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Abstract

Waves in bi-ion plasmas are affected by asymmetry. The kinetic theory of the Maxwellian and Lorentzian/Kappa-distributed

bi-ion plasma is ameliorated to incorporate the transfer of orbital angular momentum from the helical electric field to the

plasma modes. By operating the Laguerre-Gaussian (LG) function, the perturbed distribution function and helical electric

field are decomposed into characteristic axial and azimuthal components. In symmetric bi-ion plasmas, the conventional ion

modes/waves are only present if both ions have similar masses and the concentration of the electrons is negligible. An imbalance

of the symmetry is considered by the contamination of a small fraction of the heavy immobile ions, which urges the negative

ions to become heavier than the positive ions in the bi-ion plasma system. The distinct masses of the positive and negative ions

provoke mass-asymmetry in the Kappa-distributed bi-ion plasmas. The signature of the unique acoustic-laden twisted modes in

non-Maxwellian asymmetric bi-ion plasma is perceived by the temperature of the lighter positive ions and the dynamics of the

heavier negative ion. The deliberated results of Landau damping are displayed for distinct values of the azimuthal wave-number

and spectral index, temperature-variation and mass-asymmetry.

1



Twisted waves in symmetric and asymmetric bi-ion Kappa-distributed
plasmas.

Kashif Arshad1, 2, a) and S. Poedts2, 3
1)Department of Physics and Astronomy, University of Iowa, 52242 Iowa, USA.
2)Centre for Plasma Astrophysics, Celestijnenlaan 200B, 3001 Leuven, Belgium.
3)Institute of Physics, University of Maria Curie-Sk lodowska, ul. Radziszewskiego 10, PL-20-031 Lublin,
Poland

(Dated: 12 November 2020)

Waves in bi-ion plasmas are affected by asymmetry. The kinetic theory of the Maxwellian and
Lorentzian/Kappa-distributed bi-ion plasma is ameliorated to incorporate the transfer of orbital angular
momentum from the helical electric field to the plasma modes. By operating the Laguerre-Gaussian (LG)
function, the perturbed distribution function and helical electric field are decomposed into characteristic axial
and azimuthal components. In symmetric bi-ion plasmas, the conventional ion modes/waves are only present
if both ions have similar masses and the concentration of the electrons is negligible. An imbalance of the
symmetry is considered by the contamination of a small fraction of the heavy immobile ions, which urges the
negative ions to become heavier than the positive ions in the bi-ion plasma system. The distinct masses of
the positive and negative ions provoke mass-asymmetry in the Kappa-distributed bi-ion plasmas. The signa-
ture of the unique acoustic-laden twisted modes in non-Maxwellian asymmetric bi-ion plasma is perceived by
the temperature of the lighter positive ions and the dynamics of the heavier negative ion. The deliberated
results of Landau damping are displayed for distinct values of the azimuthal wave-number and spectral index,
temperature-variation and mass-asymmetry.

I. INTRODUCTION

Bi-ion (BI) plasmas may comprise a pair of either sim-
ilar or distinct ions. In other words, bi-ion plasmas can
be ”symmetric” or ”asymmetric”. The asymmetry can
concern various physical parameters like mass, temper-
ature, density, field, potential, etc. Symmetric BI plas-
mas contain pairs of ions with similar masses, while their
charges are equal in magnitude but of opposite sign, like
for pair-ion (PI) plasma1. On the other hand, BI plas-
mas become asymmetric by a slight contagion, e.g. by a
small fraction of high mass immobile ions. This symme-
try breaking diversifies the configuration of the negative
ions so that the negative ions become mildly heavier than
the positive ions.

The contaminated BI plasmas may prescribe a new
state of plasma. As a matter of fact, the broken symme-
try can cluster the electromagnetic radiations with sur-
plus density in the region of localization2. The tempera-
ture asymmetry is reported to be responsible for some lo-
calized stable flat top like structures due to possible non-
linear phenomena3. The examination of such predictions
in controlled laboratory experiments can replicate the
cosmic plasma of the hot MeV-era of the universe when
it consisted primarily of electrons and positrons with a
small concentration of symmetry-breaking ions4–6. Lab-
oratory space physics research provides substantial new
insights via the contribution of complementary experi-
ments towards some of the paradigmatic phenomena tak-

a)Electronic mail: kashif.arshad.butt@gmail.com;
kashif-arshad@uiowa.edu

ing place in the solar corona, solar wind, planetary mag-
netospheres, and the outer boundary of the heliosphere7.

The pioneering kinetic theory of non-Maxwellian
twisted modes was extended with the study of the Lang-
muir twisted modes with Kappa-distributed electrons.
A further advancement was invoked with the inclusion
of the Maxwellian-distributed ions/protons to investi-
gate acoustic twisted modes carrying orbital angular
momentum8. The authors also obtained an ’exact’ nu-
merical solution for the Langmuir and acoustic twisted
modes. The numerical results were found more ap-
propriate than the analytical results, especially in the
strong damping cases. Later, the twisted kinetic the-
ory was explored for Kappa-distributed dusty plasmas9.
The Dust-Ion-Acoustic and Dust-Acoustic twisted modes
were modeled to examine the validity of the results de-
pending on the electrons drift velocity, temperature of
the electrons and the ions, dust charging and azimuthal
wave number. (Ali et al. [2016])10 considered the Lan-
dau damping of twisted dusty plasma modes in the
Maxwellian environment. A few years ago, the possi-
bility of a longitudinal acoustic mode was predicted for
asymmetric pair-ion plasma11. A comparable effort was
made to investigate acoustic modes in dust-bi-ion elec-
tron (DBIE) plasma with heavier negative ions12.

Recently, some twisted modes such as magnetic and
Alfvénic tornadoes13 have been investigated by consid-
ering non-planar (helical) fields carrying orbital angular
momentum (OAM). Also, a relativistic twisted theory14

has been established for an electron wave packet by us-
ing the Dirac equation. The above studies were mo-
tivated by various applications of orbital angular mo-
mentum (OAM) such as ultra intense twisted laser
pulses15, microscopy and imaging16, ultra-fast optical
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communication17, twisted gravitational waves18, iono-
spheric radar facilities19, the quantum entanglement of
two photons20, Bose Einstein condensation21, and appli-
cations in astrophysics22.

In the present manuscript, the kinetic theory is ap-
plied to the study of twisted modes in both symmet-
ric and asymmetric BI plasmas. The Maxwellian and
Kappa-distributions are considered for the symmetric BI
plasma cases, while only a Kappa-distribution is cho-
sen for asymmetric BI plasma. Non-planar twisted ion
waves are studied in symmetric BI plasmas in the pres-
ence of an electric field carrying orbital angular momen-
tum. But acoustic-type twisted ion waves are evaluated
in the asymmetric BI plasmas which are contaminated by
a fraction of immobile heavy ions. The three-dimensional
Maxwellian distribution function can be written as;

f0α =
n0α

(2π)
3/2

v3Tα

exp

(
−1

2

[
v2z
v2Tα

+
v2r + v2θ
v2Tα

])
, (1)

where Tα is the ion temperature in energy units and
vTα =

√
Tα/m denotes the thermal velocity. The three-

dimensional Kappa(non-Maxwellian)-distribution func-
tion is defined as24;

f0α =
n0α

π3/2θ3α

Γ(κα + 1)

κ
3/2
α Γ(κα − 1/2)

(2)

×
[
1 +

v2z
καθ2α

+
v2r + v2θ
καθ2α

]−κα−1

,

where κα is the spectral index such that κα > 3/2 and
θα = vTα

(2κα − 3)/κα is the Kappa-distributed thermal
velocity.

