The magnetic field measured by the four spacecraft is

B.(t,,r,) =B (t,r.)+AXV B (t..r.) +%AX;AX§VVVlBi (t..r.). (45)
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Based on the formula (A8) in Appendix A, we obtain the magnetic field at the
barycenter, corrected by the quadratic magnetic gradient, as:

1

B, (t.,r.) ZB b)) ”vvlei(tc, r), (46)

where, the general volume tensor R* s as defined in (A9).
From the formula (A13) in Appendix A, we get the first order magnetic gradient

at the barycenter corrected from the quadratic magnetic gradient as

ZN:( X' )B(t,.r,)- ;(R'l)v R“'V _V B.(t.r.).

1
a +

ZII—‘

B =R,

(47)

Furthermore, we can perform the above steps (ii) - (vi) to obtain the corrected
quadratic magnetic gradient using these updated estimates. The quadratic magnetic
gradient obtained in this iterative sense has a higher accuracy, while errors in the
magnetic field, its linear gradient and the apparent velocity of the magnetic structure
at the barycenter, are of second order in L/D, where L is the size of the S/C

constellation and D is the characteristic scale of the magnetic structure.

To summarise this algorithm, we proceed as follows

(a) Estimate the magnetic field B_; the first order magnetic gradient (VB)C , and the

time variation rate [%—?j of the magnetic field, at the barycenter and under the linear
C

approximation; as in Egs. (7) and (8).

Estimate the gradient of the current density at the barycenter Vj(t, r, ) as in Eq. (10).
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(b) Determine the apparent velocity V using the time variation rate [aa—?j of the

c

magnetic field and the first order magnetic gradient (VB)C and define the X,

coordinate with X, =—V/V ; determine the three characteristic directions

>
>

A

(X, X,, X,) using MRA, and define the coordinate base vector &, =3~

3 3

>
>

X

3 3

such as to fix the Cartesian coordinates (x,,X,,%,) in the spacecraft constellation
reference frame.

(c) Calculate the time variation rate Q(VB)C of the linear magnetic gradient at the
barycenter, so as to obtain the components of the quadratic magnetic gradient
(V,VB)_ and (VV,B)_,asinEgs. (22) and (23).

(d) Combine Ampere’s law and the first order gradient of the current density

Vi(t, rc) to calculate the transverse quadratic magnetic gradient of B, i.e.
V,V,B,(p,q=12), asin Eq. (25).

0

(e) Solve the equations b=0, derived by MRA, s0 as to obtain the

3 X3
components: 0,0,B,(p=12) .
(f) Determine the remaining four components of the quadratic magnetic gradient,
(6.0,B,).=(0,6,B,) and (8,0,B,)_,(p=12), using the equation V(V-B)=0
derived from the divergence free condition of the magnetic field and the equation
V(VxB)=Vj from Ampere’s law, as in Egs. (41) - (44).
(9) Revise the magnetic field B_ and the first order magnetic gradient (VB)C with
the quadratic magnetic gradient G =(VVB)_ obtained initially, as in the formulas

(46) and (47), and perform the above steps (b) - (f) once again, so as to get the
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corrected quadratic magnetic gradient (VVB)C , as well as the corrected apparent
velocity V of the magnetic structure.

It should be noted that, the magnetic field, the linear magnetic gradient and the
quadratic magnetic gradient are all identical in different reference frames. We will test

all these estimators in detail in Section 4.

B

Given the magnetic field ~¢ , the first order magnetic gradient (VB)C and the

(VVB)

quadratic magnetic gradient ¢, the complete geometry of the magnetic field

lines of the magnetic structure can be determined. We will find the estimators for the

geometrical parameters of the MFLs in the next section.

3. Determining the complete geometry of magnetic field lines based on multiple

S/C measurements

The geometry of the MFLs plays a critical role in the evolution of the space
plasmas. In this section, we will extract the estimators for the complete geometry of
the MFLs, from the linear and quadratic gradients of the magnetic field estimated in

Section 2.

3.1 The natural coordinates and curvature of the MFLs
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Figure 3. Demonstration on the geometry of the magnetic field lines. b=B/B is the
magnetic unit vector;  is the curvature vector of the magnetic field line, K and

A

N are the principal normal and binormal, respectively. The magnetic field line is also

twisting with torsion.

The directional magnetic unit vector is b =B/ B, which is also the tangential

vector of the MFLs. The MFLs are usually turning, and the bending of MFLs is

characterized by the curvature vector, i.e.,

db_/p e
KZE:(b'V)b, (48)
where s’ is the arc length along the MFLs.
Shen et al., (2003, 2011) first presented the estimator of the curvature of MFLs,
which has found many applications in multi-point data analysis. Here a brief

description of it is given and we will then investigate further the complete geometry

of the MFLs as well as the explicit estimators.
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The gradient of the magnetic field (VB)C at the barycenter from

multi-spacecraft measurements has already been expressed in Section 2.

The gradient of the magnetic strength B=|B| is

viB:iviB2 :EB.ViBA,
2B B '

while at the barycenter of the S/C constellation,
(VB), =B.'B4(V.B)).-
Similarly, the gradient of the unit magnetic vector bis
Bi -1 2
Vb, =V,—1=B"'V,B,-B’BV,B.
i i B i—j joi
With Eq (49), the above formula (51) becomes

Vb;=B"VB,-B'bb VB

I m T i=m*

Hence, the gradient of the unit magnetic vector b atthe barycenter is

(Vib;) =B*(V,B;).-Bb,(V;B,,),.

c

(49)

(50)

(51)

(52)

(53)

All the coefficients on the right hand side of the above formula involve values at the

1 N

barycenter (Shen, et al., 2003): (B,)_ = N D B, (b),=B,/|B,|.The formula (53)

a=1

obeys the condition that: b, (Vibi)c =0, which is required by the constraint

b-b=1.
The curvature of the MFLs at the barycenter is therefore

]

Ky =b,(Vib;) =B7b,(V,B,) B bbb, (VB,),

(54)

All the coefficients on the right hand side of the above formula involve values at the

barycenter. The formula (54) is the estimator of the curvature of the MFLs based on

the multi-S/C magnetic measurements. It is noted that there can be no field line
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crossing through the point where B=0; thus, there is no need to calculate the curvature

from formula (54). It is noted that formula (54) satisfies b, -« = b« = 0, indicating
that the obtained curvature vector is orthogonal to the magnetic field.

