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Abstract

We investigate the structure and evolution of multiphase ice-ocean interfaces (‘mushy layers’) and the implications for the

geophysics and habitability of ice-ocean worlds. Understanding the potential diversity of these multiphase layers across solar

system bodies provides insight into the potential rates and mechanisms of heat and solute transport between their respective

oceans and ice shells - which remain largely unconstrained. Additionally, variations in mushy layer properties may drive diverse

geophysical processes unique to individual bodies or that may vary regionally on an individual icy world. We explore mushy

layer evolution by analytically solving for the thickness of a simplified ice-ocean mushy layer system. We investigate two dynamic

regimes, one driven by molecular diffusion and one driven by convection of brine within the mushy layer. We analyze the impact

of gravity, thermal gradient, and ocean composition on the thickness of mushy layers. Additionally, a perturbation analysis is

carried out to investigate the existence of mushy layer steady states. We show that stable mushy layers exist when ice shells

are thickening, suggesting that mushy layers are likely persistent and common features of growing ice shells and accretionary

regions of ice-ocean worlds.
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 4 
Abstract 5 
We investigate the structure and evolution of multiphase ice-ocean interfaces (‘mushy layers’) and 6 
the implications for the geophysics and habitability of ice-ocean worlds. Understanding the 7 
potential diversity of these multiphase layers across solar system bodies provides insight into the 8 
potential rates and mechanisms of heat and solute transport between their respective oceans and 9 
ice shells - which remain largely unconstrained. Additionally, variations in mushy layer properties 10 
may drive diverse geophysical processes unique to individual bodies or that may vary regionally 11 
on an individual icy world. We explore mushy layer evolution by analytically solving for the 12 
thickness of a simplified ice-ocean mushy layer system. We investigate two dynamic regimes, one 13 
driven by molecular diffusion and one driven by convection of brine within the mushy layer. We 14 
analyze the impact of gravity, thermal gradient, and ocean composition on the thickness of mushy 15 
layers. Additionally, a perturbation analysis is carried out to investigate the existence of mushy 16 
layer steady states. We show that stable mushy layers exist when ice shells are thickening, 17 
suggesting that mushy layers are likely persistent and common features of growing ice shells and 18 
accretionary regions of ice-ocean worlds. 19 
 20 
1 Introduction 21 
 Constraining the exchange of energy and mass between the oceans and ice shells of icy 22 
satellites in our solar system is crucial to understanding their geophysical evolution and assessing 23 
their habitability [Jaumann et al., 2009; Sotin and Tobie, 2004; Vance et al., 2018]. Likewise, in 24 
a rapidly changing Earth system, understanding and quantifying the interdependencies of the 25 
cryosphere, hydrosphere, atmosphere, and biosphere is imperative in constraining systems models 26 
aimed at providing accurate forecasts [Notz, 2012; Notz and Bitz, 2017]. In either case, the physics 27 
occurring near the ice-ocean interface play a disproportionate role. When ice forms from an 28 
aqueous solution, such as atop an ocean, it does not form a monocrystalline solid; rather, the ice-29 
liquid interface is characterized by a porous matrix of dendritic (branching) ice crystals bathed in 30 
interstitial brine (e.g. Figure 1). Frequently referred to as a ‘mushy layer’, this two-phase regime 31 
forms a dynamic boundary which governs the evolution and properties of both the overlying ice 32 
and underlying water reservoir [Buffo et al., 2020; Buffo et al., 2018; Grumbine, 1991; Lake and 33 
Lewis, 1970; Lewis and Perkin, 1983; Turner and Hunke, 2015; Wells et al., 2019]. 34 

The most prevalent and well observed example of such an ice-ocean mushy layer is sea 35 
ice. While it has long been known that sea ice is a heterogeneous medium [Malmgren, 1927], only 36 
recently have the dynamics and effects of these physicochemical heterogeneities begun to be 37 
understood, quantified, and incorporated into numerical models. For sea ice, the mushy layer 38 
comprises a substantial amount of the ice cover and determines the heat and mass transport to and 39 
from both the ocean and atmosphere [Aagaard and Carmack, 1989; Bitz and Lipscomb, 1999; 40 
Buffo et al., 2018; Eicken et al., 2002; Freitag, 1999; Griewank and Notz, 2013; Loose et al., 2009; 41 
Loose et al., 2011; Perovich et al., 1997; Perovich et al., 2009; Turner and Hunke, 2015]. It 42 
provides an ecological niche for a diverse and important group of primary producers and grazers 43 
in the polar oceans [Loose et al., 2011; Tedesco and Vichi, 2014; Thomas and Dieckmann, 2003; 44 
Vancoppenolle et al., 2013; Vancoppenolle and Tedesco, 2015], plays a fundamental role in the 45 
formation of global ocean water masses [Dickson and Brown, 1994; Grumbine, 1991; Hughes et 46 
al., 2014; Robinson et al., 2014], and governs the properties and evolution of the overlying sea ice 47 
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[Cottier et al., 1999; Cox and Weeks, 1974; Eicken, 1992; Griewank and Notz, 2015; Kawano and 48 
Ohashi, 2008; Nakawo and Sinha, 1981; Ohashi, 2007]. The evolution of this layer is best 49 
described by the equations of reactive transport in porous media, which account for the diffusive 50 
and advective transport of both heat and mass alongside thermochemical reactions [Feltham et al., 51 
2006; Hunke et al., 2011]. Consequently, models which include the physics of multiphase reactive 52 
transport provide the most accurate simulations of sea ice growth, dynamics and material 53 
properties [Bitz and Lipscomb, 1999; Griewank and Notz, 2013; Griewank and Notz, 2015; Wells 54 
et al., 2019; Wells et al., 2011; Wettlaufer et al., 1997a; Worster and Rees Jones, 2015]. 55 

 56 

 57 
Figure 1 – Mushy layers in natural systems. (Left) A mushy layer forming from a 27 wt% ammonium chloride 58 
(NH4Cl) solution cooled from below. (I) The solid-mush boundary marks the transition from a pure eutectic solid 59 
(bright white formation at the base of the image which has reached a temperature below the binary system 60 
solidification temperature (i.e. eutectic point)) to the mushy layer composed of both solid and liquid. (II) The mush-61 
liquid boundary marks the transition from the mushy layer to the overlying pure fluid (dark region at the top of the 62 
image). (III) Density instabilities in the mushy layer, resulting from the chemical evolution of the pore fluid, drive 63 
convective processes which lead to the formation of channel structures – a common feature in mushy layer. Image 64 
modified from [Zhong et al., 2012]. (Right) An MRI image of laboratory grown sea ice (top-down solidification). 65 
Light colors are associated with large liquid fractions and high salt concentrations. A positive gradient of both is 66 
clearly evident as the mush-liquid interface (II) is approached. For scale, the width of the image is 3.7 cm. Image 67 
modified from [Worster and Rees Jones, 2015]. 68 

 69 
 Ice-ocean/brine interfaces are likely not a feature unique to Earth, as a number of other 70 
solar system bodies likely harbor substantial liquid water reservoirs [Čadek et al., 2016; Carr, 71 
1987; Carr et al., 1998; Kivelson et al., 2000; Kuskov and Kronrod, 2005; Nimmo and Pappalardo, 72 
2016; Porco et al., 2006; Sohl et al., 2003; Vance et al., 2014]. The putative structure of many of 73 
these ice-ocean worlds is a thick (2-80+ km) ice shell overlaying a subsurface ocean from which 74 
the ice shell likely formed (e.g. Europa, Triton, Enceladus) [Schubert et al., 2004]. Other ice-ocean 75 
worlds (e.g. Callisto, Ganymede) may possess subsurface oceans thick enough to maintain layers 76 
of high-pressure ices separating their silicate interiors and liquid water reservoirs [Fortes, 2000; 77 
Kuskov and Kronrod, 2005; Nagel et al., 2004; Sohl et al., 2003; Vance et al., 2014]. Triton and 78 
Pluto possess more exotic ices (e.g. ammonia, nitrogen) that may be in contact with subsurface 79 
oceans [Gaeman et al., 2012; Hammond et al., 2018; Johnson et al., 2016; Nimmo et al., 2016; 80 
Robuchon and Nimmo, 2011], while Ceres likely possesses a water-rich silicate crust and 81 
potentially a deep brine reservoir [Castillo-Rogez and McCord, 2010; Ruesch et al., 2016] as well 82 
as localized near surface hydrological features beneath recent impact craters [De Sanctis et al., 83 

I
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2016; Hesse and Castillo‐Rogez, 2019; Ruesch et al., 2016; Schenk et al., 2019; Scully et al., 2019]. 84 
The potentially widespread existence of ice-ocean/brine mushy layers, and their relation to the 85 
presence and persistence of liquid water, means constraining their dynamics and evolution has 86 
implications for geophysical processes and habitability across the solar system. 87 

A feature that distinguishes the ice on all of these worlds from sea ice on Earth is its 88 
spatiotemporal scale. Sea ice is meters thick and ~1-10 years old, while the shells of icy satellites 89 
may be millions to billions of years old and are typically kilometers to tens of kilometers thick 90 
[Hussmann et al., 2002; Korosov et al., 2018; Kurtz and Markus, 2012; Laxon et al., 2013; 91 
Prockter, 2017; Schubert et al., 2004]. The orders of magnitude disparity between the spatial and 92 
temporal scales of sea ice and planetary ices likely indicates that the latter are subject to unique 93 
thermal and physicochemical processes that cannot be simulated wholescale in the laboratory or 94 
observed in terrestrial ices. 95 

It has been suggested that these thick planetary ice layers may exhibit geophysical 96 
processes and stratigraphy akin to that of Earth’s interior [Barr and McKinnon, 2007; Head et al., 97 
1997; Kattenhorn and Hurford, 2009; Kattenhorn and Prockter, 2014; McKinnon, 1999]. When 98 
the exterior ice shells of these worlds reach a critical thickness, they are thought to undergo solid-99 
state convection, forming stratigraphic layers that mirror the terrestrial lithosphere-mantle-outer 100 
core system [Barr and McKinnon, 2007; Foley and Becker, 2009; Head et al., 1997; McKinnon, 101 
1999; Mitri and Showman, 2005]. The Galilean satellite Europa provides an archetype example of 102 
such a system, exhibiting surface geology indicative of a dynamic, layered ice shell [McKinnon, 103 
1999], consisting of a brittle upper ice lithosphere (~2-6 km) [Pappalardo and Coon, 1996], a 104 
relatively isothermal, ductile ice mantle undergoing solid-state convection, overlaying a liquid 105 
water ocean (here, akin to Earth’s outer core) [Barr and McKinnon, 2007; McKinnon, 1999; Mitri 106 
and Showman, 2005]. There exist regions where the icy lithosphere has likely been 107 
subducted/subsumed into the moon’s interior [Kattenhorn and Prockter, 2014], surface features 108 
that suggest interaction with near surface water [Manga and Michaut, 2017; Michaut and Manga, 109 
2014; Schmidt et al., 2011], evidence of resurfacing [Fagents et al., 2000; Manga and Wang, 110 
2007], and dilational bands that mimic terrestrial mid-ocean ridges [Head et al., 1999; Howell and 111 
Pappalardo, 2018; 2019; Manga and Sinton, 2004; Prockter et al., 2002]. Moreover, the mottled 112 
texture and coloration of Europa’s surface suggests there exist compositional and phase 113 
heterogeneities within the moon’s ice shell [Fanale et al., 1999; Pappalardo and Barr, 2004; 114 
Zolotov and Shock, 2001]. Much like the terrestrial rock cycle, physical and thermochemical 115 
variations within the ice shell likely play a crucial role in governing its material properties, 116 
dynamics and evolution [Barr and McKinnon, 2007; Foley and Becker, 2009; Lyubetskaya and 117 
Korenaga, 2007; Steefel et al., 2005]. 118 