The remainder of this paper contains first a section on
twisted waves in Maxwellian distributed symmetric bi-
ion (BI) plasma (Section II). Section III is devoted to the
same kind of waves but in Kappa-distributed symmetric
bi-ion (BI) plasma. In Section IV we consider the effect
of asymmetry in the masses of the positive and negative
ions. The obtained damping rates of the acoustic-laden
twisted ion waves are subjected to a quantitative analysis
in Section V. Finally, in the last section we formulate the
conclusions we can draw from the present study.

II. TWISTED WAVES IN MAXWELLIAN
DISTRIBUTED SYMMETRIC BI-ION (BI) PLASMA

This section contains a study of plasmas contain-
ing Maxwellian distributed positive and negative ions.
These ions inherit similar masses, but are symmetric in
terms of their opposite charges. The dielectric function
(ε(ω, k, lqθ) = 1 + χ) of such a plasma system can be
expressed as9

ε(k, lqθ, ω) = 1 +
∑
α

2ω2
pα

k2v2Tα

[
2 + ζzαZ(ζzα) + ζθαZ(ζθα)

]
,

(3)

where α = ± for the lighter positive ions and heavier neg-
ative ions. The notations of the arguments ζzα = ω/kvTα

and ζθα = ω/lqθvTα
represent their relevance to the axial

and azimuthal components of the plasma dispersion func-
tion. After expanding the axial and azimuthal compo-
nents of plasma dispersion functions such that [ζzα � 1
& ζθα � 1], we can derive the plasma susceptibility
χα(k, lqθ, ω) of the symmetric BI plasma as9;

χ =
∑
α

[
−
ω2
pα

ω2

[
1 +

3k2v2Tα

ω2

]
(4)

−
ω2
pα

$2ω2

[
1 +

3k2v2Tα

$2ω2

]
+ 2i
√
π
ωω2

pα

k3v3Tα

(
exp

[
− ω2

2k2v2Tα

]
+$ exp

[
− $2ω2

2k2v2Tα

])]
.

Here, $ = k/lqθ denotes the ratio of the conventional
wave number to the azimuthal wave number. Individ-
ually, the quantity l imitates the number of the inter-
twined helices relative to the helical phase fronts of the
waves/modes depending on the magnitude and the sign
of l as shown in Figure 1.4 of (Arshad [2018])25, and
the term qθ is defined as qθ =

∫∞
0
F 2
pldr. The function

Fpl is known as the Laguerre-Gaussian (LG) function
and is described in the Appendix A of (Arshad et al.
[2017])9. The subscripts p and l represent the radial and
azimuthal mode numbers, respectively. The dielectric
function ε(ω, k, lqθ) consists of a real Re [ε(ω, k, lqθ)] and
an imaginary Im [ε(ω, k, lqθ)] part such that ε(ω, k, lqθ) =
< [ε(ω, k, lqθ)]+i = [ε(ω, k, lqθ)] and the temporal angular
frequency of the wave as ω = ωr+ iγ. The real part ωr of
the temporal angular frequency of the given twisted ion
wave can be calculated by putting the real part of the
dielectric function ε(ω, k, lqθ) to zero which yields

ω2
r = 2ω2

p+

(
1 +$2

$2

)
+

3k2v2Teff
2$2ω2

p+

(
1 +$4

1 +$2

)
, (5)

where ωp+ = ωp− =
√

4πn0±e2/m±, is the plasma fre-
quency of the ion species and vTeff is defined as

vTeff = ωp+vT+

(
1 +

T−
T+

)1/2

. (6)

Here, T+ and T− denote the temperatures of the pos-

itive and negative ions, while vT+
=
√
T+/m+, is the

thermal velocity of the positive ions. By using Cauchy’s
relation i.e, γ = −= [ε(ω, k)] / {∂< [ε(ω, k)] /∂ω}, we can
calculate the Landau damping rate γ of the Maxwellian
distributed ion waves. The twisted damping rate γ of
the Maxwellian-distributed symmetric bi-ion (BI) plasma
is attained with the weak damping approximation27.
Therefore, the weak damping rates should always be
small (approaching zero) in comparison to the frequency
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i.e., ( γ � ω ) to keep the validity of the plasma disper-
sion solution. This weak damping approximation is im-
plemented in the Taylor series expansion of the plasma
dispersion relation, which is later integrated by using the
Plemelj relation and the twisted plasma dielectric func-
tion is thus accomplished28. The weak damping rates
are calculated at the phase velocity of the twisted wave
and are proportional to the slope of the reduced distribu-
tion, as shown in Figure 8.11 of (Gurnett-Bhattacharjee
[2005])27. This yields

γ = −
√
π
ω4
r

ω2
p+

(
$2

1 +$2

)
[γ+ + γ−] , (7)

where

γ+ =
1

ωp+k
3λ3D+

[
exp

(
− ω2

r

2k2v2T+

)
+$ exp

(
− $2ω2

r

2k2v2T+

)]
,

(8)
and

γ− =
1

ωp−k
3λ3D−

[
exp

(
− ω2

r

2k2v2T−

)
+$ exp

(
− $2ω2

r

2k2v2T−

)]
.

(9)

Here, λD± =
√
T±/4πn0±e2 denote the species

Debye lengths. The damping rates of the studied
Kappa-distributed symmetric and asymmetric BI plas-
mas are also calculated by employing the weak damping
approximation. By using the real frequency ωr given in
Eq. (5) into the set of Eqs. (7)–(9), we can write the
expression of the normalized damping factor as follows

γ

ωr
=−

√
π

2

(
1 +$2

$2

)1/2

(10)

× 1

k3λ3D+

[
γ+ +

(
T+
T−

)3/2

γ−

]
,

such that the simplified equations of the γ+ and γ− are
as follow;

γ+ = exp

[
− 1

2k2λ2D+

(
1 +$2

$2

)
− 1

$2

(
1 +

T−
T+

)(
1 +$4

1 +$2

)]
(11)

+$ exp

[
−

(
1 +$2

2k2λ2D+

)
−
(

1 +
T−
T+

)(
1 +$4

1 +$2

)]
,

and

γ− = exp

[
− 1

2k2λ2D+

(
1 +$2

$2

)(
T+
T−

)
(12)

− 1

$2

(
1 +

T−
T+

)(
1 +$4

1 +$2

)(
T+
T−

)]
+$ exp

[
−

(
1 +$2

2k2λ2D+

)(
T+
T−

)
−
(

1 +
T−
T+

)(
1 +$4

1 +$2

)(
T+
T−

)]
.

The above set of expressions concern the normal-
ized Landau damping rates of Maxwellian-distributed
twisted ion waves.

III. TWISTED WAVES IN KAPPA-DISTRIBUTED
SYMMETRIC BI-ION (BI) PLASMA

The present section also concerns the study of plasma
containing positive and negative ions with the same
masses (i.e., m+ = m−) and opposite charges. However,
we now consider the case where the only difference be-
tween the two ion populations lies in the distribution of
the particles. In fact, we here consider the distribution
of the ions to be non-Maxwellian and, more precisely,
’Kappa distributed’.

ε(k, lqθ, ω) = 1+
∑
α

2ω2
pα

k2θ2α

[
2κα − 1

κα
+ζzαZ(ζzα)+ζθαZ(ζθα)

]
.

(13)
Here ζzα = ω/kθα and ζθα = ω/lqθθα denote the axial
and azimuthal arguments of the plasma dispersion func-
tion. After expansion of the plasma dispersion functions
in the limit [ζzα � 1 & ζθα � 1], we can calculate the
following plasma susceptibility of the Kappa-distributed
symmetric BI plasma9;

χ =
∑
α

[
−
ω2
pα

ω2

[
1 +

3k2θ2α
ω2

3κα
(2κα − 3)

]
(14)

−
ω2
pα

$2ω2

[
1 +

3k2θ2α
$2ω2

3κα
(2κα − 3)

]
+ 2i
√
π

ωΓ (κα + 1)

κ
3/2
α Γ (κα − 1/2)

ω2
pe

k3θ3α

×
([

1 +
ω2

καk2θ2α

]−κα−1

+$

[
1 +$2 ω2

καk2θ2α

]−κα−1)]
.