The radius of the curvature of the MFLs is
R.=1xk, . (55)

The principal normal vector of the MFLs is

K= KC/|KC| ) (56)
The binormal vector of the MFLs is
Ri=bx K= 2XKe (57)
KC

The above expressions collectively describe the estimators of the magnetic

A

curvature analysis approach [Shen et al., 2003; 2011], where {6, K, N} constitute

A

the natural coordinates, or the Frenet frame (trihedron). The unit magnetic vector b,

principal normal K and binormal N are orthogonal to each other.

Usually, the MFLs not only bend, but also twist, such as the helical MFLs
manifested in a flux rope. The twist of the MFLs can be described quantitatively by
the torsion. In order to get the complete geometry of the MFLs, therefore, the torsion

should be known. The torsion of the MFLs is defined as

N==Z2.N=-Zk-—. 58
K (58)

Therefore, the quadratic gradient of the magnetic field VVB is essential for the

calculation of the torsion of the MFLs.
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We now investigate the relationship between the torsion of the MFLs and the

quadratic gradient of the unit magnetic vector VVb ; as well as with the quadratic
magnetic gradient VVB.
To do this, we need to first deduce the expression of the quadratic gradient of the

unit magnetic vector in terms of the linear and quadratic magnetic gradients.

A

The quadratic gradient of the unit magnetic vector b is
V,Vib;=V,(B'V,B,-B™b,bV,B,)
=V,B*-V,B;+B 'V, VB, -V, (B b ) VB -B7bbV,VB,

=-B*V,B-V,B;+B"V,V,B,+B?V,B-bb,V,B,
-B™b,V,b,-V,B,-B"b,V,b,-V,B,—-B"'b,b,V, VB,
=-B*V,B-V,B;+B"V,V,B,+3B7b;b,V,BV,B,

. (59)
-B?bV,B,V,B,—-B?bV,B,-V,B,-B"b,bV,V B,

Thus the estimator of the quadratic gradient of b at the barycenter is expressed as

(ViVib;) =-B*(V,B).(V:B;). +3B7bb, (V,B) (V,B,), -B b, (V,B;) (V:B,),

c

-Bb;(V,B,), (V:B,). +B™*(V.VB,) ~B7bjb, (V,VB,), (60)

Based on this definition, the torsion of the MFLs is

lde ~ 1
Tzzg' :;bjﬁj(bkakbi)Ni
1
:z(bjajbk-akbi+bjbkajakbi)Ni . (61)

So that the torsion of the MFLs at the barycenter of the S/C constellation is
r,=xN,o| by(9p, ), -(aby), +b o, (9,0,b,), | - (62)

The above formula is one of the estimators of the torsion of the MFLs that is

A

dependent on the linear and quadratic gradients of the unit magnetic vector b.
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By substituting Egs (52) and (59) into Eq (61), the torsion of the MFLSs is obtained as

r=k'B°N,B,9,B,6,B; +«'B°N,B,B,9,0,B,

joii i—j?

(63)
where the condition b;N; =0 has been used. Appendix C presents another
verification of the expression (63) for clarity. It seems that the formula (63) is
invalid as B=0 or x=0.However, there is no field line as B=0, while for
x =0, the field line is a straight line and its torsion has no fixed value, and thus
IS meaningless.
Therefore, the torsion of the MFLs at the barycenter can be written as
7,=x'B°N;B,(0B,),(8,B;) +x'B°NB,B(5,0,B)) . (64)
All the coefficients on the right hand side of the above formula involve values at
the barycenter. Formula (64) is another estimator of the torsion of the MFLs,
expressed in terms of the linear and quadratic gradients of the magnetic field.
The two different estimators of the torsion of the MFLs (62) and (64) are

obviously equivalent.

4. Tests

In this section, the estimators put forward in Sections 2 and 3 will be tested for
model current sheets and flux ropes, which can occur in the magnetosphere, in order
to verify the validity and accuracy of this approach. A one-dimensional Harris current

sheet model (Harris, 1962) and a Lundquist-Lepping cylindrical force-free flux rope
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model (Lundquist, 1950) are used for these two typical structures, respectively.
Appendices D and E present, analytically, the geometrical features of these two kinds
of magnetic structures. The tests below have shown that the estimators of the
quadratic magnetic gradients and the complete geometry of the MFLs are obtained
with good accuracy compared to the models, so we expect they can find wide
applications in investigating the magnetic structures and configurations in space

plasmas with multi-S/C measurements.

4.1 The steps needed for this comparison

The operative calculating steps can be summarized as follows:

(a) Deriving the first-order gradients of B and J.

With four-point measurements, the temporal and spatial gradients of the magnetic

a‘]) are readily deduced by the

ot

field (VB,%)and the current density ( VJ,

least-squares gradient calculation as outlined in Appendix A. The temporal variation

aZ—tB can also be inferred by differential calculations.

(b) Determining the velocity of the magnetic structures relative to the SCs.

Once the time series of VB,%—? are obtained, the velocity of the magnetic

structures relative to the S/C constellation can be derived by Equation (15),

%3+V-VB =0. Therefore, the velocity of the spacecraftis V'=-V.

(c) Constructing the local coordinates {&,,é,,é,}.

According to above statements, €, is defined as the direction of the relative velocity

of the spacecraft to the magnetic structure, i.e., &, = \%V E We can then apply MRA
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analysis to derive the minimum rotation direction of the magnetic field ()23) and the

é, canbesetas & = )ZS x&,.Finally, &, completes the right-handed system.