In the magmatic analog, melt transport and evolution, physicochemical heterogeneities, 119 
and regions of phase change are all important factors governing the interior geodynamics of Earth 120 
and the other terrestrial planets [Foley and Becker, 2009; Lyubetskaya and Korenaga, 2007; 121 
Mckenzie, 1984; Nakagawa and Tackley, 2004; Reiners, 1998; Zhong et al., 2008]. Mushy layers 122 
dictate the thermochemical evolution of magma bodies [Fowler, 1987; Huber et al., 2009; Huber 123 
and Parmigiani, 2018; Mckenzie, 1984] and the process of fractional crystallization can be 124 
extended to ice-ocean systems to understand the chemical evolution of interstitial brines. The 125 
terrestrial core-mantle boundary (CMB or D” region) is likely a molten mushy layer whose 126 
structure, topography, and dynamics may drive a number of global geophysical processes 127 
including plate tectonics, mantle plumes, and the geodynamo [Burke et al., 2008; Lay et al., 2008; 128 
Maruyama et al., 2007; Nakagawa and Tackley, 2004; Olson et al., 1987; Olson et al., 2010]. This 129 
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global solid-liquid interface likely exhibits density driven fluid processes and pressure dependent 130 
phase structure akin to the brine rejection and pressure induced basal accretion/ablation cycling of 131 
growing and evolving ice shells [Buffo et al., 2020; Soderlund et al., 2014]. Thus, the analogous 132 
ice-ocean interface may play a similar role in driving the geodynamics of ice-ocean systems. 133 
 Including the physics associated with multiphase reactive transport processes has 134 
revolutionized geophysical models and drastically improved our understanding of Earth’s interior 135 
and the surface expression of these subterranean dynamics [Braun, 2010; Mckenzie, 1984; Steefel 136 
et al., 2005]. While ice-ocean worlds appear to undergo similar processing and exhibit a number 137 
of geological features consistent with a multiphase and hydrologically active lithosphere-mantle-138 
ocean system [Fagents et al., 2000; Greeley et al., 2004; Howell and Pappalardo, 2018; Kargel et 139 
al., 2000; Kattenhorn and Prockter, 2014; Kuskov and Kronrod, 2005; Manga and Michaut, 2017; 140 
McKinnon, 1999; Michaut and Manga, 2014; Schmidt et al., 2011], the physical and 141 
thermochemical structure of these planetary ice layers remain largely unconstrained [Buffo et al., 142 
2020; Kargel et al., 2000]. A number of ice-ocean world geophysical models have highlighted the 143 
importance that impurities, heterogeneity, and melts may play in driving tectonism [Howell and 144 
Pappalardo, 2018; 2019; Johnson et al., 2017], hydrological feature generation and evolution 145 
[Manga and Michaut, 2017; Michaut and Manga, 2014; Schmidt et al., 2011], thermo-146 
compositional convection in the ductile mantle [Barr and McKinnon, 2007], and the formation of 147 
geological features [Head et al., 1999], however the majority of these models implement a priori 148 
heterogeneous distributions of salts and other impurities and do not incorporate the 149 
thermochemical evolution of multiphase systems explicitly. Conversely, recent work, e.g. [Buffo 150 
et al., 2020; Hammond et al., 2018; Hesse and Castillo‐Rogez, 2019; Kalousová et al., 2014; 2016] 151 
has begun to demonstrate the crucial role reactive transport processes and properties of multiphase 152 
regions play in the dynamics and evolution of ice-ocean worlds. It is now clear that planetary ices 153 
are inhomogeneous and reactive: containing structural and chemical heterogeneities that determine 154 
their material properties, and in turn govern the characteristic geophysical processes on ice-ocean 155 
worlds. 156 
 A fundamentally important component in all of the systems outlined above is the 157 
multiphase boundary layer (mushy layer) between regions of solid and regions of liquid. Given 158 
the crucial role multiphase mushy layers play in terrestrial geophysical processes, investigating 159 
their likely analogous counterparts on ice-ocean worlds provides a novel window into potential ice 160 
shell processes. As a gateway for material and energy transport between the ocean and ice shell, 161 
mushy layers determine whether certain environmental parameters can act to catalyze or buffer 162 
material entrainment and/or heat transport at the ice-ocean interface. This has implications for 163 
ocean-surface material transport estimates, basally driven geodynamic processes, surface 164 
expression of potential ocean-derived biosignatures, as well as ice shell composition and material 165 
properties. Here, we present two such investigations; (1) the thickness and (2) the dynamic 166 
equilibrium sensitivity of mushy layers in diverse environments, and discuss the potential effects 167 
of small-scale multi-dimensional processes and heterogeneities (e.g. brine channels – Figure 1) on 168 
the properties and evolution of ice-ocean world mushy layers. 169 
 170 
2 Derivation 171 
 Quantifying the dependence of mushy layer characteristics on local environmental 172 
pressures can aid in predicting the structure and dynamics of the potentially diverse mushy layers 173 
that may exist throughout the solar system, and how these variations could promote or constrain 174 
distinct geophysical processes. Here we investigate the thickness and stability of mushy layers 175 
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using a simplified ice-mush-ocean system (Figure 2). (Note: all nomenclature used throughout the 176 
text can be found in Supplementary Section S2) 177 
 178 
2.1 Equilibrium Mushy Layer Thickness 179 

Given the geometry presented in Figure 2, we define the mushy layer thickness by two 180 
boundaries, the ice-mush interface (I – defined by a critical porosity, 𝜙 = 𝜙! = 0.05, which 181 
represents the percolation threshold of ocean-derived ices [Golden et al., 2007]) and the mush-182 
ocean interface (II – pure fluid boundary, 𝜙 = 1). We assume that when the respective velocities 183 
of these two boundaries are equal an ‘equilibrium’ mushy layer of thickness h will form, i.e.: 184 
 185 

𝑣"(𝑡) = 𝑧̇"(𝑡) = 𝑧̇"∗ (𝑡) = 𝑣"∗ (𝑡)																																						(1) 186 
 187 
We determine the velocity at each interface by solving two decoupled Stefan problems [Huber et 188 
al., 2008; Rubinšteĭn, 2000; Worster, 1986], one dictated by heat transport, the other by mass (salt) 189 
transport. Such an approach is valid because at the mush-ocean interface (II), a high liquid fraction 190 
regime, a small change in liquid fraction (ice formation) will produce a certain amount of latent 191 
heat that needs to be removed from the interface before freezing can continue, while the resultant 192 
increase in salinity due to salt rejection from the forming ice will negligibly affect the freezing 193 
front propagation (i.e. at large liquid fractions the freezing point depression due to salinity increase 194 
will be small). Conversely, at the ice-mush interface (I), a low liquid fraction regime, an equal 195 
amount of latent heat will be produced by the same change in liquid fraction, but a much larger 196 
increase in salinity will occur due to salt rejection. Thus, the freezing point depression due to 197 
salinity increase will be large and for freezing to continue salt must be transported away from the 198 
interface. For example, let us assume perfect salt rejection from forming ice, a change in liquid 199 
fraction of 10%, and an initial pore fluid salinity of 50 ppt. At the mush-ocean interface a change 200 
in liquid fraction from 1 to 0.9 would increase the pore fluid salinity from 50 ppt to ~56 ppt. At 201 
the ice-mush interface a change in liquid fraction from 0.15 to 0.05 would increase the pore fluid 202 
salinity from 50 ppt to 150 ppt. While this is a simplification of a true planetary mushy zone, it 203 
captures the important features and lends itself to analytical solutions that bound the general 204 
evolution of the mushy layer. The strategy presented herein for solving these types of problems 205 
follows closely the heat transfer and Stefan problem solutions presented in Turcotte and Schubert 206 
[2014]. 207 
 208 
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 209 
Figure 2 – Geometry and dynamics of the mushy layer. (Left) Schematic showing the simplified geometry of the 210 
ice-mush-ocean system as well as relevant boundary condition values. (Right) A magnified view of the mushy layer 211 
highlighting the ice-mush (I) and mush-ocean (II) interfaces and their respective propagation velocities. Color 212 
gradation in the mushy layer highlights the structural phase transition from low porosity ice to the pure fluid ocean. 213 
(Note: We consider a one-dimensional problem and assume that curvature is negligible as the distances we consider 214 
are much less than the radius of the body.) 215 
 216 

We assume that the mush-ocean interface (interface II, 𝑧"(𝑡)) propagation is dictated by 217 
conductive heat transport away from the interface upwards through the overlying ice. This is the 218 
Stefan problem describing pure substance solidification and has the solution [Huber et al., 2008; 219 
Turcotte and Schubert, 2014]: 220 
 221 

𝑧"(𝑡) = 2𝜆$0𝜅%𝑡																																																																			(2) 222 
 223 

𝜆$ exp(𝜆$& ) erf(𝜆$) =
𝑐%(𝑇'! − 𝑇()

𝐿√𝜋
																																			(3) 224 

 225 

𝑇(𝑧, 𝑡) = 𝑇( − (𝑇( − 𝑇'!)
erf ? 𝑧

20𝜅%𝑡
@

erf(𝜆$)
																												(4) 226 

 227 
Where 𝑧"(𝑡) is the time dependent solidification front position, 𝑇(𝑧, 𝑡) is the time varying 228 
temperature profile in the overlying ice, 𝜆$ is a transcendental variable, 𝜅% and 𝑐% are the thermal 229 
diffusivity and specific heat of ice, 𝑇'! and 𝑇( are the ocean and surface temperature, respectively, 230 
and 𝐿 is the latent heat of fusion for the water-ice phase transition. 231 

We investigate the evolution of the ice-mush interface (interface I, 𝑧"∗ (𝑡)) in two mass 232 
transport regimes: an advective regime when brine drainage is the dominant mechanism of salt 233 
transport and a diffusive regime when molecular diffusion is the dominant mechanism of salt 234 
transport. These two regimes provide endmember scenarios for mushy layer evolution: the 235 
advective regime will dominate the interface evolution of thin ice and ice-ocean/brine interfaces 236 
subject to large thermal gradients, while the diffusive regime will dictate the interface dynamics 237 
of thick and temperate ice [Buffo et al., 2020]. This is due to the need of a density instability to 238 
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drive advection in the mushy layer. If ice formation is not rapid enough diffusion of salt away from 239 
the ice-mush interface should prevent such instabilities from forming [Balmforth et al., 2007]. In 240 
either case, we will assume that there is no salt in the ice phase, and that the system is governed 241 
by the boundary conditions: 242 
 243 

𝑆(𝑧 = ∞, 𝑡) = 𝑆'! 																																																				(5) 244 
 245 

𝑆(𝑧 = 𝑧"∗ (𝑡), 𝑡) = 𝑆%)*																																												(6) 246 
 247 

𝑆(𝑧, 𝑡 = 0) = 𝑆'! 																																																						(7) 248 
 249 
Where 𝑆'! and 𝑆%)* are the ocean and ice-mush interface salinity, respectively. Introducing the 250 
dimensionless salinity ratio: 251 
 252 

𝜃 =
𝑆 − 𝑆'!
𝑆%)* − 𝑆'!