In order to calculate the dispersion relation of a non-
Maxwellian Kappa distributed bi-ion plasma in the pres-
ence of non-planar (helical) electric field carrying or-
bital angular momentum, we will equate the real part
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<[ε(ω, k, lqθ)] of the dielectric function to zero, yielding

ω2
r =ω2

p+

(
1 +$2

$2

)
+

3κ+
(2κ+ − 3)

(15)

×
k2θ2Teff
2$2ω2

p+

(
1 +$4

1 +$2

)
,

where

θTeff = ωp+θ+

(
1 +

κ− (2κ+ − 3)

κ+ (2κ− − 3)

T−
T+

)1/2

. (16)

By using Cauchy’s relation again, i.e. γ =
−=[ε(ω, k)]/∂< [ε(ω, k)] /∂ω, we can calculate the
following expression for the damping rate γ :

γ = −
√
π
ω4
r

ω2
p+

(
$2

1 +$2

)
[γ+ + γ−] . (17)

Here

γ+ =
1

ωp+k
3λ3D+

Γ(κ+ + 1)

κ
3/2
+ Γ(κ+ − 1

2 )

[{
1 +

(ωr/k)
2

κ+θ2+

}−κ+−1

(18)

+$

{
1 +

$2 (ωr/k)
2

κ+θ2+

}−κ+−1 ]
,

and

γ− =
1

ωp−k
3λ3D−

Γ(κ− + 1)

κ
3/2
− Γ(κ− − 1

2 )

[{
1 +

(ωr/k)
2

κ−θ2−

}−κ−−1

(19)

+$

{
1 +

$2 (ωr/k)
2

κ−θ2−

}−κ−−1 ]
.

By substituting the real part of the plasma dispersion
relation i.e., ωr from Eq. (15) into the set of damping
Eqs. (17) –(19), the normalized damping factor is then
given by

γ

ωr
=−

√
π

2

(
1 +$2

$2

)1/2

(20)

1

k3λ3D+

[
γ+ +

(
T+
T−

)3/2

γ−

]
,

where the simple mathematical forms of γ+ and γ− are
expressed in the following manner;

γ+ =
Γ(κ+ + 1)

(2κ+ − 3)
3/2

Γ(κ+ − 1
2 )

(21)

×

[{
1 +

1

(2κ+ − 3) k2λ2D+

(
1 +$2

$2

)
+

1

$2

× 3

(2κ+ − 3)

(
1 +

κ− (2κ+ − 3)

κ+ (2κ− − 3)

T−
T+

)(
1 +$4

1 +$2

)}−κ+−1

+$

{
1 +

1 +$2

(2κ+ − 3) k2λ2D+

+
3

(2κ+ − 3)

×
(

1 +
κ− (2κ+ − 3)

κ+ (2κ− − 3)

T−
T+

)(
1 +$4

1 +$2

)}−κ+−1]
,

and

γ− =
Γ(κ− + 1)

κ
3/2
− Γ(κ− − 1

2 )
(22)

×

[{
1 +

(
T+
T−

)
1

(2κ− − 3) k2λ2D+

×
(

1 +$2

$2

)
+

1

$2

3

(2κ− − 3)

(
T+
T−

)
×
(

1 +
κ− (2κ+ − 3)

κ+ (2κ− − 3)

T−
T+

)(
1 +$4

1 +$2

)}−κ−−1

+$

{
1 +

(
T+
T−

) (
1 +$2

)
(2κ− − 3) k2λ2D+

+
3

(2κ+ − 3)

×
(
T+
T−

) (
1 +

κ− (2κ+ − 3)

κ+ (2κ− − 3)

T−
T+

)(
1 +$4

1 +$2

)}−κ−−1]
.

In the limit that both $ = k/lqθ (the ratio of the
parallel to the azimuthal wave number) and the spectral
index κ are approaching to infinity, i.e. $ → ∞ and
κ→∞, the obtained Landau damping rate is analogous
to that given by (Arshad-Mahmood [2010])1.

IV. TWISTED WAVES IN MAXWELLIAN
DISTRIBUTED ASYMMETRIC BI-ION (BI) PLASMA

In this section, we consider the Maxwellian distributed
BI plasma containing a pair of Maxwellian distributed
positive and negative ions with distinct masses (i.e.,
m+ 6= m−). The negative ions are marginally heavier
than the positive ions. Therefore, We can handle the
Maxwellian distributed positive ions as Boltzmannian
species, while the Maxwellian negative ions as inertial.
This implies that the wave dynamics are well described
by the temperature of the positive ions and inertia of the
negative ions. In such a situation, we can write the di-
electric function of the Maxwellian distributed BI plasma
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in the following manner

ε(k, lqθ, ω) = 1 +
∑
α

2ω2
pα

k2v2Tα

[
2 + ζzαZ(ζzα) + ζθαZ(ζθα)

]
,

(23)
where ζzα = ω/kvTα

and ζθα = ω/lqθvTα
represent the

arguments of the total plasma dispersion function, which
is composed of the axial and azimuthal components. The
difference in the ion masses will constitute contrasting
plasma susceptibilities of the positive and negative ions.
Therefore, the plasma susceptibility of the Boltzmannian
positive ions can be expressed under the condition [ζz+ �
1 & ζθ+ � 1] as9

χ+ =
1

k2λ2D+

+ 2i
√
π
ωω2

p+

k3θ3+
(24)

×
[
1 +$ exp

(
− $2ω2

2k2v2T+

)]
,

and to appraise the contribution of massive negative ions
to the wave dynamics, the plasma susceptibility of heav-
ier negative ions comprise the limit [ζz− � 1 & ζθ− � 1]
and can be represented as

χ− =−
ω2
p−

ω2

[
1 +

3k2v2T−

ω2

]
(25)

−
ω2
p−

$2ω2

[
1 +

3k2v2T−

$2ω2

]
+ 2i
√
π
ωω2

p−

k3v3T−

×
[

exp

(
− ω2

2k2v2T−

)
+$ exp

(
− $2ω2

2k2v2T−

)]
Again, the dispersion relation of the acoustic-type
twisted ion wave can be evaluated by equating the real
part of the dielectric function ε(ω, k, lqθ) to zero. This
now yields:

ω2
r =

k2

$2

(
T+
m−

)[ (
1 +$2

)(
1 + k2λ2D+

) +

(
3T−
T+

) (
1 +$4

)
(1 +$2)

]
.

(26)
The above equation displays the dispersion relation
of acoustic-type twisted ion waves in Maxwellian dis-
tributed BI plasma. The Landau damping rate γ of
Maxwellian distributed acoustic-type twisted ion waves
can be obtained from Cauchy’s relation in the presence
of helical non-planar electric field . By using =(ε) and
<(ε) in Cauchy’s relation, we can obtain the following
relation of γ:

γ = −
√
πω3

r$
2

k2ω2
p− (1 +$2)

[γ+ + γ−] , (27)

where γ+ and γ− are illustrating the contributions of the
positive and negative ions to the damping factor and are
defined as

γ+ =
ωr
k

ω2
p+

v3T+

[
1 +$ exp

(
− $2ω2

2k2v2T+

)]
, (28)

and

γ− =
ωr
k

ω2
p−

v3T−

[
exp

(
− ω2

2k2v2T−

)
(29)

+$ exp

(
− $2ω2

2k2v2T−

)]
.