(d) Deriving VVB and VVb and calculating the torsion of MFLs.

After expressing these parameters (B, VB, VJ, aZ—tB and V) in the local

coordinates, we then can derive the quadratic gradient of magnetic field and the
magnetic unit vector, VVB and VVb by following the steps stated in Section 2.
Furthermore, the torsion of magnetic field line can be obtained by Equation (62) or
(64).

(e) Performing iterative operations to obtain more accurate results.

The estimates of the magnetic field and the first-order gradient of magnetic field at the
barycenter of the four S/C can be modified by Equation (45) and (47), in order to

repeat the same procedure as in steps (a)-(d) above.

4.2 One-dimensional Harris Current Sheet

For the one-dimensional Harris current sheet, the magnetic field can be
formulated as Equation (D1) in Appendix D. In this test, the parameters of the current
sheet are B,=50nT, B, =10nT, B,=20nT, h=R.. As shown in Figure 4a, we set an
arbitrary S/C constellation trajectory from (2, 2, 2) Re to (-2, -2, -2) Re during 100
seconds. The S/C constellation is assumed to be a regular tetrahedron with a
separation of L=100 km. The analytic values of the magnetic field and the current
density at the barycenter of the four S/Cs are shown in panels (b) and (c) in Figure 4,

respectively.
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In this test, we have set n=10, and make N=4n=40 points to calculate the spatial
and temporal gradient of the magnetic field at the barycenter of the S/C constellation
with the method in Appendix A. Therefore, we can get the spatial gradient of the
vector field within the interval 5-95s. Furthermore, the temporal and spatial scale
corresponds to the time resolution of the field sampling (i.e. T=1s) and the
characteristic size of tetrahedron (L=100 km). The magnetic field and the non-zero

component aaBX of the linear magnetic gradient at the barycenter are derived with
z

the formulas (5) and (6) and shown in Figure 4b and 4d, respectively, which are in
good agreement with their analytic values as given by Appendix A (the circles
represent the results derived by the method, while the black solid line denotes the

analytic results derived by theoretical formula). The current density at the barycenter

can also be derived with aaEix by Ampere’s law (J=VxB) and is shown in Figure
4c. Those values are again consistent with the analytic values. The apparent velocity
of the current sheet relative to the S/C constellation can be derived by formula (15).
As shown in Figure 4e, the velocity Vz of S/C relative to the current sheet is within
the range 252~260 km/s (0.0408~0.0398 Re/s), while the actual velocity is 257 km/s

(0.0404 Re/s). Thus, the maximum relative error of the deduced velocity is

0.0006
0.0404

~1.5% , which is approximately the order of L/h(~0.016).

With the derived linear magnetic gradient and current density gradient, the
quadratic magnetic gradient of this current sheet model can be readily obtained. It
should be noted that, among the components of the quadratic magnetic gradient, only

o%B, . - o%h, 9%b, &%
2 IS non-zero, while :

> ,————, are Non-zero among the components of
07 01° 01
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the quadratic gradient of magnetic unit vectors. The test is therefore focused on these
components. Evidently, from Figure 4(g-j), there is extremely good agreement

between the results obtained by the technique and the analytic values. As illustrated in

2 2

Figure 4 , % (Figure 4f) and aab; (Figure 4g) have bipolar signatures around the
z z

2

. 0%b,
center of current sheet and are equal to zero at the center, while 5 ~ (Figure 4h) and
z

2

b, (Figure 4i) show left-right symmetry around the current sheet center and reach
oz’

a minimum at the center. These results are reasonable and in good agreement with the
analytic results.

We have further obtained the geometry of the current sheet deduced by the
method. The deduced curvature and torsion of the MFLs in the Harris current sheet
are shown in Figure 4j and 4k. The magnetic curvature reaches a maximum at the
center of current sheet, which indicates that the MFLs of the Harris current sheet bend
most at the center. The torsion of the magnetic field line stays almost at zero,
implying the MFLs in the Harris current sheet is planar (this agrees with the
theoretical calculations in Appendix D). The order of the absolute error in the torsion
is very small and less than 10" R_™. This check is a very good validation of the new
method.

After completing the above steps, iterative operation and error analysis are

necessary and we will discuss these later.
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Figure 4: The comparison between the properties of 1-D Harris current sheet deduced
form the estimators and those from the analytic calculations based on Appendix D.
Panel (a) shows the current sheet configuration and the S/C trajectory in the current
sheet reference frame; Panel (b), (c) show the variation of magnetic field and current
density, respectively; Panel (d) is the time series of the gradient of magnetic field;
Panel (e) denotes the relative velocity of S/Cs to the current sheet; Panel (f) represents
the quadratic gradient of magnetic field; Panel (g), (h), (i) denote the time series of the

quadratic gradient of unit magnetic vector bx, by, bz, respectively. The magnetic field
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line curvature and torsion are displayed in Panel (j), (K), respectively. The vertical
black dashed line in each panel represents the center of current sheet. The black solid
lines in each panel are the accurate or theoretical results. The circles are the results

obtained by the new method.

4.3 Two-dimensional Force-free Flux Ropes

In this section, we attempt to investigate the complete geometry of magnetic
field lines for a classic force-free flux rope model. In this model, the three
components of the magnetic vector in cylindrical coordinates can be expressed
(Lundquist, 1950) as:

B, =0,B, = B,J,(ar),B, = ByJ,(ar), (65)
where r is the distance from the central axis, « is the characteristic scale of the
flux rope, and J is the Bessel function. In this test, we adopt B,=60nT,
a =1/R_, The trajectory of the SC is set to be from (-2, 0, 0) Re to (2, 0, 0) Re
during 100 seconds and is shown in Figure 5a. The average magnetic field measured
by four S/C is illustrated in Figure 5b, the bipolar signature of By and the
enhancement of Bz around the flux rope’s center is apparent.