																																																										(8) 253 

 254 
We see that the boundary conditions on 𝜃 are: 255 
 256 

𝜃(𝑧 = ∞, 𝑡) = 0																																																							(9) 257 
 258 

𝜃(𝑧 = 𝑧"∗ (𝑡), 𝑡) = 1																																																		(10) 259 
 260 

𝜃(𝑧, 𝑡 = 0) = 0																																																										(11) 261 
 262 
2.1.1 Diffusion Regime 263 

We investigate the interfacial velocity (and ultimately the mushy layer thickness) in the 264 
diffusive regime first. In this case, the evolution of salinity, 𝑆, in the system is governed by: 265 
 266 

𝜕𝑆
𝜕𝑡 = 𝐷

𝜕&𝑆
𝜕𝑧& 																																																																	

(12) 267 

 268 
Where 𝐷 is the molecular diffusivity of salt in water, here chosen to be constant so that it can be 269 
removed from the spatial derivative. In reality, ion diffusivity within porous media is a positively 270 
correlated function of porosity (e.g. Archie’s Law [Buffo et al., 2020; Buffo et al., 2018]). 271 
However, this will act to further limit ion mobility and thus does not alter our conclusions about 272 
mushy layer evolution in the diffusive regime. This problem is well documented in the literature 273 
[Gewecke and Schulze, 2011a; b; Worster, 1986], and we include the detailed solution of Equation 274 
12 and the resulting mushy layer equilibrium thickness equations for the specific geometry 275 
outlined in Figure 2 in Supplementary Section S1. 276 

In this diffusive regime, equilibrium mushy layer thicknesses always exceed the total ice 277 
thickness (Supplementary Equation S12 & S13). This is an impossible mushy layer thickness and 278 
implies that there does not exist stable mushy layer thicknesses driven by diffusion of salt from 279 
the ice-mush interface. This is a known result for mushy layers growing in an infinite half space 280 
[Worster, 1986] as the molecular diffusivity of salt is much less than the thermal diffusivity of ice 281 
(Lewis number		= 𝐿𝑒 = 𝜅% 𝐷⁄ ≫ 1) and salinity is tied to temperature by a linear liquidus 282 
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relationship (concentration dependent freeing point - see Equation S11 or Equation 24). Thus, 283 
large salinity gradients in the absence of large thermal gradients cannot occur (which could 284 
potentially offset the difference between D and 𝜅%), and ice growth at the mush-ocean interface 285 
outpaces salt diffusion at the ice-mush interface. 286 

 287 
2.1.2 Advection Regime 288 

When advection dominates diffusion, the evolution of salinity in the system is governed 289 
by: 290 
 291 

𝜕𝑆
𝜕𝑡 = −𝑏

𝜕𝑆
𝜕𝑧 																																																								(13) 292 

 293 
Where b is the brine velocity out of the interfacial layer parameterized by the Rayleigh number 294 
dependent linear relationship presented in [Griewank and Notz, 2013] (See Equation 22). In 295 
dimensionless form 𝜃: 296 
 297 

𝜕𝜃
𝜕𝑡 = −𝑏

𝜕𝜃
𝜕𝑧 																																																						(14) 298 

 299 
We introduce the dimensionless length scale: 300 
 301 

𝜂 =
𝑧
𝑏𝑡 																																																																	(15) 302 

 303 
And it follows that at the interface, 𝑧"∗ , the dimensionless variable can be written: 304 
 305 

𝜂" =
𝑧"∗

𝑏𝑡 																																																														(16) 306 

 307 
Rewriting the advection equation components in terms of 𝜂: 308 
 309 

𝜕𝜃
𝜕𝑡 =

𝑑𝜃
𝑑𝜂

𝜕𝜂
𝜕𝑡 =

𝑑𝜃
𝑑𝜂

−𝑧
𝑏𝑡& = −

𝜂
𝑡
𝑑𝜃
𝑑𝜂 																				(17) 310 

 311 
𝜕𝜃
𝜕𝑧 =

𝑑𝜃
𝑑𝜂

𝜕𝜂
𝜕𝑧 =

1
𝑏𝑡
𝑑𝜃
𝑑𝜂 																																								(18) 312 

 313 

⟹ 		𝜂
𝑑𝜃
𝑑𝜂 =

𝑑𝜃
𝑑𝜂 																																																			(19) 314 

 315 
Therefore 𝜂 = 𝜂" = 1. Which implies that: 316 
 317 

𝑧"∗ = 𝑏𝑡																																																																(20) 318 
 319 
In this way, we demonstrate that the interface will propagate as fast as salt can be advected away 320 
from it. Setting the two velocities equal to each other (𝑧̇"(𝑡) = 𝑧̇"∗ (𝑡), Equation 1) and solving for 321 
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h, we make use of the one-dimensional gravity drainage parameterization of Griewank and Notz 322 
[2013], which describes the convective overturn of brine in the mushy layer, and the relationship 323 
between thermal gradient and freezing front propagation velocity that can be garnered from the 324 
solution to the classic thermal Stefan problem (See Eq. 2-4 and [Buffo et al., 2020]). 𝑧̇"∗ (𝑡) = 𝑏 =325 
𝑣"(𝑡) = 𝑧̇"(𝑡), from Buffo [2019]: 326 
 327 

𝑣"(𝑡) = −
𝜕𝑇
𝜕𝑧
erf(𝜆$) √𝜋𝜆$𝜅% exp(𝜆$& )

(𝑇( − 𝑇'!)
																(21) 328 

 329 
And from [Griewank and Notz, 2013]: 330 
 331 

𝑏 = 𝛼 S
𝑔𝜌+,𝛽∆𝑆Πℎ

𝜅-.𝜇
− 𝑅𝑎!]																														(22) 332 

 333 
Where 𝛼 is a coefficient describing the linear relationship between brine drainage and the local 334 
Rayleigh number (𝑅𝑎 = 𝑔𝜌+,𝛽∆𝑆Πℎ 𝜅-.𝜇⁄ ), 𝑔 is gravity, 𝜌+, is ocean density, 𝛽 is the solute 335 
contraction coefficient, ∆𝑆 is the difference in salinity between the interface and the ocean, 𝑆%)* −336 
𝑆'!, Π is the minimum permeability of the mushy layer, 𝜅-. is the thermal diffusivity of the brine, 337 
𝜇 is kinematic viscosity, and 𝑅𝑎! is the critical Rayleigh number of the mushy layer. Assuming a 338 
conductive (linear) thermal profile in the ice shell, 𝜕𝑇 𝜕𝑧⁄ = (𝑇'! − 𝑇()/𝐻, we have: 339 
 340 

𝛼 S
𝑔𝜌+,𝛽∆𝑆Πℎ

𝜅-.𝜇
− 𝑅𝑎!] =

erf(𝜆$) √𝜋𝜆$𝜅% exp(𝜆$& )
𝐻 																				(23) 341 

 342 
We assume that the interface is at its melting temperature, 𝑇/, which we take as a linear function 343 
of salinity 𝑇/ = 𝑇"0 − Γ𝑆, where 𝑇"0 is the melting temperature of pure ice and the freezing point 344 
depression coefficient, Γ, is taken to be 0.066178 K kg g-1. Solving for S and letting 𝑇/ lie on the 345 
conductive thermal profile 𝑇(𝑧) = 𝑇( + 𝑧(𝑇'! − 𝑇()/𝐻 at a depth H-h. We have: 346 
 347 

𝑆!"# = Γ−1#𝑇$% − 𝑇&& = Γ−1 '𝑇$% − (𝑇' + (𝐻 − ℎ)
(𝑇() − 𝑇')

𝐻 ./															(24) 348 
 349 
Substituting 𝑆%)* into ∆𝑆: 350 
 351 

𝛼

⎩
⎪
⎨

⎪
⎧𝑔𝜌!"𝛽 )Γ−1 *𝑇#$ − -𝑇% + (𝐻 − ℎ) (𝑇&' − 𝑇%)𝐻 34 − 𝑆&'6 Πℎ

𝜅()𝜇
− 𝑅𝑎'

⎭
⎪
⎬

⎪
⎫

=
erf(𝜆*)√𝜋𝜆*𝜅+ exp(𝜆*, )

𝐻 				(25) 352 

 353 
This is the key equation for calculating mushy layer thickness as a function of the environmental 354 
parameters of the system. Algebraic manipulation reveals this equality produces a quadratic 355 
equation in h with one positive root and one negative root (which can be ignored, as a negative 356 
mushy layer thickness is not physically meaningful). Equation 25 is the product of a velocity 357 
balance between the upper and lower boundaries of a simplified ice-ocean interface mushy layer 358 
and describes the evolving mushy layer thickness as the overlying ice column evolves. Our 359 
derivation and resulting equation for mushy layer thickness mirrors contemporary approaches to 360 
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solving rudimentary ice-ocean mushy layer problems (e.g. [Balmforth et al., 2007]) and our first 361 
principles approach makes it broadly applicable to any ice-ocean interface, terrestrial or planetary.  362 
Lastly, the permeability-porosity relationship utilized is that of [Griewank and Notz, 2013], which 363 
gives: 364 
 365 