Again substituting the real component of the plasma
dispersion (ωr) from Eq. (26) into the set of damping
Eqs. (27)-(29), we can write the following dimension-
less weak damping rate of the acoustic-laden twisted ion
waves

γ

ωr
= −

√
π
(
1 +$2

)1/2
$
(
1 + k2λ2D+

)3/2 [√m+

m−
γ+ + γ−

]
, (30)

and the simplified forms of γ+ and γ− are as follows

γ+ =

[
1 +$ exp

(
−

(
1 +$2

)(
1 + k2λ2D+

) (m+

m−

))]
, (31)

and

γ− =

(
T+
T−

)3/2
[

exp

(
−

(
1 +$2

)
$2
(
1 + k2λ2D+

) (T+
T−

))
(32)

+ $ exp

(
−

(
1 +$2

)(
1 + k2λ2D+

) (T+
T−

))]
.

In the limit that the $ = k/lqθ (the ratio of the parallel
to the azimuthal wave number) approaches to infinity, i.e.
$ →∞, the obtained Landau damping rate is analogous
to that given by (Alexandrov et al. [1984])26.

V. TWISTED WAVES IN KAPPA-DISTRIBUTED
ASYMMETRIC BI-ION (BI) PLASMA

In the present section, we consider the case when the
Kappa distributed positive and negative ions exhibit a
variation in their masses, i.e. we consider positive ions
that are slightly lighter than the negative ions. There-
fore, the Kappa distributed positive ions are treated as
Boltzmannian, while the Kappa-distributed negative ions
are inertial. This means that the temperature of the pos-
itive ions and mass of the negative ions are important to
describe the dynamics of the waves. In such a scenario,
we can represent the plasma dielectric function of the
Kappa-distributed BI plasma containing Boltzmannian
positive ions and dynamic negative ions in the following
way

ε(k, lqθ, ω) = 1+
∑
α

2ω2
pα

k2θ2α

[
2κα − 1

κα
+ζzαZ(ζzα)+ζθαZ(ζθα)

]
,

(33)
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where ζzα = ω/kθα and ζθα = ω/lqθθα are again the
arguments of the total plasma dispersion function com-
prising axial and azimuthal components. Due to distinct
masses of the pair of ions, the plasma susceptibility of the
positive ions will differ from those of the negative ions.
Therefore, we can write the plasma susceptibility of the
lighter positive ions by applying [ζz+ � 1 & ζθ+ � 1] as9

χ+ =
1

k2λ2D+

(κ+ − 1/2)

(κ+ − 3/2)
(34)

+ 2i
√
π

ωΓ (κ+ + 1)

κ
3/2
+ Γ (κ+ − 1/2)

ω2
p+

k3θ3+

×
[
1 +$

(
1 +$2 ω2

κ+k2θ2+

)−κ+−1 ]
,

and quantify the role of heavier negative ions contribut-
ing to the dynamics of the plasma mode. The plasma
susceptibility of negative ions comprise the limit [ζz− � 1
& ζθ− � 1] and can be expressed as

χ− =−
ω2
p−

ω2

[
1 +

3k2θ2−
ω2

3κ−
(2κ− − 3)

]
(35)

−
ω2
p−

$2ω2

[
1 +

3k2θ2−
$2ω2

3κ−
(2κ− − 3)

]
+ 2i
√
π

ωΓ (κ− + 1)

κ
3/2
− Γ (κ− − 1/2)

ω2
p−

k3θ3−

×
[(

1 +
ω2

κ−k2θ2−

)−κ−−1

+$

(
1 +$2 ω2

κ−k2θ2−

)−κ−−1 ]
.

Again, the dispersion relation of the acoustic-type ion
wave can be calculated by equating the real part of the
dielectric function ε(ω, k, lqθ) to zero. This now yields:

ω2
r =

k2

$2

(
T+
m−

) (
1 +$2

)(
2 (κ+−1/2)
(κ+−3/2) + k2λ2D+

) +

(
3T−
T+

) (
1 +$4

)
(1 +$2)

 .

(36)
The above equation presents the dispersion relation of
acoustic-type twisted ion waves such that T+ � T−.
Here too, the Landau damping rate γ of acoustic-type
twisted ion waves in the presence of helical non-planar
electric field can be obtained from Cauchy’s relation. By
using =(ε) and <(ε) in Cauchy’s relation, we obtain the
following expression for γ:

γ = −
√
πω3

r$
2

k2ω2
p− (1 +$2)

[γ+ + γ−] , (37)

where γ+ and γ− are representing the contributions of the
positive and negative ions to the damping factor. These

contributions are given by the expressions

γ+ =
ωr
k

ω2
p+

θ3+

Γ (κ+ + 1)

κ
3/2
+ Γ (κ+ − 1/2)

(38)[
1 +$

(
1 +$2 ω2

r

κ+k2θ2+

)−κ+−1
]
,

and

γ− =
ωr
k

ω2
p−

θ3−

Γ (κ− + 1)

κ
3/2
− Γ (κ− − 1/2)

[(
1 +

ω2

κ−k2θ2−

)−κ−−1

(39)

+$

(
1 +$2 ω2

κ−k2θ2−

)−κ−−1 ]
.

Again inserting the real component of the plasma disper-
sion (ωr) from Eq. (36) into the set of damping Eqs. (37)-
(39), we can get the following dimensionless weak damp-
ing rate of the acoustic-laden twisted ion waves

γ

ωr
= −

√
π
(
1 +$2

)1/2
$
(

2 (κ+−1/2)
(κ+−3/2) + k2λ2D+

)3/2 [√m+

m−
γ+ + γ−

]
,

(40)
and the simplified forms of γ+ and γ− are as follows

γ+ =
Γ (κ− + 1)

(2κ− − 3)3/2Γ (κ− − 1/2)

[
1 +$ (41)

×

1 +

(
1 +$2

)
Mκ(

2 (κ+−1/2)
(κ+−3/2) + k2λ2D+

)
−κ+−1 ]

,

and

γ− =

(
T+
T−

)3/2
Γ (κ− + 1)

(2κ− − 3)3/2Γ (κ− − 1/2)
(42)

×


1 +

(
1 +$2

)
Tκ

$2
(

2 (κ+−1/2)
(κ+−3/2) + k2λ2D+

)
−κ−−1

+ $

1 +

(
1 +$2

)
Tκ(

2 (κ+−1/2)
(κ+−3/2) + k2λ2D+

)
−κ−−1

 .

Where the quantity Tκ is defined as Tκ = T+/T−(2κ−−3)
and Mκ as Mκ = m+/m−(2κ+ − 3). In the limit that
both $ = k/lqθ (the ratio of the parallel to the azimuthal
wave number) and the spectral index κ are approaching
to infinity, i.e. $ →∞ and κ→∞, the obtained Landau
damping rate is analogous to that given by (Alexandrov
et al. [1984])26.

VI. QUANTITATIVE ANALYSIS

In this section, the damping rates of the classical and
acoustic-laden twisted ion wave are quantified for specific
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FIG. 1. The plots of normalized Landau damping rate γ/ωr
obtained analytically are presented against the normalized
Debye length of positive ions kλD+, for the Kappa-distributed
twisted ion modes using different values of $ = k/lqθ at κ+ =
2, κ− = 3, m+/m− = 1 and T+/T− = 40.

parameter choices and plotted versus kλD+ (the normal-
ized Debye length of positive ions) in bi-ion plasma con-
taining non-thermal Kappa distributed positive and neg-
ative ions12. In Figures 1 to 10, we study the dependency
of the normalized Landau damping rate γ/ωr on various
parameters. Of course, the damping rate is larger, i.e.
the damping is stronger, when γ/ωp− becomes more neg-
ative.