By repeating the same procedures as in Section 4.2, the quadratic magnetic
gradient can be readily acquired (Figure 5c, 5d, 5e, 5f, 5g). One can find that the
results derived by the method are in good agreement with the analytic results obtained
in Appendix E. The variations of curvature and torsion of the MFLs confirm that the

magnetic topological structure is different from those of the current sheet (Figure 5h,
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5i). It can also be seen from Figure 5h and 5i that the curvature of the MFLs contains
a minimum, and the torsion of the MFLs contains a maximum, at the center. This
indicates that the straighter and more twisted the MFLs, the nearer to the center of
flux rope, implying the non-planar and helical structure of the flux rope. This test
shows that the results obtained by the approach are in good agreement with the
analytical results, indicating that the estimators obtained in Sections 2 and 3 are

reliable and applicable.
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Figure 5: The properties of MFLs of 2-D flux rope. The relative path of S/Cs to the
magnetic structure is sketched in Panel (a). Panel (b) shows the variation of the
magnetic field; Panel (c), (d), (e), (f), (g) denote the time series of the quadratic
gradient of magnetic field. The magnetic field line curvature and torsion are displayed

in Panel (h) and (i). The vertical black dashed line in each panel represents the center
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of flux rope. The circles and black solid lines represent the results inferred by our

method and the accurate results, respectively.

4.4 Error Analysis

The errors of the estimators put forward in this study may arise from two types
of sources: the underlying measurement errors and the truncation errors. The key
measurement errors include the error in the measured magnetic field B and that of
the current density j derived from the plasma moment data (which will be seen in
the application in Section 5). The truncation errors arise from terms beyond the
differential order considered here and represent neglected behaviour of the magnetic
structure and plasmas.

The spatial truncation errors can be approximately measured by L/D, where D is
the typical spatial size of magnetic structure and L is the size of tetrahedron of four
SC. When L/D is very small, the truncation errors are generally small. However, as
L/D grows large, the truncation errors may become significant. The iterative operation
allows us to attempt to get more accurate and reliable results.

Figure 6 compares the results of the calculations made with no iteration; with the
first and second iterations, and theoretical calculation with L/D=0.3. It can be seen
that the iterations yield more accurate results. However, the second iteration in these

examples did not produce better results than the first iteration.
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Figure 6: The comparison of those results with no iteration, first iteration and second
iteration. The format of this figure is just the same as that of Figure 5. The red circles
in each panel denote the result of no iteration, while the green and blue circles mark
the result from the first iteration and second iteration, respectively. The black solid

lines represent analytic results.

Figure 7 displays the variations of the relative errors of the results with L/D. The

: : . X ethod = X
relative error is defined as <|—methed “_real |5, “where X, ... represents the results

real

obtained with our method and X, denotes the analytical results from the model. It

real

is seen from Figure 7(a), (b), (c), (d), (e) that the relative errors of the linear magnetic

gradient, apparent velocity and curvature of the MFLs are of first order in L/D for no
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iteration calculations, but they are of second order in L/D after the first and second
iterations. Nevertheless, the relative errors of the components of the quadratic
magnetic gradient and the torsion of MFLs are all of first order in L/D (Figure 7f, g, h,
l, J), although after the first or second iterations they are improved.

Through the above analysis, one can conclude that the most accurate results are
those derived by at least one iteration, especially when L/D is larger than 0.5. Thus, it

is necessary to perform the first iteration when L/D is larger than 0.5.
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for different L/D (x). The red solid lines in each panel are the calculation results with

no iteration, while the green, blue lines represent the calculation results with the first
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and second iterations, respectively. The format of this figure is the same as that of

Figure 5.

5. Application: Magnetic Flux Rope

In this section, we have applied the approach developed in Sections 2 and 3 to
investigate the magnetic structure and geometry of a magnetic flux rope at
magnetopause, observed by MMS during 2015-10-16 13:04:33-13:04:35, which is the
second of two sequential flux ropes reported by Eastwood et al., (2016), and has been
analyzed by many researchers (e.g., Zhang et al., 2020). Here, we have used the
high-resolution magnetic field data measured by the fluxgate magnetometer, operating
at 128 vectors per second in burst-mode (Russell et al. 2014; Burch et al. 2015), and
the plasma data provided by FPI (Fast Plasma Investigation, measuring electrons at
cadence of 30ms and ions at cadence of 150 ms) (Torbert, et al. 2015; Pollock et al.
2016). To calculate the quadratic magnetic gradient, the plasma moments are
interpolated to obtain a 1/128 s time resolution to match that of the magnetic field
data and to derive the current density. Note that the MMS constellation is often nearly
a regular tetrahedron with its separation scale of L ~20 km during this time interval.

Typically, there are many waves affecting the magnetic field at various
frequencies in space plasmas. If we calculated the time variation rates of the magnetic
field and the linear and quadratic magnetic gradients directly, the errors caused by

these waves would be so large that we would miss the underlying global features of
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the magnetic structure. To get rid of the influence of the waves, the magnetic field
(Figure 8a) and current density (Figure 8b-8d) data have been filtered by a low-pass
filter to eliminate disturbances with frequencies higher than 1Hz from the data. In
order to apply the method in Appendix A to calculate the temporal and spatial
gradients of the magnetic field and current density, we have adopted n=10 time points
on each spacecraft to form a set of data. Thus, there are in total N=4n=40 points in a
group of data. With this approach, the calculated temporal and spatial gradients of the
magnetic field and current density have rather high accuracy.

We have derived the magnetic rotation features of the flux rope by using the
MRA method illustrated in Appendix B (Shen et al., 2007). Figure 8e shows the time
series of the magnetic minimum rotation direction 5(3, which is approximately stable
and nearly parallel to GSE +Y direction. Assuming the flux rope is cylindrically
symmetric, 5(3 could be approximately regarded as the orientation fi of the flux
rope axis, i.e., N :)A(3 . The helical angle of the MFLs can be defined as
B =asin(b-A). As shown in Figure 8f, the helical angle S reaches its maximum
value (~89° ) at the time ~34.1s, implying that the MFLs lie basically along the axis
orientation in the central part of the flux rope. The apparent velocity of the flux rope
can be calculated by formula (17), and is illustrated in Figure 8g. One can find that,
the apparent velocity at the leading edge of flux rope is larger than that at the trailing
edge, suggesting that the flux rope is decelerating and not stable during this interval.