Π = Π(𝜙 = 𝜙!) = 𝐾3𝜙4																														(26) 366 
 367 
Where 𝐾3 is a characteristic permeability (here 1.99526 × 1056	𝑚&), and 𝛾 is a dimensionless 368 
coefficient relating permeability and porosity (here taken to be 3.1). It is important to note that in 369 
the derivation of Equation 25, and throughout the text, permeability is calculated using the critical 370 
porosity of the ice-mush interface. While certainly a simplification in the inherently heterogeneous 371 
mushy layer, porosity gradients are at a minimum near the ice-mush interface [Buffo et al., 2018] 372 
and such a pseudo-analytical approach allows us to place novel constraints on the structure of an 373 
important and likely ubiquitous geophysical interface. To first order, we solve for the expected 374 
mushy layer thickness under given environmental conditions and provide a method to predict and 375 
compare the general characteristics and evolution of multiphase interfaces across different ice-376 
ocean worlds in the solar system. 377 
 378 
3 Results 379 
 To investigate the influence of a number of environmental parameters on the equilibrium 380 
thickness of mushy layers we solve Equation 25 under variable gravity, ocean composition, and 381 
thermal forcing. The intention of this parametric study is to understand the range of potential 382 
mushy layer properties and corresponding dynamics that may arise across the diverse ice-ocean 383 
worlds that populate our solar system. We carry out a perturbation analysis, demonstrating that 384 
these equilibrium thicknesses are indeed stable. Finally, we discuss potential implications of 385 
variable mushy layer thicknesses on the habitability, geophysics, and future spacecraft 386 
observations of ice-ocean worlds. 387 
 388 
3.1 Validation Under Terrestrial Conditions 389 
 It is instructive to compare the mushy layer equilibrium thicknesses predicted by Equation 390 
25 for the terrestrial ice-ocean system to existing laboratory and field measurements. Assuming a 391 
terrestrial ocean composition (Supplementary Section S3), we investigate three surface 392 
temperatures; 230 K, 265 K, and 270 K, for an ocean temperature of 270.90 K (just slightly above 393 
its liquidus temperature of 270.88 K – see Γ of Table 1). The relationship between ice thickness 394 
(H) and mushy layer equilibrium thickness (h) for all three surface temperatures can be seen in 395 
Figure 3, demonstrating that colder surface temperatures promote thinner equilibrium mushy layer 396 
thicknesses. Mushy layer equilibrium thicknesses range between 0-10 cm. These thicknesses agree 397 
well with values measured in both laboratory experiments of sea ice growth [Wettlaufer et al., 398 
1997a; b] and empirical observation of natural sea ice [Notz and Worster, 2008], which typically 399 
find mushy layer thicknesses ~10 cm. Sea ice is relatively thin and thus supports substantial 400 
thermal gradients [~10 K/m] when compared to those near the base of terrestrial ice shelves [~0.08 401 
K/m [Zotikov et al., 1980]] and those expected at the base of planetary ice shells [~0.02 K/m 402 
[McKinnon, 1999; Mitri and Showman, 2005]], resulting in relatively thin equilibrium mushy layer 403 
thicknesses. Thicker ice with lower interfacial thermal gradients should support thicker mushy 404 
layers, and indeed columnar ice accreted 410 m beneath the Ross Ice Shelf was observed to be 405 
hydraulically connected to the underlying ocean multiple meters above the ice-ocean interface 406 
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[Zotikov et al., 1980]. These results can be reconciled by understanding that the ice-mush interface 407 
will be at its liquidus melting point (Equation 24) and that the conduction driven temperature 408 
profile in the ice will be approximately linear [Buffo et al., 2018; Buffo et al., 2020]. For colder 409 
surface temperatures or thinner ice, a given liquidus temperature will lie closer to the mush-ocean 410 
interface than it would under warmer surface temperatures or in thicker ice, respectively, 411 
producing thinner mushy layers. 412 

 413 
Figure 3 – Terrestrial mushy layer equilibrium thicknesses. As ice-ocean interface thermal gradients decrease 414 
equilibrium mushy layer thickness increases. These results match empirical observations of terrestrial ices, both 415 
qualitatively and quantitatively, as newly formed ice typically supports thin mushy layers that thicken with growth of 416 
the ice cover, reaching thicknesses ~10 cm. 417 
 418 
3.2 Default Parameters 419 
 In the following sections (3.3-3.5) we investigate the dependence of mushy layer 420 
equilibrium thickness on a number of environmental parameters. Unless otherwise stated, the 421 
values utilized in the solution of Equation 25 are those given in Table 1. 422 
 423 
 424 

Variable Value 
𝜿𝒊 1.09 × 1058	m&	s59 
𝜿𝒃𝒓 1.48 × 105<	m&	s59 
𝒄𝒊 2000	J	kg59	K59 
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𝑳 334,774	J	kg59 
𝜶 1.56 × 1059	kg	m5=	s59 
𝒈 1.32	m	s5& 
𝝆𝒔𝒘 1027.347	kg	m5= 
𝜷 5.836 × 105@	ppt59 
𝜿 1.47 × 105<	m&	s59 
𝝁 1.88 × 105=	m&	s59 
𝚷 †1.848 × 1059&	m& 
𝚪 6.6178 × 105& K kg g-1 
𝑻𝑺 100 K 
𝑻𝒐𝒄 270.90 K 
𝑺𝒐𝒄 34 ppt 
𝑻𝒎𝒑 273.15 K 
𝑻𝒇 y𝑇"0 − 	ΓS{ K 
𝑹𝒂𝒄 1.01 × 105& 
Ocean Composition Terrestrial  

(Supplementary Section S3) 
Table 1 – Representative values for the Europa system. †Permeability calculated via the permeability-porosity 425 
relationship of Griewank and Notz [2013] (Equation 26) using a critical porosity of 0.05. 426 
 427 
3.3 Gravity 428 
 To investigate the effects of gravity on mushy layer equilibrium thickness we solve 429 
Equation 25 using conditions for Earth (𝑔 = 9.8	m/s&), Europa (𝑔 = 1.315	m/s&), and Enceladus 430 
(𝑔 = 0.113	m/s&). The relationship between ice shell thickness (H) and mushy layer equilibrium 431 
thickness (h) for all three gravities can be seen in Figure 4, which shows that ice-ocean worlds 432 
with lower gravity can support much thicker mushy layers. This is a logical result, as the density 433 
instability driving advective transport of brine within the mushy layer and away from the ice-mush 434 
interface is proportional to gravity (Equation 22). Thus, on worlds with lower gravity, thicker 435 
mushy layers are required to produce the same magnitude of convective overturn (gravity drainage 436 
[Griewank and Notz, 2013]). Variations in mushy layer thickness will impact the rate and method 437 
of heat and solute transport to and from the underlying ocean, affecting ice shell growth rates as 438 
well as the thermochemical characteristics and evolution of the ice that forms. Additionally, the 439 
stable thickness of the mushy layer will determine the extent of hydraulic conductivity within the 440 
lower layer of the ice shell, constraining the penetration height above the mush-ocean interface 441 
where substantially connected pore fluid could potentially exist. This has important implications 442 
for relating chemical measurements of plume particles to their origin sources. Plumes have 443 
repeatedly been associated with the expression of subsurface water reservoirs [Porco et al., 2006; 444 
Sparks et al., 2016]. However, a plume sourced by highly concentrated/modified pore fluid within 445 
the shell (e.g. the interstitial fluid near the ice-mush interface as opposed to directly from the ocean) 446 
could substantially alter interpretation of the interior ocean composition [Hansen et al., 2011; 447 
Postberg et al., 2009; Postberg et al., 2011]. 448 
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 449 
Figure 4 – Mushy layer equilibrium thickness vs. ice shell thickness under variable gravity. Bodies with lower 450 
gravity support mushy layers of greater thickness. This is a direct consequence of the dependence of pore fluid 451 
convection on local density instabilities. Substantial mushy layers on smaller bodies (e.g. Enceladus) may promote 452 
ice-ocean heat and solute transport dynamics that differ from those of their larger counterparts (e.g. Earth, Europa). 453 
 454 
3.4 Ocean Composition 455 
 To investigate the effects of ocean composition on the equilibrium thickness of the mushy 456 
layer we solve Equation 25 using a modified solute contraction coefficient (𝛽 → 0.5𝛽) and an 457 
alternate freezing point depression equation (𝑇/ = 𝑇"0 − 0.5Γ𝑆). The physical significance of 458 
altering the solute contraction coefficient is to investigate how lower density salts will affect the 459 
properties of the mushy layer. Similarly, altering the freezing point depression equation will 460 
elucidate how a salt which has less of an effect on the liquidus of the solution will alter the 461 
characteristics of the mushy layer (e.g. MgSO4 compared to NaCl). We assume an ocean 462 
concentration of 34 ppt and utilize an ocean temperature equal to the freezing point of the 463 
respective ocean, while the surface temperature was set to 170 K below the ocean temperature (for 464 
consistent thermal gradients). Additionally, for the simulation with an alternate density coefficient 465 
we reduced the ocean density to reflect the presence of the lower density salt (𝜌+, =466 
1013.67	kg/m=). The relationship between ice shell thickness (H) and mushy layer equilibrium 467 
thickness (h) for the modified systems, as well as that for an unmodified ocean, can be seen in 468 
Figure 5. Reducing the density of the solute results in thicker equilibrium mushy layer thicknesses. 469 
This is reasonable to expect as thicker mushy layers are required to produce the density instabilities 470 
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needed to drive gravity drainage when lower density salts are present (the dependence of Equation 471 
22 on 𝛽). Conversely, solutes which depress the freezing point of the solution less than the control 472 
result in thinner equilibrium mushy layer thicknesses. This is also expected, as less extreme 473 
temperatures are needed to concentrate the pore fluid and induce brine drainage (equivalent to the 474 
relocation of the ice-mush interface liquidus point closer to the mush-ocean interface as discussed 475 
in Section 3.1). This suggests that ocean composition may play a substantial role in governing the 476 
physical properties and dynamics of ice-ocean interfaces. 477 