First, we will consider the twisted ion waves in a non-
Maxwellian Kappa-distributed symmetric bi-ion plasma
(having positive and negative ions with similar masses
and distinct spectral indices), i.e. m+/m− = 1, κ+ = 2
and κ− = 3. Figure 1 shows the normalized Landau
damping rate γ/ωr the normalized Debye length of pos-
itive ions kλD+, and for different values of $ = k/lqθ
(the ratio of the parallel to the azimuthal wave num-
ber). We have included four values of $ = k/lqθ to por-
tray the normalized Landau damping rate of the Kappa-
distributed twisted ion wave, especially (i) for the case
with an azimuthal wave number greater than the parallel
(axial) wave number, lqθ > k such that $ = 0.5; (ii) the
case when the azimuthal wave number is equal to the par-
allel wave number, lqθ = k such that $ = 1; and (iii) for
the case where the azimuthal wave number is less than
the parallel wave number, lqθ < k such that $ = 1.5,
for a helical (azimuthal electric field), respectively, and
one for the planar electric field case (iv) for a very small
azimuthal wave number (so that lqθ ∼= 0) in comparison
to the parallel wave number k such that $ =∞.

The figure elucidates that the normalized Landau
damping rate of the twisted ion wave, γ/ωr, is the small-
est (in absolute value) for $ = 1, while it is mildly larger
for the larger $ = 1.5 and considerably larger for the
smaller $ = 0.5, as compared to each other for the helical

FIG. 2. The plots of normalized Landau damping rate γ/ωr
obtained analytically are presented against the normalized
Debye length of positive ions kλD+, for the Kappa-distributed
twisted ion modes using different values of T+/T− at κ+ =
2, κ− = 3, m+/m− = 1 and $ = 0.5.

(azimuthal electric field) cases. The scientific delineation
of the largest damping rate is the presence of the large
number of particles interacting with the twisted ion wave
for the $ = 0.5 < 1 case. Therefore, the damping rate of
the twisted ion wave for the $ = 0.5 < 1 case is traced
larger (in absolute value) than for the cases $ = 1.5 and
$ = 1.0. However, if we analyze the damping curves
of the twisted ion wave case ($ = 0.5, 1, 1.5) correla-
tive to the planar ion wave case ($ =∞), the red planar
curve emerges below the twisted wave curves. Hence, the
damping rates of non-planar twisted ion wave is smaller
in comparison to the planar ion wave.

Figure 2 manifests the normalized Landau damp-
ing rates γ/ωp− of the twisted ion wave in the non-
Maxwellian Kappa-distributed symmetric bi-ion plasma
(with similar masses and distinct spectral indices), i.e.
m+/m− = 1, κ+ = 2 and κ− = 3 and such that the
temperature of the positive ions is higher than that of
the negative ions, i.e. T+ > T−. The normalized Lan-
dau damping rate γ/ωp− is plotted against the normal-
ized Debye length of the positive ions, kλD+, for five
different values of the temperature ratio of positive to
negative ions viz. T+/T− = 10, 20, 30, 40 and 50. It is
evident that the normalized damping rate γ/ωp− of the
twisted ion wave is minimal for T+/T− = 10 (correspond-
ing to the maximal damping rate γ/ωp−) and maximal
for T+/T− = 50 (corresponding to the minimal damp-
ing rate). It is evinced that the Landau damping rate
of the twisted ion wave increases with descending magni-
tude of the temperature ratio of positive to negative ions,
T+/T−, and decreases with ascending temperature ratio
of positive to negative ions. The reason for such behav-
ior is again associated with the wave-particle interaction
phenomenon. The supra-thermal particles can transmit
more energy to the twisted ion wave, if the temperature
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ratio of positive to negative ions, T+/T−, is higher and
the Landau damping rate of the twisted ion wave de-
creases. Therefore, the Landau damping of the twisted
ion wave is higher for the smaller value of the tempera-
ture ratio of positive to negative ions, because the energy
supply by the particles to the wave consequently reduces
with lower T+/T−.

Now, the acoustic-laden twisted ion waves is elucidated
to investigate the dispersion of the real frequency ωr in
Kappa-distributed asymmetric bi-ion plasma (with dis-
tinct masses and spectral indices of positive and negative
ions ) i.e., m+/m− = 0.1, κ+ = 2 and κ− = 3 . Figure
3 annotates the surface plot of the normalized real fre-
quency ωr/ωp− against the normalized Debye length of
positive ions kλD+ for fixed values of the temperature ra-
tio of positive to negative ions T+/T− and $ = k/lqθ. It
can be seen that the normalized real frequency ωr/ωp−
ascends with increasing range of the normalized Debye
length of positive ions kλD+. It is obvious that the large
number of suprathermal particles are probable for the
larger value of the normalized Debye length of positive
ions kλD+. Therefore, the immense number of suprather-
mal particles contribute more to magnitude of the fre-
quency. That’s why, the altitude of the curve rises with
the elevation in the value of the normalized Debye length
of positive ions kλD+.

Fig. 3(a) illustrates the results of the normalized real
frequency ωr/ωp− , which are produced by the analyti-
cal solution of the plasma dielectric function. Whlie the
exact numerical results of the normalized real frequency
ωr/ωp− are attained Fig. 3(b) by using exact numerical
solution of the plasma dielectric function.

The comparison of approximative analytical and exact
numerical results (shown in the upper and lower pan-
els, respectively) of the normalized real frequency ωr/ωp−
has been displayed in the Fig. 3(c). It is revealed that
the normalized real frequency ωr/ωp− has higher mag-
nitude for the numerical results and even the area un-
der the curve is more for the numerical results. In the
high frequency region, the numerical curve approaches
the analytical curve, until they cut each other about
kλD+ = 0.99. While the frequency curves exhibit the
asymptotic demeanor owing to the shorter wavelength
(i.e., smaller values of kλD+) correlative to the low fre-
quency region. This is because that the plasma dielectric
function is solved till the second order-term for obtaining
the analytical results. That’s why, the analytical results
evince contradiction with the numerical results in the low
frequency region.

Figure 4 declares the plots of the normalized real
frequency ωr/ωp− relative to the acoustic-laden twisted
ion wave in Kappa-distributed asymmetric bi-ion plasma
(having distinct masses and spectral indices for the pos-
itive and negative ions) i.e., m+ 6= m−, κ+ = 2 and
κ− = 3. The normalized real frequency ωr/ωp− is plot-
ted corresponding to the temperature ratio of positive to
negative ions T+/T−. It is observed that the normalized
real frequency ωr/ωp− descends with increasing value of

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.4

0.5

0.6

0.7

0.8

0.9

kΛD+

Ω
r�
Ω

p-

HaL

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.5

0.6

0.7

0.8

0.9

kΛD+

Ω
r�
Ω

p-

HbL

Analytical Results

Numerical Results

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.4

0.5

0.6

0.7

0.8

0.9

kΛD+

Ω
r�
Ω

p-

HcL

FIG. 3. The plots of normalized real frequency ωr/ωp−
obtained (a)Analytically and (b)Numerically are presented
against the normalized Debye length of positive ions kλD+,
for the Kappa-distributed acoustic-laden twisted ion modes
(c) A comparative plot between analytical (Blue) and numer-
ical (Green) results at κ+ = 2, κ− = 3, m+/m− = 0.001 and
T+/T− = 30.

the temperature ratio of positive to negative ions T+/T−.
This demeanor of normalized real frequency ωr/ωp− is
very lucid. Evidently, the large amount of energy is
absorbed by the particles from the wave, which results
in the enhancement of particles temperature and reduc-
tion in the magnitude of the normalized real frequency
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FIG. 4. The plots of normalized real frequency ωr/ωp−
obtained (a)Analytically and (b)Numerically are presented
against the temperature ratio of positive to negative ions
T+/T−, for the Kappa-distributed acoustic-laden twisted ion
modes (c) A contrast between Blue-analytical and Green-
numerical curves at κ+ = 2, κ− = 3, m+/m− = 0.001 and
$ = 0.5.

ωr/ωp− .