Assuming that the flux rope is steady and has a force-free magnetic field, Eastwood et

al., (2016) have derived the parameters of this flux rope, and estimate that the velocity
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is [-206.976, -19.8, -162.88] km/s in GSE, as derived by timing analysis, the axis
orientation is [-0.012, 0.989, -0.149] in GSE and the radius is ~550km. From our
analysis, it is shown that the mean velocity is ~ [-141.408, -47.58, -96] km/s and the
axis orientation is [-0.0889, 0.9367, -0.3386] in GSE during the interval
(13:04:33.5-13:04:35), when the flux rope is nearly steady. Considering the
complicated motion and structure of flux rope and the different data processing

approaches applied, the small discrepancy among the results is not surprising.

33.0 335 34.0 34.5 35.0
Seconds(s)
2015-10-16 13:04

Figure 8: The parameters of the flux rope observed by MMS3 on 16 Oct. 2015. Panel
(a) shows the magnetic field at the barycenter of tetrahedron; Panel (b), (c) and (d)

display the components of the current density at the four S/C derived by plasma data;
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Panel (e) denotes the minimum rotation direction of the MFLs, which is
approximately the axis direction of the flux rope; Panel (f) represents the variation of
the helical angle; Panel (g) shows the apparent velocity of the flux rope relative to the

MMS constellation.

By using the estimators in Sections 2 and 3, the magnetic gradients and geometry
of the flux rope can be obtained and these are demonstrated in Figure 9. The total 27
components of the quadratic gradient of magnetic field have been obtained with the
estimators in Section 2, which are illustrated in panels (a)-(i) of Figure 9. It can be
found that the order of the quadratic gradient of the magnetic field is generally less
than 102 nT/km?, while that of the first-order magnetic gradient is ~10* nT/km. The
complete geometry of the MFLs in the flux rope can be derived by the estimators in
Section 3, which is illustrated in Figure 9j-1. It can be seen that the curvature of MFLs
reaches its minimum value of ~0.80*103/km (Figure 9j) and the torsion reaches its
maximum value of ~0.012/km? (Figure 91) at ~34.1sec, when the helical angle is the
largest (Figure 8f). These features indicate that this flux rope is a typical one and is
consistent with the 2-D flux rope model in Appendix E. The maximum curvature of
the MFLs is about ~3.0%10°%km, while accordingly the minimum radius of the
curvature of the MFLs is~330km. We can choose this as the characteristic scale of the
flux rope, i.e., D=330km. Furthermore, assuming the flux rope has a cylindrical
helical structure, the torsion of MFLs can also be obtained directly from the curvature

and helical angle from formula E9 in Appendix E. From Figure 9l, it can be seen that
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the results obtained by both techniques show good agreement with each other.
Obviously, the magnetic field lines in this flux rope are right-hand spirals generally.
These results verify the effectiveness and applicability of the estimators given in
Sections 2 and 3. Since L/D ~20/330~0.06, we do not need to perform the iteration in

this case because the accuracy of the linear results with no iteration is already very

high.
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Figure 9: The magnetic structure of the flux rope on 16 Oct. 2015. Panel (a)-(i) show
all the 27 components of the quadratic gradient of magnetic field, where the red, green

and blue lines represent the partial derivative 0x,0y,0z, respectively; Panel (j) gives
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the time series of the curvature of the MFLs; Panel (K) represents the binormal
direction of the MFLs; Panel (I) shows the torsion of the MFLs, with its value
calculated by the magnetic gradients represented by the red line, and that drawn from

the cylindrical symmetry approximation denoted by the black line.

6. Summary and Discussions

The quadratic magnetic gradient is a key parameter of the magnetic field, with
which the fine structure of a magnetic structure can be revealed; as well as the
twisting property of the magnetic field. However, up to now, the quadratic magnetic
gradient from multi-S/C constellation measurements has not been explicitly
calculated. Chanteur (1998) showed that in order to get the quadratic magnetic
gradient from multi-point magnetic observations, in general, the number of S/C in
the constellation has to be equal to or larger than 10, which is difficult to realize in
present space exploration. Fortunately, the MMS constellation can not only provide
rather accurate 4-point magnetic field, but can also produce very good 4-point
current density estimates from particle measurements, such as to allow the quadratic
magnetic gradient problem to be solved in the manner discussed here.

This paper provides a method to obtain the linear and quadratic magnetic
gradients as well as the apparent velocity of the magnetic structure based on the 4
point magnetic field and current density observations and give their explicit

estimators. Furthermore, the complete geometry of the magnetic field lines is



918 revealed on the bases of these linear and quadratic magnetic gradients, and the

919 estimator for the torsion of the MFLs is given. Simple, but relevant, tests on this

920 novel algorithm have been made for a Harris current sheet and a force-free flux rope
921 model, and the effectiveness and accuracy of these estimators have been verified.
922

923 In this approach, the physical quantities to be determined are as follows: the

924  magnetic field B, (3 parameters); the linear magnetic gradient (VB)C (9 parameters);
925  quadratic magnetic gradient (VVB)C (6x 3=18 parameters), and the apparent

926  velocity of the magnetic structure V (3 parameters); resulting in a total of

927  3+9+18+3=33 undetermined parameters.