 478 
Figure 5 – Mushy layer equilibrium thickness vs. ice shell thickness for variable ocean compositions. Low 479 
density solutes increase the equilibrium mushy layer thickness, while solutes with less freezing point depression 480 
capabilities (‘Modified Liquidus’) result in thinner equilibrium mushy layer thicknesses. 481 
 482 
3.5 Thermal Gradient 483 
 To investigate the effects of ice-ocean thermal gradient on the equilibrium thickness of the 484 
mushy layer we solve Equation 25 using three surface temperatures; 35 K, 100 K, and 230 K. This 485 
is an implicit alteration to the thermal gradient 𝜕𝑇 𝜕𝑧⁄ = (𝑇'! − 𝑇()/𝐻, as this is the only 486 
occurrence of 𝑇( in the simplified form of Equation 25 (See Equations 36 & 37). The relationship 487 
between ice shell thickness (H) and mushy layer equilibrium thickness (h) for the various thermal 488 
gradients can be seen in Figure 6. The curves show that decreased thermal gradients at the ice-489 
ocean interface support much thicker equilibrium mushy layer thicknesses. This is a logical 490 
consequence of assuming local thermodynamic equilibrium in the mushy layer. With the mush 491 
salinity tied to the liquidus (Equation 24), a thicker mushy layer must be formed to produce the 492 
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same local Rayleigh number (Equation 22), and thus ice-mush interface velocity, for a smaller 493 
thermal gradient than would be needed to produce the same ice-mush interface velocity under a 494 
larger thermal gradient. This is important as the large scale of planetary ice shells, along with the 495 
potential for ongoing intrashell hydrologic activity, suggests that different regions within the ice 496 
shell have been subject to a diverse range of thermal gradients over their long history, providing a 497 
mechanism which could introduce heterogeneities in the physicochemical characteristics of the ice 498 
shell. 499 
 500 

 501 
Figure 6 – Mushy layer equilibrium thickness vs. ice shell thickness under variable ice-ocean interface thermal 502 
gradient. As ice-ocean thermal gradients decrease equilibrium mushy layer thickness increases. Similar to the 503 
terrestrial case (Figure 3), this suggests that the ice-ocean interfaces of thick ice shells should be characterized by 504 
substantially thick, hydraulically connected, multiphase layers – allowing for ongoing fluid and solute transport. Such 505 
a layer could promote the formation and sustenance of interstitial chemical gradients favorable for potential organisms 506 
as well as constitute a unique and spatiotemporally variable medium for heat exchange between the ocean and ice 507 
shell (e.g. [Soderlund et al., 2014]). 508 
 509 
3.6 Mushy Layer Sensitivity 510 
 It is important to quantify the stability of the ice-ocean interface mushy layer of icy worlds 511 
to determine if these boundaries are long-lived and stable components of ice shells or exist as 512 
transient features. As evidenced by their terrestrial counterparts, the dynamics and evolution of 513 
these boundary layers determine the growth rate and physicochemical composition of the 514 
overlying ice [Eicken, 1992; Nakawo and Sinha, 1981; Wolfenbarger et al., 2018; Zotikov et al., 515 
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1980]. The disparity between the material properties of ocean-derived ices that form in different 516 
conditions on Earth (e.g. sea ice vs. marine ice), alongside expected heterogeneities in ocean 517 
circulation, ice shell thickness, and surface temperature on ocean worlds [Ojakangas and 518 
Stevenson, 1989; Soderlund, 2019; Soderlund et al., 2014], suggests that these bodies likely 519 
support a spectrum of ice-ocean interface conditions resulting in potentially diverse ices. Regional 520 
heterogeneities in ice properties could power geophysical processes [Barr and McKinnon, 2007] 521 
and facilitate inhomogeneous ocean-surface material transport. 522 

It is therefore instructive to determine the response and resilience of mushy layers to 523 
variations in internal properties and environmental conditions. To investigate the stability of the 524 
mushy layer we will assume the system is in equilibrium, perturb it by a small amount, and study 525 
the effect it has on the difference in velocity between the two fronts ∆𝑉 = 𝑣"(𝑡) − 𝑣"∗ (𝑡). It is 526 
important to note that ∆𝑉 = 0 for equilibrium mushy layer thicknesses, ∆𝑉 < 0 for thinning 527 
mushy layers, and ∆𝑉 > 0 for thickening mushy layers. We will investigate two types of 528 
perturbations: perturbations to mushy layer thickness, ℎ′ (ℎ → ℎ + ℎ′), and perturbations to 529 
thermal gradient, 𝐺′ ((𝑇'! − 𝑇()/𝐻 = 𝜕𝑇 𝜕𝑧⁄ = 𝐺 → 𝐺 + 𝐺′). These parameters were selected as 530 
they encapsulate the potentially dynamic thermophysical properties of realistic ice-mush-ocean 531 
systems that influence ice-mush and mush-ocean interface velocities, and thus mushy layer 532 
thicknesses (e.g. ocean temperature, surface temperature, ice shell thickness, mushy layer 533 
thickness). Above we’ve shown that for the advective regime the mush-ocean interface velocity 534 
is: 535 

 536 

𝑣"(𝑡) =
(𝑇'! − 𝑇()𝜅%𝑐%

𝐻𝐿 																																						(27) 537 
 538 
And the ice-mush interface velocity is: 539 
 540 

𝑣"∗ (𝑡) =
𝛼𝑔𝜌𝑠𝑤𝛽(Γ

59 �𝑇𝑚𝑝 − 𝑇𝑆 + (ℎ − 𝐻)
(𝑇𝑜𝑐 − 𝑇𝑆)

𝐻 � − 𝑆𝑜𝑐)Π�ℎ
𝜅𝜇

− 𝛼𝑅𝑎𝑐													(28) 541 

 542 
For perturbations to the equilibrium mushy layer thickness, ℎ → ℎ + ℎ′, 𝑣"(𝑡) is 543 

unchanged if 𝐻 is fixed. For 𝑣"∗ (𝑡) let 𝐶9 = 𝛼𝑔𝜌+,𝛽Π� 𝜅𝜇⁄ , then: 544 
 545 

𝑣$∗ (𝑡, ℎ → ℎ + ℎ′) = 𝐶2(ℎ + ℎ3)(Γ−1 B𝑇$% − 𝑇' + ((ℎ + ℎ3) − 𝐻)
(𝑇() − 𝑇')

𝐻 C − 𝑆()) − 𝛼𝑅𝑎)																(29) 546 
 547 

																								= )𝐶-ℎΓ−1 *𝑇#$ − 𝑇% + (ℎ − 𝐻) (𝑇&' − 𝑇%)𝐻 4 − 𝑆&') − 𝛼𝑅𝑎'6548 

+ )𝐶-ℎℎ′Γ−1
(𝑇&' − 𝑇%)

𝐻 + 𝐶-ℎ.(Γ−1 M𝑇#$ − 𝑇% + N(ℎ + ℎ.) − 𝐻O
(𝑇&' − 𝑇%)

𝐻 P − 𝑆&')6 											(30) 549 

 550 
Where the terms in the first set of square brackets are just the original interface velocity due to the 551 
equilibrium mushy layer thickness h, and the terms in the second set of square brackets are the 552 
change in interface velocity due to the perturbation h’, we’ll call this ∆𝑣"∗ : 553 
 554 

∆𝑣$∗ = 𝐶2ℎℎ3Γ−1
(𝑇() − 𝑇')

𝐻 + 𝐶2ℎ3 FΓ−1 F𝑇$% − 𝑇' + #(ℎ + ℎ3) − 𝐻&
(𝑇() − 𝑇')

𝐻 G − 𝑆()G					(31) 555 

 556 



 17 

= 𝐶!ℎℎ"Γ−1
(𝑇#$ − 𝑇%)

𝐻 + 𝐶!ℎ" *Γ−1 *𝑇&' − 𝑇% + (ℎ − 𝐻)
(𝑇#$ − 𝑇%)

𝐻 + − 𝑆#$+557 

+ 𝐶!ℎ"ℎ"Γ−1
(𝑇#$ − 𝑇%)

𝐻 																																																																			(32) 558 
 559 
Linearizing: 560 
 561 

∆𝑣$∗ ≈ 𝐶2ℎℎ3Γ−1
(𝑇() − 𝑇')

𝐻 + 𝐶2ℎ3 FΓ−1 F𝑇$% − 𝑇' + (ℎ − 𝐻)
(𝑇() − 𝑇')

𝐻 G − 𝑆()G																(33) 562 

 563 
For the first term on the right-hand side, 𝐶9ℎΓ59

($455$6)
J

≥ 0 for all realistic values of 𝐶9, ℎ, 𝐻, Γ 564 
and assuming the ice is thickening i.e. 𝑇'! > 𝑇(, which is the case we consider here. For the second 565 
term on the right-hand side, 𝐶2 IΓ−1 I𝑇$% − 𝑇' + (ℎ − 𝐻)

(8!"98#)
;

J − 𝑆()J = 𝐶2(𝑆!"# − 𝑆()) ≥ 0 for all 566 
realistic values of 𝐶9 and assuming 𝑆!"# > 𝑆(), which is reasonable for thickening ice. Substituting 567 
into the definition of ∆𝑉 gives: 568 
 569 

∆𝑉 = 𝑣"(𝑡) − 𝑣"∗ (𝑡, ℎ → ℎ + ℎ′) = 𝑣"(𝑡) − (𝑣"∗ (𝑡) + ∆𝑣"∗ ) = −∆𝑣"∗ 																	(34) 570 
 571 
Thus, 572 

�∆𝑉 < 0					𝑖𝑓					ℎ′ > 0
∆𝑉 > 0					𝑖𝑓					ℎ′ < 0

																														(35) 573 

 574 
This suggests that if the mushy layer thickens (ℎK > 0), the ice-mush interface velocity will 575 

increase, thinning the mushy layer, while if the mushy layer thins (ℎK < 0) the ice-mush velocity 576 
will decrease, thickening the mushy layer. Furthermore, ∆𝑉 ∝ ∆𝑣"∗ ∝ ℎK + ℎK

& (Equation 32), thus 577 
∆𝑉 → 0 smoothly as ℎK → 0. This implies that the mushy layer thickness h is a stable equilibrium, 578 
i.e. perturbations from this equilibrium thickness will decay (be smoothed out by the system). 579 

It is additionally instructive to investigate how the system will respond to variations in 580 
environmental parameters (e.g. 𝑇(, 𝑇'!, and 𝐻). This is important as a number of geophysical 581 
phenomena could potentially alter the ice-ocean interface environment. For example; 582 
regional/global ocean warming/cooling events [Goodman and Lenferink, 2012; Melosh et al., 583 
2004; Soderlund et al., 2014], thickening of the overlying ice shell by surface deposition [Fagents, 584 
2003; Fagents et al., 2000] or the intrusion of hydrologic features within the shell [Manga and 585 
Michaut, 2017; Michaut and Manga, 2014]. To investigate the stability of mushy layers to 586 
variations in environmental parameters we will explore how ∆𝑉 behaves when subject to small 587 
perturbations in thermal gradient, 𝐺′ ((𝑇'! − 𝑇()/𝐻 = 𝜕𝑇 𝜕𝑧⁄ = 𝐺 → 𝐺 + 𝐺′). Here 𝐺′ is a 588 
constant shift in thermal gradient. 589 
 Rewriting Equations 27 and 28 in terms of thermal gradient (𝐺 = 𝜕𝑇 𝜕𝑧⁄ = (𝑇'! − 𝑇()/𝐻) 590 
gives: 591 
 592 