Figs. 4(a) and 4(b) show the analytical and numerical
plots in the upper and lower panels respectively. The an-
alytical plot is obtained from the approximated solution
of the plasma dielectric function. But the exact numer-
ical solution of the plasma dielectric function is utilized
for the numerical plot. The analytical plot has reduced

FIG. 5. The plots of normalized Landau damping rate γ/ωr
obtained analytically are presented against the normalized
Debye length of positive ions kλD+, for the Kappa-distributed
acoustic-laden twisted ion modes using different values of $ =
k/lqθ at κ+ = 2, κ− = 3, m+/m− = 0.001 and T+/T− = 30.

magnitude in comparison to the numerical plot.

The contrast between the analytical and numerical
curves of the normalized real frequency ωr/ωp− has been
analyzed in the Fig. 4(c). Again, the frequency curves
of the analytical and numerical solutions converge in the
high frequency region, until they cross each other about
T+/T− = 6. On the other hand, the plot divulge devia-
tion between approximative analytical and exact numer-
ical curves in the low frequency region. The reason for
this discrepancy is the endorsement of the essential ap-
proximation for computing the analytical results, whose
validity is questionable in the low frequency region.

Instantly, we consider the acoustic-laden twisted ion
waves in the non-Maxwellian Kappa-distributed asym-
metric bi-ion plasma (having positive and negative ions
with distinct masses and spectral indices) i.e., m+/m− =
0.1, κ+ = 2 and κ− = 3. Figure 5 provides an illustra-
tion of numerical evaluations of the normalized Landau
damping rate γ/ωr which are plotted against the normal-
ized Debye length of positive ions kλD+. Various values
of the azimuthal wave number lqθ have been considered.
In fact, we have considered three cases of $ = k/lqθ
(the ratio of the parallel to the azimuthal wave number)
to plot the normalized damping rate of the wave versus
kλD+, namely (i) for the case with an azimuthal wave
number lqθ greater than the parallel wave number k such
that $ = 0.5; (ii) the case when the azimuthal wave
number lqθ is equal to the parallel wave number k such
that $ = 1; and (iii) for the case where the azimuthal
wave number lqθ is less than the parallel wave number k
such that $ = 1.5, for the non-planar (azimuthal electric
field) cases, respectively, and one for the planar electric
field case (iv) for a very small azimuthal wave number (so
that lqθ ∼= 0) in comparison to the parallel wave number
k such that $ =∞.
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FIG. 6. The plots of the normalized Landau damping
rate γ/ωr are illustrated numerically against the temperature
ratio of the positive to negative ions T+/T−, for the Kappa-
distributed acoustic-laden twisted ion modes using different
values of kλD+ at κ+ = 2, κ− = 3, m+/m− = 0.001 and
$ = 0.5.

It can be observed from Figure 5 that the normalized
Landau damping rate of the acoustic-laden twisted ion
wave γ/ωr is the smallest (in absolute value) for $ =
1, while it is slightly larger for the larger $ = 1.5 and
substantially larger for the smaller $ = 0.5, as compared
to each other for the non-planar (azimuthal electric field)
cases. The physical reason for the wave damping rate
to be so large for the $ = 0.5 < 1 case seems to be
that for large azimuthal wave numbers a larger number of
particles will take energy from the wave so that the wave-
particle interaction increases. Therefore, the damping
rate of the wave for the $ = 0.5 < 1 case is traced
larger (in absolute value) than for the cases $ = 1.5 and
$ = 1. However, if we compare the wave damping rate of
the twisted wave cases ($ = 0.5, 1, 1.5) with the planar
case ($ = ∞), the red planar curve appears below the
twisted wave curves in the figure, thus showing higher
damping rate values for the planar mode in comparison
to non-planar acoustic-laden (twisted) ion mode.

The exact numerical results are demonstrated for the
acoustic-laden twisted ion waves in Figure 6. Again, we
have non-Maxwellian Kappa-distributed asymmetric bi-
ion plasma (having positive and negative ions with dis-
tinct masses and spectral indices), i.e. m+/m− = 0.1,
κ+ = 2 and κ− = 3. Plots of the normalized Lan-
dau damping rate γ/ωr are shown and analyzed against
the temperature ratio of the positive to negative ions
T+/T−. Actually, four discrete values of the normalized
Debye length of the positive ions kλD+ are chosen to in-
vestigate the normalized Landau damping rate γ/ωp− of
the acoustic-laden twisted ion waves (viz. kλD+ = 0.3,
kλD+ = 0.5, kλD+ = 0.7 & kλD+ = 0.9). It is revealed
that the Landau damping rate γ/ωp− is minimal for the
lower value of the normalized Debye length of the positive
ions such that kλD+ = 0.3, while the Landau damping

rate γ/ωr is maximal with kλD+ = 0.9. It is obvious that
the larger value of kλD+ corresponds to large number of
probable supra-thermal particles, taking energy from the
wave through the wave-particle interaction. That is why
the Landau damping rate γ/ωr of the blue curve is max-
imal. On the other hand, the number of supra-thermal
particles participating in the wave-interaction phenom-
ena are reduced with the smaller value of kλD+, which
corresponds to the minimal damping of the acoustic-
laden twisted ion waves.

Figure 7 involves both (a)analytical and (b)an ex-
act numerical exhibition of the acoustic-laden twisted ion
waves in the non-Maxwellian Kappa-distributed asym-
metric bi-ion plasma (having positive and negative ions
with distinct masses and spectral indices), i.e. m+/m− =
0.1, κ+ = 2 and κ− = 3. The normalized Landau damp-
ing rate γ/ωr is examined against the temperature ratio
of the positive to negative ions T+/T−. The azimuthal
wave number lqθ has been assigned three values correlat-
ing the non-planar morphology of the electric field. The
three non-planar cases of $ = k/lqθ (the ratio of the
parallel to the azimuthal wave number) are inspected,
specifically (i) for the case with the parallel wave num-
ber k less than an azimuthal wave number lqθ such that
$ = 0.5; (ii) the case when the parallel wave number
k is equal to the azimuthal wave number lqθ such that
$ = 1; and (iii) for the case where the parallel wave num-
ber k is greater than the azimuthal wave number lqθ such
that $ = 1.5, for the non-planar (azimuthal electric field)
cases, respectively. It is evident that the normalized Lan-
dau damping rate of the acoustic-laden twisted ion wave
γ/ωr is least (in absolute value) for k/lqθ = 1, while it
is marginally larger for the larger k/lqθ = 1.5 and es-
sentially larger for the smaller k/lqθ = 0.5, as compared
to each other for the twisted (azimuthal electric field)
cases. Physically, the large number of particles are ab-
sorbing energy from the acoustic-laden twisted ion wave
for the small value of $ = 0.5 < 1 in comparison to the
$ = 1.5 > 1 and $ = 1.0. Therefore, the Landau damp-
ing rate of the wave for the $ = 0.5 < 1 case is traced
below the $ = 1.5 and $ = 1.0 cases.

Figure 7(a) presents the approximated analytical
curves of the normalized Landau damping rate γ/ωr of
the acoustic-laden twisted ion wave, while Fig. 7(b) il-
lustrates the numerical results obtained from the exact
numerical solution of the plasma dielectric function of
the Kappa-distributed asymmetric bi-ion plasma.

The contrast of the panels (a) Analytical results & (b)
Numerical results has been depicted in Fig. 7(c). The
analytical and exact numerical curves elevate almost par-
allel in the weak damping region. The minor difference
appears between the analytical and numerical curves be-
cause we have expanded the plasma dispersion function
to the second order term. In the strong damping region,
the analytical curves start rising upward about T+/T=4,
which contradicts the physical interpretation of the Lan-
dau damping rate. But the exact numerical results keep
the true interpretation of the Landau damping rate even
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FIG. 7. The plots of the normalized Landau damping rate
γ/ωr are obtained (a)Analytically and (b)Numerically against
the temperature ratio of the positive to negative ions T+/T−,
for the Kappa-distributed acoustic-laden twisted ion modes
using different values of $ (c) Distinctive curves of analytical
and numerical results of the Kappa-distributed asymmetric
bi-ion plasma for$ = 0.5 at κ+ = 2, κ− = 3, m+/m− = 0.001
and kλD+ = 0.5.