928 On the other hand, the input conditions for this algorithm are: the time series of
929  magnetic field B, (t) at 4 points (3x 4=12 parameters); the transformation

930 relationships %‘D’:—V-VB (3 independent constraint equations) and

931 %VB =-V-VVB (3x3=9 independent constraint equations); the formula

932 V(VxB)=Vj, derived from Ampere’s law (2x 3-1=5 independent constraints); the

933  equation V(V-B)=0, from the solenoidal condition of the magnetic field (3-1=2

. . . . . o O
934  independent constraints), and finally the constraint equations ——-—"Db =0, as
3 3

935  deduced from MRA (2 independent constraints); resulting in a total of

936  12+3+9+5+2+2=33 independent parameters or constraints.

937 We note that the contribution of the current density measurements in this
938  approach is the first order gradient of the current density, which is related to the

939  quadratic magnetic gradient by Ampere’s law. Considering the conservation of the
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currentdensity V-j=0 and 0,VB already obtained from the constraint equation
%VB =-V-VVB, the constraint equation V(VxB)=Vj yieldsonly 2x3-1=5
independent constraints ( 9, (VxB)=4,j is not independent). Similarly, V(V-B)=0
provides only 3-1=2 independent constraints.

Therefore, the linear and quadratic magnetic gradients, and the apparent velocity of

the magnetic structure, can be completely determined based on the 4-point magnetic

field and current density measured by the MMS constellation.

The calculations have been expressed as being carried out in the S/C
constellation frame. The algorithm proceeds as follows. Firstly, under the linear
approximation, the temporal and spatial gradients of the magnetic field (VB,%—?) and

of the current density (VJ g‘tj

) at the barycenter of the S/C constellation can be
obtained by the least-squares gradient calculations as demonstrated in Appendix A.
The time rate of change of the linear magnetic gradient, %(VB)C, and the second
order time derivative of the magnetic field can also be obtained. The apparent velocity
of the magnetic structure relative to the S/C frame system can then be readily obtained
with the formula %—? =-V-VB, and also the gradient of the linear magnetic gradient
along the direction of motion, (V,VB)_. With the constraint equation V(VxB)=Vj,
the transverse quadratic magnetic gradient of the longitudinal magnetic field B,,
V,V,.B, (p, q=1 2) , can be found. Finally, the transverse quadratic magnetic
gradients of the transverse magnetic field, J,0,B; (t, rc), can be obtained by using

the constraint equations V(V-B)=0, V(VxB)=Vj, and magnetic rotation feature
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iib =0. Therefore, all the 18 independent components of the quadratic

X, OX, "
magnetic gradient can be calculated.

The quadratic magnetic gradient, obtained with no iteration, has a truncation
error of the first order in L/D because the linear approximation has been made. To
find a more accurate quadratic magnetic gradient, an iterative procedure can be
performed. In this procedure, the magnetic field, the linear magnetic gradient, and the
time derivative of the linear magnetic gradient are corrected by using the quadratic
magnetic gradient calculated initially and the above steps are then repeated so as to
achieve the components of the corrected quadratic magnetic gradient. After this first
iteration, the magnetic field, linear magnetic gradient, the apparent velocity of the
magnetic structure at the barycenter of the S/C tetrahedron all have their accuracies
improved significantly and have truncation errors in the second order of L/D, while
the accuracy of the quadratic magnetic gradient obtained is also enhanced.

This algorithm is valid for both steady and unsteady structures, whether the
magnetic structures are moving at a constant velocities or accelerating /decelerating. It
is noted that the magnetic field, linear and quadratic magnetic gradients are identical
for different inertial frames of reference.

With the magnetic field, linear and quadratic magnetic gradients found, the
complete geometry of the MFLs can be determined, including the natural coordinates
or Frenet coordinates (tangential unit vector, principal normal and binormal),
curvature and torsion. The corresponding estimators for the geometrical features have

been given.
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The algorithm for estimating the quadratic magnetic gradient and the geometry
of the MFLs have been tested with the Harris current sheet and cylindrical flux rope,
and its correctness has been verified. It is found that, the errors of the linear quadratic
magnetic gradients, apparent velocity of the magnetic structure, and the geometrical
parameters are of first order in L/D when no iteration is made. If one iteration is
performed, the accuracies of the linear magnetic gradient, apparent velocity of the
magnetic structure, curvature of the MFLs are improved significantly and their errors
appear at the second order in L/D, while the accuracies of the quadratic magnetic
gradient and the torsion of the MFLs are also enhanced. To determine the first order
magnetic gradient and apparent relative velocity of the magnetic structure, this
algorithm is more accurate than the previous approaches based on the linearity
approximation (Harvey, 1998; Chanteur, 1998; Shi et al., 2006).

We have also applied the algorithm developed in this research to investigate the
magnetic structure of one flux rope measured by MMS (Eastwood et al., 2016),

showing good results. The applicability of this approach is therefore verified.

If the magnetic gradients with orders higher than two are neglected the
magnetic field can be expressed as
B(t,r)= B(t,rc)+(r-rc)-VB(t,rc)+%(r-rc) (r-r,)-VVB(tr,). (65)
With the MMS magnetic field and current density measurements, the linear and
quadratic magnetic gradients at the barycenter are obtained, such that the local

spatial distribution of the magnetic field, as well as the MFLs, can be obtained.
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Appendix A: The explicit estimators for the linear gradients of field in space and

time

De Keyser, etal. (2007) has put forward an algorithm for calculating the
gradients in space and time of a field, which they called Least-Squares Gradient
Calculation (LSGC). Here we will find the explicit estimator of the 4 dimensional
linear gradients of a scalar field or one component of the vector field.

Considering the 4 S/C of the constellation obtained time series of measurements
on a certain physical quantity investigated, as illustrated in Figure 1 in Section 2. Here
the S/C constellation reference frame is used. Assuming each S/C makes observations
at n times, in total N=4n measurements are made by the constellation, which form a
set of data. (It is supposed that, in this area of space time, the physical quantity
concerned is approximately varying linearly, and the linear gradients of field in space
and time are about homogeneous [De Keyser, et al., 2007].) In the S/C constellation

coordinate system, the position of the observation point is
X = (Xar ¥ar 2231, ) (4 =1,2,3,4) . It is convenient to use the dimensionless length and
time in the investigation. If the characteristic size of the S/C constellation is L and the

time resolution of the observations is T, we can make the transformation:

X,/ L—>X,, t,/T —t, . Obviously, inthe S/C constellation reference frame, the four
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S/C are nearly motionless and their space coordinates X,

=(X,,Y,.2,) donot

change with time during typical structure crossing events.