𝑣" = 𝐺
𝜅%𝑐%
𝐿 																														(36) 593 

 594 
𝑣"∗ = 𝐶9ℎ �Γ59 �𝑇"0 − (𝑇'! − ℎ𝐺)� − 𝑆'!� − 𝛼𝑅𝑎! 														(37) 595 

 596 
Introducing a perturbation to the thermal gradient (𝐺 → 𝐺 + 𝐺′): 597 
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 598 

𝑣" → 𝑣" + 𝐺′
𝜅%𝑐%
𝐿 																														(38) 599 

 600 
where ∆𝑣" = 𝐺′𝜅%𝑐%/𝐿, and 601 
 602 

𝑣"∗ → 𝑣"∗ + Γ59𝐶9ℎ&𝐺′													(39) 603 
 604 
where ∆𝑣$∗ = Γ−1𝐶1ℎ

2𝐺′. In both cases, for realistic values of h and 𝐶9, changes in interface 605 
velocity are proportional to the sign of G’. Substituting into ∆𝑉 gives: 606 
 607 

∆𝑉 = 𝑣S(𝑡,𝐺 → 𝐺+ 𝐺′) − 𝑣S∗ (𝑡,𝐺 → 𝐺+ 𝐺′) = 	𝐺′ -
𝜅U𝑐U
𝐿
− Γ−1𝐶VℎW3					(40) 608 

 609 
Taking generally representative values for the variables involved (Table 1) results in X(Y(

Z
−610 

Γ−1𝐶VℎW < 0 for all ℎ > 7.25 × 10[\	m. The mushy layer thicknesses calculated in Sections 3.1-3.5 611 
are greater than 1 mm thick for all ice shell thicknesses of interest. Thus, 612 
 613 

�∆𝑉 < 0					𝑖𝑓					𝐺′ > 0
∆𝑉 > 0					𝑖𝑓					𝐺′ < 0

																														(41) 614 

 615 
This suggests that if there is an increase in thermal gradient the mushy layer will thin, while 616 

if there is a decrease in thermal gradient the mushy layer will thicken. This is to be expected, as it 617 
was shown in Section 3.5 that equilibrium mushy layer thicknesses increased with decreasing 618 
thermal gradients. Figure 7 depicts the results of Section 3.5 along with the thickening/thinning 619 
trends induced by perturbations to the thermal gradient. The agreement between the two suggests 620 
that thermal gradient perturbations to a mushy layer originally in equilibrium (subject to the 621 
thermal gradient 𝐺) will lead to thickening/thinning of the mushy layer towards a new equilibrium 622 
mushy layer thickness governed by 𝐺 + 𝐺′. This new equilibrium thickness will be greater than 623 
the original equilibrium thickness if 𝐺K < 0, and less than the original equilibrium thickness if 624 
𝐺K > 0. The linear dependence of ∆𝑉 on 𝐺′ (∆𝑉 ∝ 𝐺′) means ∆𝑉 → 0 smoothly as 𝐺′ → 0, and, 625 
coupled with the linear and quadratic dependence of ∆𝑉 on ℎK (∆𝑉 ∝ ℎK + ℎK&), means that ∆𝑉 →626 
0 smoothly as the system moves towards its new equilibrium mushy layer thickness. Perturbations 627 
to thermal gradient alter the characteristic equilibrium state of the system, meaning the prior mushy 628 
layer thickness is no longer in equilibrium. The mushy layer responds by thickening/thinning until 629 
the new equilibrium state is reached. 630 
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 631 
Figure 7 – Trends in equilibrium mushy layer thickness with thermal gradient perturbations. Shallower thermal 632 
gradients support thicker mushy layers than do steep thermal gradients (solid, dashed, and dotted black lines). 633 
Accordingly, perturbations which decrease/increase the thermal gradient tend to thicken/thin the mushy layer (red 634 
arrows and text). 635 
 636 

Our sensitivity analysis of mushy layers subject to perturbations in physical (h) and 637 
environmental (𝑇(, 𝑇'!, 𝐻) properties suggests they are likely a prevalent feature of ice-ocean 638 
worlds, persisting for long periods of time and characterizing the ice-ocean/brine interfaces of 639 
these systems. Thus, quantifying the multiphase physics that govern these boundary layers and 640 
their interactions with both the ocean and ice shell promises to drastically improve our 641 
understanding of ice-ocean world geophysical and biogeochemical processes. 642 

 643 
4 Current Limitations 644 
 The use of reactive transport modeling to simulate ocean-derived ices is an active and ever 645 
evolving field spanning ocean, atmosphere, Earth systems, and planetary science. As such, it is 646 
instructive to assess the current limits of our knowledge on the subject and identify key outstanding 647 
questions as well as strategies to address them. Here, we highlight three of these limitations which 648 
are particularly important to the dynamics and evolution of planetary ice-ocean. 649 
 Two closely related problems are; 1) identifying if a critical porosity exists and if so, 650 
finding its value, and 2) constraining the permeability-porosity relationship of ocean-derived ices. 651 
Here, critical porosity is the liquid fraction at which fluid flow in the mushy layer ceases and is 652 
akin to a percolation threshold. In ice-ocean systems this is physically represented by the 653 
solidification of brine pockets and channels until their connectivity with the underlying ocean 654 
vanishes, leaving only isolated brine pockets which are incapable of brine drainage. Many models 655 
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of sea ice implement a critical porosity of 5% [Buffo et al., 2020; Buffo et al., 2018; Wongpan et 656 
al., 2015]. While this estimate is broadly used by a number of successful models and is based on 657 
empirical observations [Golden et al., 1998; Golden et al., 2007], it remains a contentious subject 658 
in the community [Hunke et al., 2011; Turner and Hunke, 2015; Turner et al., 2013] and it has 659 
been shown that minimal variations in its value can appreciably affect estimates of sea ice bulk 660 
salinity [Buffo et al., 2018]. In planetary applications some investigators implement a critical 661 
porosity [Buffo et al., 2020; Hammond et al., 2018] while others allow fluid flow to persist for all 662 
non-zero porosities [Hesse and Castillo‐Rogez, 2019; Kalousová et al., 2014; 2016] suggesting 663 
brine can continue to percolate along grain boundaries. One consequence of excluding a critical 664 
porosity is the rapid downward transport of any water within an ice shell into the underlying ocean 665 
[Hesse and Castillo‐Rogez, 2019; Kalousová et al., 2014; 2016] which may not be reconcilable 666 
with geological and geophysical observations [Schmidt et al., 2011]. While laboratory experiments 667 
have identified brine along grain boundaries in low temperature ices [Desbois et al., 2008; 668 
McCarthy et al., 2013], natural terrestrial ices are capable of supporting supraglacial and englacial 669 
hydrological systems [Forster et al., 2014; Koenig et al., 2014] suggesting a relative level of 670 
impermeability. Additionally, the surface of Europa exhibits numerous features which suggest that 671 
endogenic ocean material has been transported across the ice shell [Kargel et al., 2000; Zolotov 672 
and Shock, 2001]. Buffo [2019] show that critical porosity likely plays a crucial role in determining 673 
the extent of impurity entrainment in planetary ices. The substantial effect of critical porosity on 674 
mushy layer equilibrium thickness can be seen in Figure 8, which solves Equation 25 for the 675 
equilibrium mushy layer thickness using three different critical porosities (𝜙! =676 
[0.01, 0.025, 0.05]). Constraining the value of this parameter will improve estimates of ice shell 677 
composition and determine the rates of putative ocean-surface material transport. 678 
 A similar problem is determining the permeability of the mushy layer. This hurdle is 679 
common to all problems involving fluid transport in porous media [Bear, 2013]. The permeability 680 
is governed by the complex geometry and connectivity of the pore space, a difficult quantity to 681 
collect, especially for the fragile ice-ocean interface. Computed tomographic imagery of ice cores 682 
have begun to elucidate the complex temperature dependent evolution of brine pockets and 683 
channels in sea ice [Golden et al., 2007]. In numerical models permeability is typically 684 
parameterized as a function of porosity (e.g. [Griewank and Notz, 2013; Katz and Worster, 2008; 685 
Oertling and Watts, 2004; Wettlaufer et al., 2000]). While many of these parameterizations are 686 
capable of reproducing certain features of ice-ocean interface dynamics and evolution the choice 687 
of permeability-porosity relationship will affect the rate of impurity entrainment in the overlying 688 
ice and the structure of the mushy layer [Buffo et al., 2020; Buffo et al., 2018]. For planetary 689 
applications, where observations of ice properties will be utilized to infer characteristics of 690 
subsurface water reservoirs and interior geophysical processes, constraining this relationship is of 691 
the utmost importance. In analogy to terrestrial ice biogeochemistry this could have profound 692 
impacts on nutrient availability and substrate evolution in a boundary layer that could be quite 693 
favorable for life [Loose et al., 2011; Thomas and Dieckmann, 2003]. Moreover, the permeability 694 
and meltwater content of ice streams on Earth strongly affect their rheology and large-scale 695 
dynamics [Haseloff et al., 2019; Meyer and Minchew, 2018], suggesting these properties may have 696 
substantial implications for the global geodynamics of planetary ice shells as well (e.g. solid-state 697 
convection). 698 
 Finally, planetary ice-ocean environments are likely subject to thermal, chemical, and 699 
physical regimes that are substantially different than those found on Earth. Laboratory experiments 700 
have demonstrated that, upon freezing, brines of different compositions produce ices with diverse 701 
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microstructural properties [McCarthy et al., 2007]. These small-scale structural differences may 702 
result in drastically different thermodynamic, mechanical, and fluid transport properties, 703 
suggesting that ice-ocean worlds of different compositions may exhibit unique ice shell dynamics. 704 
In Section 3.1-3.5 it was shown that variable physical and thermochemical pressures effect the 705 
geometry of the ice-ocean interface mushy layer, which may impact energy and material transport 706 
rates between the ocean and overlying ice shell. Continued theoretical and laboratory 707 
investigations promise to improve our understanding of planetary ice properties and will inform 708 
both numerical models and the analysis of future spacecraft observations (e.g. Europa Clipper’s 709 
ice penetrating radar, REASON, which critically depends on the dielectric properties and 710 
heterogeneity of the ice shell [Di Paolo et al., 2016; Grima et al., 2016; Kalousova et al., 2017; 711 
Moore, 2000]). 712 
  713 