FIG. 8. The plots of normalized Landau damping rate
γ/ωr obtained (a)Analytically and (b)Numerically are pre-
sented against the normalized Debye length of positive ions
kλD+, for the Kappa-distributed acoustic-laden twisted ion
modes using different values of T+/T− (c) Disparity between
the analytical and numerical results of the Kappa-distributed
asymmetric bi-ion plasma for T+/T− = 50 at κ+ = 2, κ− = 3,
m+/m− = 0.001 and $ = 0.5.
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in the strong damping region and follow the same down-
ward trend of the Landau damping rate.

Here, we consider the case of non-Maxwellian Kappa-
distributed asymmetric bi-ion plasma, namely with κ+ =
2;κ− = 3, and such that the temperature of the pos-
itive ions is greater than that of the negative ions i.e.,
T+ > T−. Figure 6 illustrates (a)analytical and (b)
exact numerical evaluations of the normalized Landau
damping rates γ/ωr, plotted against the normalized De-
bye length of the positive ions, kλD+, of the acoustic-
laden twisted ion waves for various values of the tem-
perature ratio of positive to negative ions T+/T−. We
have chosen four different temperature ratios of positive
to negative ions, viz. T+/T− = 20, 30, 40, and 50, to
illustrate the effect of this temperature ratio. It can be
observed that γ/ωr is minimal for T+/T− = 50 (cor-
responding to maximal damping rate γ/ωr) and maxi-
mal for T+/T− = 20 (corresponding to minimal damping
rate). This analysis thus clearly reveals that the Landau
damping rate of the acoustic-type twisted ion waves in-
creases when the temperature ratio of positive to negative
ions T+/T− decreases (as can be seen in Fig. 6). The rea-
son for such behavior is again associated with the wave-
particle interaction phenomenon. If the temperature ra-
tio of positive to negative ions T+/T− is higher, then the
suprathermal particles can provide more energy to the
wave and the Landau damping rate of the acoustic-laden
twisted ion wave decreases. Hence, the Landau damping
rate is larger for the smaller value of the temperature ra-
tio of positive to negative ions T+/T−, because the energy
supply consequently reduces with lower T+/T−.

Figure 8(a) demonstrates the approximated analyti-
cal curves of the normalized Landau damping rate γ/ωr
of the acoustic-laden twisted ion waves. On the other
hand, Fig. 8(b) illustrates the exact numerical results
of the acoustic-laden twisted ion waves, which are ac-
complished from the approximation-free solution of the
plasma dielectric function of asymmetric bi-ion plasma.

Fig. 8(c) represents the correlation between the damp-
ing rates γ/ωr of the analytical and numerical results.
The damping curves of the analytical curve are more
steeper and have weak Landau damping rate γ/ωr in
comparison to the numerical curve. While the damp-
ing rate of the numerical results remain good even in
the strong damping region. This is because that ana-
lytical results are approximated and obtained from the
expansion of the plasma dispersion function up to the
square term by employing the resonance conditions of
positive and negative ions. While, the numerical results
are achieved from the exact solution of the plasma dielec-
tric function without any approximation.

Figure 9 presents the numerical plots of normalized
Landau damping rates γ/ωr versus the normalized De-
bye length of positive ions kλD+ of the acoustic-laden
twisted ion waves at various values of the spectral indices
κ+ and κ−. We have selected three cases with distinct
and one cases with similar spectral indices. For the dis-
tinct Kappa-distributed i.e., κ+ = 2 and κ− = 3 and

FIG. 9. The plots of normalized Landau damping rate γ/ωr
obtained analytically are presented against the normalized
Debye length of positive ions kλD+, for the Kappa-distributed
acoustic-laden twisted ion modes using different values of
spectral indices κ+ and κ− at $ = 0.5, m+/m− = 0.001
and T+/T− = 30.

Maxwellian distributed i.e., κ+ = κ− → ∞ spectral in-
dices, the Landau damping rate of acoustic-laden twisted
ion waves is higher for the Kappa-distributed spectral in-
dices in comparison to the Maxwellian distributed case.
The physical reason for this fact is the presence of the
large number of supra-thermal particles for small values
of the spectral index, which results in the absorption of
more energy from the wave as compare to Maxwellian dis-
tributed particles. That is why the damping rate of the
acoustic-type twisted ion waves in bi-ion plasma is larger
in Kappa-distributed plasma as compare to Maxwellian
plasma. For the distinct spectral indices, the Landau
damping rate of the acoustic-laden twisted ion waves in
larger for the κ+ < κ− and smaller for the case where
κ+ > κ−.

In Figure 10, a colored contour plot is shown of
the normalized damping rate γ/ωr of the acoustic-laden
twisted ion waves in non-Maxwellian Kappa-distributed
asymmetric bi-ion plasma as a function of the normalized
Debye length of the positive ions kλD+ and $ = k/lqθ,
the ratio of the parallel to the azimuthal wave number
with T+/T− = 30. It shows that for increasing values of
$ = k/lqθ (and a fixed value of kλD+), the magnitude
of the damping rate of the wave (|γ/ωr|) decreases. The
same trend in the damping rate also occurs for a fixed
value of $ = k/lqθ and a decreasing value of kλD+. The
large values of kλD+ correspond to higher spatial dimen-
sions and, consequently, the presence of large numbers of
suprathermal particles in the energy distribution spec-
trum. When enormous amounts of energetic particles
interact with the wave, the magnitude of the absorbed-
energy enhances by the wave-particle interaction phe-
nomena. Hence, the particles take more energy from the
wave and this yields higher Landau damping rates of the
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FIG. 10. Colored contour plots of normalized Landau damp-
ing rate γ/ωr obtained analytically are presented against the
normalized Debye length of positive ions kλD+ and $ =
k/lqθ, for the Kappa-distributed acoustic-laden twisted ion
modes at κ+ = 2, κ− = 3, m+/m− = 0.001 and T+/T− = 30.

acoustic-laden twisted ion wave and vice versa.

Figure 11 is a colored contour plot of the normal-
ized Landau damping rate γ/ωr of the Kappa-distributed
acoustic-laden twisted ion waves as function of the tem-
perature ratio of positive to negative ions T+/T− and the
ratio of the conventional to the azimuthal wave number
$ in an asymmetric bi-ion (BI) plasma with kλD+ = 0.3.
It can be seen that the magnitude of the Landau damp-
ing rate of the Kappa-distributed acoustic-laden twisted
ion waves |γ/ωr| decreases with increasing values of $
(i.e., when the azimuthal wave number lqθ is smaller as
compare to the conventional wave number k). The effect
of the ratio of the temperature of positive to that of nega-
tive ions, T+/T−, on the damping rate of the wave is also
clarified. The figure reveals that the magnitude of the
Landau damping rate |γ/ωr| shows an decreasing trend
with increasing values of the ratio T+/T−, which means
that the temperature of the bi-ion plasma may be due to
the energy injected by suprathermal particles. When the
particles absorb more energy from the wave the Landau
damping rate is smaller, and when the particles take less
energy from the wave, the damping is larger.