In the S/C constellation reference frame, at the space time

Xt = (% Yar 223ty ) (22 =1,2,3,4) , the physical quantity measured is f (x!') = f, » its

gradients are ot =V f= ﬂﬂﬂﬂ . The spacetime coordinates at the
ox* Y ox oy oz ot
central point satisfy
N N
Mo VZRVY Vi
;‘Ax(a) = ;(x(a) X! ) =0. (A1)
Thus the spacetime coordinates at the central point are
1 N
uo_ = u
X =N azzl:x(a) : (A2)

Here x! are the space coordinates of the barycenter of the S/C constellation, which
have fixed values and can be chosen as x.=0. x’=t_ is the average time of the 4n

observations.

The physical quantity f,) measured at the point x7, can be expanded around
the central point x/ as (Taylor expansion)
fo = fTACV, 1, +£AX;AX§VVVA f, (A3)
2
Or
v 1 v A )
foy = f.+AXG, +EAXaAXanA (A3)

Here, the first order gradient G, =(V, f)., and the quadratic gradient

G,,=(V,V,Tf),.there are 5 parameters ( f,,G, =(V, ). ) to be determined.
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Construct the action

1 1
SZNZ[f +AX(,G +2Ax()

2
A
4 AXG,, — f(a)} (A4)
To minimize it, let
6S =0 (A5)

Such as to obtain f, and G, =V f_ atthe central point. The above equation leads to

05 _ 85 o 05
of, oG, oG,

=0, (A6)

C

Since

C 1N (A7)
:Z.N;[fc—f()}+2 —ZAX G, +— ZAX AX,G,, =0
Considering Equation (A1), it reduces to
iy LS axie A8
—ﬁza: (a)‘ﬂ; X(@) (@) - (A8)
or
l 1 vA )
=_Za:f(a)—ER G, . (A8
Where the general volume tensor R*" is defined as
uv _ 13 o 19 u u v v
:N;A AX, l\|azzl:(x(a)—xC )(x(a)—xc). (A9)
Furthermore,
oS 1 N v 1 v A
O=§? = NZZ{ fo— f +AX,,G, +§Ax(a)Ax(a)GM }Vx{;)
u a=1
. : (A10)
=- %Zf AX( +2R*G, +R"G,,

HvA

where the 3 order tensor R is defined as



1087

1088

1089

1090

1091

1092

1093

1094

1095

1096

1097

1098

1099

1100

1101

1102

1103

1104

1105

1106

l N
VA __ v A
R = N ;ﬂ Ax(’;)Ax(a)Ax(a) . (A11)
From Equation (A10) we get
19 1
v _ Mo M _ T RAuvA
R“G, = N}:(x(a) X )1, SR"G,;. (A12)

a
Thus the linear gradients at the central point are

N 1
> (= %) . —E(R'l)m R“'G_,. (A13)

a

G, =(v,f).=(R")

Z|r

vu '
Here R* satisfies (R*) R =R*(R™) =5/ These are the first order gradients

vo ov

of the physical quantity in space and time at the central point.

Under the linear approximation, the quadratic gradient is neglected, i.e., G, =0.

From the formula (A8’), the physical quantity at the central point is
f, = 1 > fa (A14)
N7
From the formula (A13), the first order gradients of the physical quantity in space and
time are

(x” —x”) f. (A15)

Appendix B: Natures of the magnetic rotation tensor

In previous investigations [Shen et al., 2007; Shen et al., 20083, b], the MRA
(magnetic rotation analysis) method has been put forward to study the 3 dimensional
rotational properties of the magnetic field. We may construct the magnetic rotational

tensor S based on the gradient of the magnetic unit vector b, which is defined as
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S; =VibV b . Because the tensor S is symmetrical (S; =S;;,i, j=1,2,3), it has
three eigenvectors, 5(1, 5(2 and 5(3, and three corresponding eigenvalues, 1, u,
and g, with g4 >, > u, 2 0. Actually, the third eigenvalue g, is zero. Fadanelli,
et al. (2019) has presented one verification on this property of the magnetic rotational
tensor. To facilitate the understanding, here we can show another verification as the
following.
The length of b is1,and b-b=1, so that

V.(b-b)=(Vpb,)b, =0. (B1)
To ensure the existence of b, it is necessary that

Det(V,b,) =0. (B2)

Based on its definition, the determinant of the magnetic rotation tensor is

Det(S;) = Det(V,b)-Det(V,b) =0. (B3)
On the other hand,
Det(Sy) = puttptty 1y 2 41y 2 1132 0. (B4)

Thus equations (A3) and (A4) reduce to
Hs =0, (BS)
So that the third eigenvalue ; of the magnetic rotation tensor S; =V bV b isnull

definitely.

Appendix C:  Another verification on the formula of torsion of MFLs in terms

of magnetic gradients
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Based on the definition, the torsion of the MFLs

L
Kk ds

x ds dsB

_1d(1dB g d 1]

x ds

+
B ds ds B

2
_1 1dB+ d1 dB+ d_zl NS (1)
B ds? ds B ds ds® B

Dueto B-N=Bb-N=0, dB-N B@ OI—Bb BK+d—BB ‘N=0, the
ds ds ds ds

second and third terms at the left hand of the above formula disappear. Therefore
r=——.N. (C2)

This gives the relationship between the torsion of the MFLs and the second order
derivative of the magnetic field along the MFLs.