 714 
Figure 8 – The effect of critical porosity on equilibrium mushy layer thickness. Reducing the critical porosity 715 
leads to substantially thicker mushy layers as brine flow is greatly restricted at low porosities. 716 
 717 
5 Discussion 718 
5.1 Mushy Layers on Ice-Ocean Worlds 719 
 We have shown that a variety of realistic environmental pressures likely supports a diverse 720 
population of stable ice-ocean mushy layers spread across the icy worlds of our solar system. The 721 
ubiquity of ice-ocean worlds and their prominence amongst high priority astrobiology targets has 722 
led to a substantial interest in understanding and constraining their geophysical and 723 
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biogeochemical dynamics and evolution [Council, 2012; Des Marais et al., 2008]. The ice-ocean 724 
interface has been repeatedly identified as an important control on ice shell and ocean processes 725 
[Allu Peddinti and McNamara, 2015; Barr and McKinnon, 2007; Buffo et al., 2020; Buffo et al., 726 
2019; Schmidt et al., 2017; Soderlund et al., 2014], yet its properties remain largely unconstrained, 727 
and it is frequently treated as a chemically inert and abrupt ice-liquid phase boundary. Exclusion 728 
of the multiphase mushy layer prevents accurate simulation of the interface’s thermal and 729 
physicochemical dynamics, which will directly impact; thermocompositional convection in the ice 730 
shell [Pappalardo and Barr, 2004], ocean-surface material transport [Allu Peddinti and 731 
McNamara, 2015], the entrainment, transport, and potential expression of ocean-derived 732 
biosignatures [Schmidt, 2020; Schmidt et al., 2017], ice shell mechanical, eutectic, and dielectric 733 
properties [Durham et al., 2005; Kalousova et al., 2017; McCarthy et al., 2011; Toner et al., 2014], 734 
and intrashell hydrology [Schmidt et al., 2011]. While our results suggest the ice-ocean mushy 735 
layer is geophysically thin (~1-30 m), it acts as a mandatory port of call for any and all ice-ocean-736 
surface exchange on icy worlds, making it a crucial boundary from both a geophysical and 737 
astrobiological perspective as it will govern the biogeochemistry of the overlying ice shell. 738 
Additionally, our selection of a critical porosity of 5% means our mushy layer thickness 739 
predictions are for the active two-phase regions of ice shell where hydraulic conductivity to the 740 
underlying ocean is present. The extent of the region where disconnected brine pockets are stable 741 
could likely extend much further into the ice shell (e.g. eutectic horizons [Vance et al., 2019; 742 
Zolotov et al., 2004]), however the properties of this region will also be governed by the mushy 743 
layer environment in which it originally formed. Our results provide an efficient method to 744 
quantify the characteristics of this important layer for any ice-ocean/brine system. The broad 745 
applicability of this technique and its analytical nature means that it can be easily implemented 746 
and utilized in any investigation seeking to include the first order effects of treating the ice-ocean 747 
interface as a multiphase mushy layer. With stark similarities between the ice-ocean systems of 748 
icy worlds and magmatic systems on Earth and the immense impact of reactive transport modeling 749 
on our understanding of geoscience, including such physics could undoubtedly enhance our 750 
understanding of ice-ocean systems. 751 
 752 
5.2 Heterogeneities and Depositional Processes Within Growing Mushy Layers 753 
5.2.1 Fluid Flow and Brine Channel Formation 754 
 Mushy layers themselves are inhomogeneous and support an array of structural, thermal, 755 
and compositional heterogeneities [Buffo et al., 2018; Golden et al., 2007; Wells et al., 2011; 756 
Wettlaufer et al., 1997a; b; Worster et al., 1990; Worster and Rees Jones, 2015]. The complexity 757 
and small scale of these heterogenous features leads to their frequent exclusion from numerical 758 
models (e.g. [Bitz and Lipscomb, 1999; Griewank and Notz, 2015; Hunke et al., 2011]). An 759 
archetype example of mushy layer heterogeneity is the formation and dynamics of brine channels. 760 
A byproduct of the convective downwelling of concentrated interstitial pore fluid, these dendritic 761 
channel structures play a fundamental role in the thermal and physicochemical evolution of the 762 
mushy layer [Griewank and Notz, 2013; Rees Jones and Worster, 2013; Turner et al., 2013; Wells 763 
et al., 2010; 2011]. Nearly all models of ice-ocean interface dynamics and evolution are one-764 
dimensional, necessitating parameterization of the inherently two-dimensional process of brine 765 
channel formation and evolution. Frequently the convective flow through these channels is 766 
parameterized using optimization arguments, and a number of successful parameterizations exist 767 
[Buffo et al., 2018; Griewank and Notz, 2013; Hunke et al., 2011; Turner and Hunke, 2015; Turner 768 
et al., 2013; Wells et al., 2010; 2011]. However, these parameterizations employ isotropy and 769 
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homogeneity (e.g. brine channel spacing, mushy layer permeabilities) that may not be 770 
representative of a dynamic natural system. In both laboratory and natural environments 771 
heterogenous brine channel and brinicle formation and evolution are observed [Golden et al., 2007; 772 
Notz and Worster, 2008; Wettlaufer et al., 1997b; Worster and Rees Jones, 2015]. Such 773 
heterogeneities may induce lateral variation in mushy layer physicochemical and transport 774 
properties. Constraining the interdependence of environmental parameters and mushy layer 775 
heterogeneity is imperative in understanding the dynamics and evolution of these active interfaces. 776 
In magmatic systems it is these small-scale heterogeneous drainage processes that determine the 777 
structure and composition of the resultant rock [Fowler, 1987; Jordan and Hesse, 2015; Reiners, 778 
1998; Worster et al., 1990]. 779 