Figure 12 is a colored contour plot of the normal-
ized Landau damping rate γ/ωr of the Kappa-distributed
acoustic-laden twisted ion waves versus the normalized
Debye length of positive ions kλD+ and the mass ratio
of positive to negative ions m+/m− in an asymmetric
Kappa-distributed bi-ion (BI) plasma with T+/T− = 30
and $ = k/lqθ = 0.5. It is shown that the magnitude
of the Landau damping rate |γ/ωr| of the wave increases
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FIG. 11. Colored contour plots of normalized Landau damp-
ing rate γ/ωr obtained analytically are presented against
the temperature ratio of positive to negative ions T+/T−
and $ = k/lqθ, for the Kappa-distributed acoustic-laden
twisted ion modes at κ+ = 2, κ− = 3, kλD+ = 0.3 and
m+/m− = 0.001.
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FIG. 12. The contour plots of normalized Landau damping
rate γ/ωr obtained analytically are presented against the nor-
malized Debye length of positive ions kλD+ and mass ratio
m+/m−, for the Kappa-distributed acoustic-laden twisted ion
modes at κ+ = 2, κ− = 3, $ = k/lqθ = 0.5 and T+/T− = 30.
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with increasing dimensionless Debye length kλD+ of pos-
itive ions. This can be understood as follows: with larger
Debye length kλD+, the wave finds a larger number of
probable particles that take energy from the wave to
enhance its damping in comparison to the case with a
shorter Debye length kλD+. It is observed that, as the
mass of positive ion m+ approaches the mass of the neg-
ative ions m−, i.e. as m+/m− → 1, the damping rate
of the wave increases. This is due to the fact that the
increasing asymmetry in the mass of Kappa-distributed
bi-ion plasma lowers the number of particles taking en-
ergy of the wave. That is why the heavy negative ions
have a higher magnitude of the damping rate in compar-
ison to positive ions.

VII. CONCLUSIONS

To conclude, in the present paper, a twisted kinetic
model has been developed to estimate the weak Landau
damping rates with mass-symmetry for both Kappa and
Maxwellian distributed bi-ion plasmas. The traditional
ion waves with twisting character are detected, at least
as long as the symmetry of the bi-ion plasmas remain
invariant. The twisting is incubated by the phase varia-
tion of the non-planar helical wave-fronts along the spa-
tial and azimuthal dimensions. The delicate doping of
high mass immobile ions may cause a broken-symmetry,
and then we have asymmetric bi-ion plasma, which ex-
hibits the novel acoustic-laden twisted ion waves. The
set of Vlasov-Poisson equations have been solved under
the paraxial approximation to manipulate the decom-
posed distribution function and potential via the La-
guerre Gaussian (LG) mode function. The numerical
evaluations of the obtained weak damping rate expres-
sions are also illustrated for the peculiar acoustic-laden
twisted ion waves in the asymmetric case of the Kappa-
distributed bi-ion plasmas. The weak and strong damp-
ing results have been analyzed to show its dependency
on various parameters, like the normalized wave num-
ber kλD+, the axial to azimuthal wave number ratio
$ = k/lqθ, the spectral indices κ+ & κ−, the positive
to negative ion temperature ratio T+/T− and the mass
ratio m+/m−.

The weak Landau damping rates of the planar ion
waves (i.e. lqθ ∼= 0) are higher in comparison to the
twisted ion waves (i.e., k < lqθ, k = lqθ & k > lqθ). For
the twisted cases, the damping is enhanced for k < lqθ,
reduced when k > lqθ and least depreciated with k = lqθ.
The twisted ion waves are significantly damped for the
smaller values of the positive to negative ion temperature
ratio T+/T− and a reduced damping is attained for the
larger positive to negative ion temperature ratio T+/T−.

The normalized real frequency ωr/ωp+ of the twisted
acoustic-laden ion waves is found to be growing with the
normalized Debye length of the positive ions kλD+ and
falling relative to the positive to negative ion temper-
ature ratio T+/T−. The numerical plots show higher

magnitude of the real frequency in comparison to the
analytical plots.

The weak Landau damping rates of the twisted
acoustic-laden ion waves are minimal for k = lqθ, larger
for k < lqθ and smaller for k > lqθ. For the planar case
of the acoustic-type ion wave, i.e. lqθ ∼= 0, the Landau
damping rates are the highest. The twisted acoustic-
laden ion waves are highly damped for smaller values of
the positive to negative ion temperature ratio T+/T− and
a declined damping curve is obtained for larger positive
to negative ion temperature ratio T+/T−. The damp-
ing curves are also examined for the distinct spectral in-
dices of positive and negative ions, i.e. κ+ & κ−. The
twisted acoustic-laden ion waves are weakly damped for
smaller values of the spectral indices and the damping
rate increases as the value of Kappa index approaches
the Maxwellian limit. The results of the investigations
are further clarified with contour plots. The ascending
damping magnitudes are depicted with rising normalized
wave number kλD+, descending axial to azimuthal wave
number ratio $ = k/lqθ, depreciation in the fraction of
positive to negative ion temperature T+/T− and reduced
mass ratio of positive to negative ions ,m+/m−.

The strong damping results of the acoustic-laden
twisted ion waves are achieved from the exact solution
of the plasma dispersion function by employing stan-
dard Newton-Raphson method. In particular, the strong
damping curves are attained to examine the authentic de-
meanor of the normalized Landau damping rates γ/ωr in
the strong damping region. The damping of the twisted
acoustic-laden ion wave is more stronger for the broader
range of the normalized wave number i.e., kλD+ = 0.9
and less stronger for the relatively shorter range i.e.,
kλD+ = 0.3. The strong damping rates of the acoustic-
laden twisted ion waves are maximal for the k < lqθ,
smaller for k > lqθ and least for k = lqθ. The twisted
acoustic-laden ion waves have higher magnitude of the
damping rate for smaller values of the positive to nega-
tive ion temperature ratio T+/T− and a reduced magni-
tude of the damping curve is obtained for larger positive
to negative ion temperature ratio T+/T−.

The asymmetry can originate from many neoteric phe-
nomena in plasmas, like the existence of acoustic-laden
twisted ion wave in Kappa-distributed asymmetric bi-ion
plasmas. The mass of the bi-ions (positive and negative
ions) does not remain similar under a broken-symmetry.
On the contrary, the adhesion/cohesion of the high-mass
immobile ions may constitute heavier negative ions and
lighter positive ions in the bi-ion plasmas. The corre-
sponding underweight positive ions and massive nega-
tive ions reinforce the acoustic signatures in the Kappa-
distributed bi-ion plasmas. Such mass oriented asymme-
tries may appear in electron-positron plasmas, electron
hole plasmas, astrophysical jets, pulsar magnetospheres
and dusty plasmas.

We have also introduced the non-planar (azimuthal)
essence of the Kappa-distributed bi-ion plasma. The az-
imuthal parameter has been incorporated by consider-
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ing the exchange of orbital angular momentum between
the helical field and the plasma modes. This deporta-
tion persuades the non-planar morphology of the wave-
fronts, which is comprised by the propagation of the wave
along the axial and azimuthal directions. The discov-
ered morphologies of the astrophysical and space plas-
mas are non-planar like ring-shaped, helical, spiral, etc.
Therefore, it is reasonable to implicate the azimuthal
factor ascribing the phase variation relative to geomet-
rical morphology. Remark that we have selected the
non-Maxwellian or Kappa aspect of the plasma species,
i.e. positive and negative ions. The adequate distri-
bution of the inertial (heavier) particles is customarily
adopted as Maxwellian, if the inertialess particles are
non-Maxwellian distributed. However, the distribution
of the bi-ions has been defined as Lorentzian or Kappa
distribution, but the Kappa index of the massive species
is larger correlative to lighter species. Massive particles
like protons, ions, and dust particles are certainly cooler,
and accordingly their distributions must be Maxwellian
as for inertialess particles. In space plasmas, the dis-
tributions of inertialess species, like electrons, is well-
reproduced by a Kappa-distributed. Hence, it is accept-
able to assume a larger spectral index for the heavier
particles correlated lighter particles. Twisted waves can
significantly contribute to the current understanding of
the asymmetric plasmas. These studies may devise many
concealed features of the non-Maxwellian plasmas espe-
cially correlative to ion acoustic waves. In the future,
we can discover a collection of new twisted and planar
modes by meditating various asymmetries in space and
laboratory plasmas.
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