Furthermore, the torsion of the MFLs becomes

f:iﬂ i(l BiaiB]
kB ds\B

-—N (d 1)888 1(d BijaiB+£BiEaiB ) (C3)
xB ds B B\ ds B ds

The first term at the left hand of the above formula disappear because

d dN

N-(B0B)=BN-—B=-B-——-B =-B(-rK)-B =0. So that the torsion is
ds ds
NN 1(d8)88 lsiiais
xB ds B 'ds
1 m n—-n i m 1 NmBananale (C4)
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Appendix D: Geometry of the MFLs in 1 dimensional current sheets

It is assumed that the magnetic field in the 1 dimensional currents is

B=B;g, +B;g, +B,¢,. Let the z axis to be along the normal to the 1 dimensional

current sheets. The components of the magnetic field in the x and y directions are

invariants, i.e., ox=0, oy =0. Therefore the components of the magnetic field in the

Cartesian coordinates are

B, = BOU(Z)
B, =Const. . (D1)
B, = Const.

We may choose that B, >0, B, >0, 9,B, =By7'(z)>0. As for the Harris

current sheets [Harris, 1962], 7(z)=tanh(z/h), where h is the half width of the

current sheets. The total magnetic strength is B = (Bi +Bj +B? )]/2 :

The curvature of the MFLs is

k=b-Vb
:B‘Z(BV)B—%B“‘(BV)BZB

=BB,0,B —%B“B 0,B%-B

Z7Z X

=B?B,0,B.é, -B“B,B,0,B,-B

2777 XX Z7X7Z7X

=BB,0,B, -(B’¢, -B,B)

=BB,0,B, [ (B} +B)¢,-B,B,é,~B,B2, |

(D2)

The value of the curvature is
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x=B"B,0,B,-B(B2+B) " =8B, (B +8) 9,8, . (03)
The radius of the curvature is R, =1/x.
The principal normal vector is
v, 1(p? . r2V2[(Rr2 . R2\a A A
K=x/k=B"(B}+B) [(B}+B)é,~B,Bé, -BBg,| . (D4)

The binormal vector is
N=bxK
=B'BxK
B?(B2+B2)" (B¢, +B,8,)x[(B2+B?)s, ~B,B/8, ~B,B.2, |
2(BZ+B ) ( é,B,B°-¢,B B’ )

=(B + BZ) (B.&,-B,8,)
(D5)
Therefore, the binormal of the MFLs is constant. Then, based on the definition (58),

the torsion of MFLs is
r=——k-—=0. (D6)

So that, the MFLs in the current sheets as formulated by (D1) are plane curves.
For the asymmetric current sheet, 7(z)=ca+tanh(z/h), 1>a>0. As for the shock

fronts, B, =0, and 7(z)=a+tanh(z/h), a>1.For these cases, the MFLs are

plane curves with zero torsion.

However, as shown in actual observations, the component B, is not constant,
which maximises at the center of neutral sheets and is decreasing away from the
center of the current sheets [Rong, et al., 2012]. The MFLs in the magnetotail current

sheets often have a shape of helix in the neutral sheets (Shen, et al., 2008a).
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Appendix E: Geometry of Cylindrical helical MFLs in magnetic flux ropes with

axial symmetry

Cylindrical spiral MFLs are common in space plasmas, as seen in FTEs [Russell
and Elphic, 1979; Lee et al., 1985; Liu and Hu, 1988; Lockwood and Hapgood, 1998;
Wang et al., 2007; Liu et al., 2018] or flux ropes caused by local magnetic
reconnection processes [Sibeck, et al., 1984; Slavin et al., 1989; Kivelson et al., 1995;
Slavin et al., 2003; Zong et al., 2004; Pu et al., 2005; Zhang et al., 2007], fast tailward

escaping plamoids [Slavin et al., 1989; Slavin et al., 1995], etc.

N>
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Figure E1 Demonstration on the cylindrical spiral MFLSs.

As shown in Figure E1, polar coordinates are used. The central axis is along the z axis,
the arc length is s, the distance from the central axis is r, and the azimuthal angle is

A

¢ .The radial unit vector is €, and the azimuthal unit vector is €. The tangent
vector of the MFLs is

b=B/B=cosf8,+sin B8, (E1)
where S isthe helix angle of the MFLs. The helical pitch is p=2zrtan S . Define

the rotation frequency w=d¢/ds. Then o=¢/s=2x/(p/sin ) =cosB/r.Thus,

g_zzézco;ﬂ' ()
The curvature of the MFLs is
Kz%zi—f%zwcosﬂ%:—wcmﬂér. (E3)
Where, %éq) =—€, isused. So that the curvature is
K =—@CO0S 3¢, . (E3)
The value of the curvature is
K=wCosf=ro*=r"cos’j3. (E4)
The radius of curvature is
R.=r(cos )2 (E5)

The principal vector of the helical MFLs is K =k /x = —&,, that is along the radial

direction. The binormal N is

A

N =bxK=(cos B8, +sin &, )x(-¢,)=cos 3-8, —sin B-¢,. (E6)
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The variation rate of the binormal N along the MFLs is

\ \ dé
d—N:d—¢-d—N:a)(—sin,B)—"‘:a)sin,B-ér. (ET)
ds ds d¢ d¢

So that the torsion of the helical MFLs is
T=— Kd—N =8 -wsin & =wsin B =r"sin Bcos f=2zp"sin® B (E8)

ds

On the contrary, if the curvature x« and torsion z of the cylindrical spiral
MFLs have been measured, the helix angle, the distance from the central axis, the

spiral pitch and the rotation frequency can be expressed as

tanf=2=1R, (E9)
K
F=xtcos? f=—n (E10)
T2+K2
2nt
=2zxrtan f =——, E11
p=2r p . (E11)

w0=9P _ [z (E12)

r

Any arbitrary magnetic field line can locally be fitted by a cylindrical spiral arc
with the same curvature and torsion. The curvatures of the magnetic field lines are
always non-negative. However, the torsion of one MFL can be either positive or
negative. When z > 0, the helix angle S >0, the magnetic field line is locally a

right-hand cylindrical spiral; while 7 <0, <0, itis a left-hand one.
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