Contemporary models have begun to simulate mushy layer formation in two dimensions, 780 
removing the need for parameterization of pore fluid convection [Katz and Worster, 2008; Oertling 781 
and Watts, 2004; Wells et al., 2019]. These models successfully simulate the onset of density 782 
instabilities and convection in the mushy layer, leading to the formation and evolution of brine 783 
channels. While the spatiotemporal extent of these models is limited by the substantial 784 
computational cost of simulating such detailed multiphase reactive transport processes, they 785 
provide an unparalleled method for understanding the role of heterogeneities in the dynamics and 786 
evolution of mushy layers as well as a numerical technique that can be extended to include 787 
additional physics or tailored to simulate diverse ice-ocean environments. Recently, Parkinson et 788 
al. [2020] combined a two-dimensional reactive transport model with the method of adaptive mesh 789 
refinement to efficiently simulate the solidification of binary alloys, such as ice-ocean/brine 790 
systems. They showed that such a technique can drastically reduce the computation time of such 791 
simulations while still resolving the fine-scale structure of convection and brine channel formation 792 
in the mushy layer. Such an approach could be extremely beneficial in simulating the two-phase 793 
dynamics and evolution of planetary ice shells as they likely contain processes which occur over 794 
a wide range of spatial and temporal scales. 795 
 796 
5.2.2 Ice Diagenesis 797 
 Ice-ocean interfaces may be additionally modified by depositional processes, wherein ice 798 
crystals nucleated in the underlying water column buoyantly sediment onto the basal ice interface. 799 
This process has been observed under ice shelves and ice shelf adjacent sea ice in Antarctica where 800 
the accretion of frazil and platelet ice leads to the formation of porous marine ice and sub-ice 801 
platelet layers beneath ice shelves and sea ice, respectively [Buffo et al., 2018; Craven et al., 2009; 802 
Dempsey et al., 2010; Fricker et al., 2001; Langhorne et al., 2015; Robinson et al., 2014]. On 803 
Earth, these depositional processes are driven by the ice pump mechanism, where ice shelf basal 804 
melting and topography drives the formation of buoyant supercooled water plumes – the source of 805 
both frazil and platelet ice [Lewis and Perkin, 1983]. Similar depositional processes have been 806 
theorized to occur on other ice-ocean worlds, potentially driven by ocean currents and/or 807 
latitudinal variations in basal ice topography [Soderlund et al., 2014]. The buoyancy driven 808 
sedimentation of ice crystals onto the ice-ocean interface will further modify the mushy layer. No 809 
longer driven solely by thermodynamic heat loss to the overlying ice, a high porosity layer of 810 
deposited crystals begins to form if the advancing ice-mush interface velocity does not match that 811 
of the sedimentation rate [Buffo et al., 2018]. In these accreted regions porosity is dependent on 812 
the packing efficiency and ensuing buoyancy driven compaction of the deposited ice crystals. 813 
Unconsolidated platelet ice layers beneath ice shelf adjacent sea ice can have porosities as high as 814 
25% [Gough et al., 2012; Wongpan et al., 2015] and sub-ice shelf marine ice can remain 815 
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hydraulically connected to the underlying ocean as far as ~70 m above the ice-ocean interface 816 
[Craven et al., 2009]. Under such conditions, the combined depositional, thermal, chemical, and 817 
mechanical processes occurring in the layer will govern the evolution of the ice-ocean interface. 818 
 An analogous process of deposition, compaction, and thermochemical evolution governs 819 
the diagenesis of marine sediments [Berner, 1980]. Providing a gradient rich medium for benthic 820 
fauna in terrestrial oceans, the ice-ocean interface of worlds like Europa may supply an analogous 821 
inverted substrate for potential organisms. This possibility is strengthened by the likelihood that 822 
these interfaces exist as persistently multiphase boundaries, akin to those that support substantial 823 
biological communities at the base of sea ice and ice shelves on Earth [Daly et al., 2013; Krembs 824 
et al., 2011; Loose et al., 2011; Vancoppenolle et al., 2013]. The formation of brinicles on Europa 825 
has been suggested as a process which could produce chemical gradients similar to those observed 826 
in chemical gardens and hydrothermal regions of the terrestrial ocean, oases for benthic ecology 827 
[Vance et al., 2019]. Additionally, in the case of Europa, it has been suggested that delivery of 828 
surface derived oxidants to a reduced ocean may drive redox potentials favorable to the reactions 829 
of metabolic processes [Chyba and Phillips, 2001; Hand et al., 2007; Vance et al., 2016; Vance et 830 
al., 2018]. As the boundary where these oxidants would be introduced into the ocean, the ice-ocean 831 
interface could provide a chemical boon for any prospective biosphere in an otherwise potentially 832 
oligotrophic water column. In turn, akin to both terrestrial sea ice communities [Krembs et al., 833 
2011] and bioturbation in marine sediments [Berner, 1980], any potential biosphere will likely 834 
alter the evolution of the host ice-ocean substrate. Understanding how organisms interact with and 835 
depend upon the microstructural and chemical evolution of ice-ocean interfaces will help constrain 836 
the habitability of these environments and the role biogeochemical processes play in the dynamics 837 
of these active boundary layers. Furthermore, quantifying the entrainment of biosignatures within 838 
forming ices will aid in predicting the likelihood of ocean-surface transport and surface expression 839 
of ocean-derived materials on icy worlds. 840 
 While no models of two-dimensional reactive transport or biosignature entrainment 841 
currently exist for planetary ices, a number of one-dimensional reactive transport and compaction 842 
models [Buffo et al., 2020; Hammond et al., 2018] and two-dimensional multiphase models [Hesse 843 
and Castillo‐Rogez, 2019; Kalousová et al., 2014; 2016] have been used to investigate the 844 
thermochemical evolution and dynamics of ice-ocean worlds. These existing models can be 845 
leveraged alongside contemporary models of sea ice, which include formalisms for simulating 846 
small-scale heterogeneities within the mushy layer [Katz and Worster, 2008; Oertling and Watts, 847 
2004; Parkinson et al., 2020; Wells et al., 2019] and biogeochemical processes [Tedesco and Vichi, 848 
2014; Vancoppenolle et al., 2013; Vancoppenolle and Tedesco, 2015], to improve our 849 
understanding of the role ice-ocean interfaces play in governing the geophysics and habitability of 850 
ice-ocean worlds. 851 
 852 
5.3 Vanishing Mushy Layers in Equilibrated Ice Shells 853 
 Planetary ice shells are dynamic and complex systems whose evolutions are governed by 854 
much more than conductive heat loss and solute transport near the ice-ocean interface. The analytic 855 
results presented above provide a powerful tool to estimate the properties and dynamics of a 856 
diverse array of ice-ocean/brine interfaces, however these results have focused on ice shells that 857 
are still thickening. While this is certainly an important stage in the evolution of an ice shell, it is 858 
possible that these ice shells reach a quasi-equilibrium thickness – undergoing oscillatory thinning 859 
and thickening [Hussmann and Spohn, 2004; Hussmann et al., 2002]. In many cases, take for 860 
example Europa, this equilibrium thickness is facilitated by the dissipation of tidal energy into the 861 
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ice shell, effectively warming the shell to a point where the moon’s total outward heat flux has 862 
reached a steady state [Hussmann et al., 2002]. In this scenario, propagation of the mush-ocean 863 
interface would cease (𝑧̇"(𝑡) → 0). The ice-mush interface (𝑧"∗ (𝑡)), however, would still be in 864 
chemical disequilibrium with the underlying ocean and would continue to propagate until it 865 
reached the stagnated mush-ocean interface. This phenomenon has been predicted theoretically 866 
and observed in laboratory grown mushy layers [Gewecke and Schulze, 2011a; b; Huguet et al., 867 
2016] and at the ice-ocean interface of thinning sea ice [Petrich and Eicken, 2010]. This suggests 868 
that ice shells in thermal equilibrium could lose their ice-ocean interface mushy layers during 869 
periods of stagnated growth or thinning, instead possessing a more abrupt solid-liquid transition, 870 
void of any two-phase region, which would impact thermal and chemical transport between the 871 
ice shell and ocean as well as the interface’s astrobiological potential. The elimination of a mushy 872 
layer would leave conduction as the sole mechanism of heat transport between the ice shell and 873 
ocean. Solute rejection would likely become extremely efficient, no longer trapping brine in the 874 
pores and channels of a two-phase boundary, suggesting impurity entrainment limits governed by 875 
partition coefficients [Weeks and Lofgren, 1967; Wolfenbarger et al., 2019] rather than critical 876 
porosity/percolation thresholds [Buffo et al., 2020; Golden et al., 1998; Golden et al., 2007]. 877 
Furthermore, the porous substrate which provides a habitat for ice-dwelling organisms in terrestrial 878 
analog ices [Loose et al., 2011; Thomas and Dieckmann, 2003; Wettlaufer, 2010] could be lost. 879 
 It is important to note that this does not preclude the existence of contemporary ice-ocean 880 
interface mushy layers on icy worlds within the solar system. Cyclic thickening could be driven 881 
by orbital evolution [Hussmann and Spohn, 2004; Hussmann et al., 2002] and regional 882 
redistribution and growth of ice could be driven by interior processes such as ocean circulation 883 
[Soderlund et al., 2014; Soderlund, 2019]. Furthermore, fractures at the base of the ice shell would 884 
be rapidly infilled or refrozen by new ice, similar to basal fractures and rifts in terrestrial ice shelves 885 
[Khazendar and Jenkins, 2003; Khazendar et al., 2009], facilitating the formation of localized 886 
mushy layers and entraining ocean derived material in these features [Buffo et al., 2020]. On icy 887 
worlds such features could promote ocean-surface material transport and present as extensional 888 
terrain [Howell and Pappalardo, 2018], facilitate hydrological processes in the shell through 889 
diking [Craft et al., 2016; Manga and Michaut, 2017; Michaut and Manga, 2014], or be the source 890 
of plumes [Brown et al., 1990; Fagents et al., 2000; Glein and Shock, 2010; Hansen et al., 2011; 891 
Sparks et al., 2016]. With their relation to geophysically active regions on ice-ocean worlds, 892 
understanding the properties and evolution of these features is of substantial value. The technique 893 
we outline here can be easily adapted to the geometries and thermal environments of these systems 894 
to investigate their interfacial dynamics. 895 
 896 
6 Conclusion 897 
 Our work demonstrates that the transition between solid ice and ocean in icy worlds is 898 
likely much more dynamic than has been accounted for in most models. By appealing to the 899 
importance mushy layers play in terrestrial analog systems, namely the thermochemical and 900 
biological impacts of the two-phase ice-ocean interface of sea ice, and the geophysical implications 901 
of mushy layers in magmatic systems, we derive approximations that define the regimes where 902 
these physics become important to how we observe and interpret planetary data. Solving for the 903 
equilibrium mushy layer thickness of the simplified ice-mush-ocean system presented in Section 904 
2 allows us to investigate the impacts various environmental parameters have on mushy layer 905 
properties. In so doing, we begin to constrain the characteristics, dynamics, and evolution of ice-906 
ocean interfaces across different icy worlds. Lower gravity bodies support thicker mushy layers, 907 
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suggesting that the inner ice shell of a small moon like Enceladus may remain much more 908 
hydraulically connected to the underlying ocean than the deep ice shell of a larger body (e.g. 909 
Europa). For Enceladus this will impact the dynamics of basally driven geophysical and transport 910 
processes within the ice shell, such as fracture formation and evolution as well as plume generation 911 
and dynamics. Identifying whether plumes could be sourced from concentrated or highly processed 912 
pore fluid within the shell has the potential to drastically alter our interpretation of spacecraft data. 913 
Moreover, because mushy layer thickness is inversely related to thermal gradient, as ice shells 914 
thicken so do their interfacial mushy layers, making reactive transport processes at or near the ice-915 
ocean interface more important as the ice grows. Ocean composition has a substantial effect on 916 
mushy layer properties, suggesting that variations in liquid chemistries between bodies, or within 917 
the same body, may result in different mushy layer characteristics. All of these results also depend 918 
critically on permeability and porosity; which have a drastic effect on mushy layer geometry and 919 
dynamics. We emphasize that these elusive parameters (porosity, permeability, and the relation 920 
between them) play a crucial role in the physics governing the dynamics and evolution of ice shells 921 
and mushy layers and that future work quantifying their values in ice-ocean systems will 922 
drastically improve ice-ocean world models. Regardless, mushy layers are stable structures in 923 
thickening ice shells that maintain nonzero equilibrium thicknesses when subject to perturbations 924 
in thickness and thermal gradient, suggesting mushy layers are likely common and persistent 925 
features of accretionary ice-ocean interfaces throughout the solar system. 926 
 As a dynamic physical and thermochemical boundary, the ice-ocean interface of ocean 927 
worlds likely plays a crucial role in their geophysics and habitability. Persisting as geophysically 928 
thin porous layers governed by multiphase reactive transport processes they dictate the 929 
thermochemical evolution of the overlying ice and may provide a gradient rich oasis for potential 930 
astrobiology. A number of terrestrial analogs provide invaluable resources when designing and 931 
validating models seeking to simulate planetary ice-ocean systems. With mounting evidence 932 
supporting the notion that ice shells are heterogeneous and active structures that may harbor 933 
ongoing hydrological processes constraining the effects of multiphase dynamics on their evolution 934 
is an imperative progression in simulating ice-ocean world geophysics and biogeochemical 935 
cycling. Our results, which constitutes a broadly applicable method for characterizing ice-936 
ocean/brine interfaces, can be used to provide refined boundary conditions for both ocean and ice 937 
shell models in the form of improved thermochemical flux estimates and boundary layer properties 938 
(e.g. two-phase layer thickness, ice-ocean hydraulic connectivity). Additionally, this technique 939 
could be implemented to supply testable predictions about the structure and properties of planetary 940 
ice shells, insofar as identifying thermal, physicochemical, and dielectric signatures of multiphase 941 
layers which could be observed by upcoming missions (in particular, ice penetrating radar 942 
measurements).The inclusion of reactive transport processes in models of terrestrial geophysics 943 
has revolutionized our understanding of the Earth system. With enhanced spacecraft observations 944 
and advances in computing power, a comparable renaissance in the field of ice-ocean worlds may 945 
be afoot. 946 
 947 
 948 
 949 
 950 
 951 
 952 
 953 
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Contained below are three supplementary material sections which support and/or provide 
additional detail to the work and conclusions presented in the main manuscript: Characterizing 

the Ice-Ocean Interface of Icy Worlds: A Theoretical Approach. Section S1 provides the 
complete solution to the molecular diffusion equation in the mushy layer – as outlined in Section 

2.1.1 of the main text. Section S2 provides a table of all variables used throughout the text as 
well as their associated symbols and units. Finally, Section S3 provides a table of the ionic 

species present and their relative abundances in the terrestrial ocean composition we assume 
throughout the investigation. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



S1. Solving the Molecular Diffusion Equation 
The evolution of salinity at the ice-mush interface is governed by: 

 
𝜕𝑆
𝜕𝑡 = 𝐷

𝜕!𝑆
𝜕𝑧! 																																																																	

(𝑆1) 
 
Utilizing the similarity variable 𝜂 = 𝑧 2√𝐷𝑡⁄  and boundary conditions (Equations 9-10) it can be 
shown that: 
 

𝜃 =
1

𝑒𝑟𝑓𝑐(𝜆")
−

erf(𝜂)
𝑒𝑟𝑓𝑐(𝜆")

																					(𝑆2) 

 
Writing in terms of the original variables S, z and t: 
 

𝑆 = 𝑆#$ + (𝑆%&' − 𝑆#$) :
1

𝑒𝑟𝑓𝑐(𝜆")
−
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=																								(𝑆3) 

 
The Stefan condition for this problem can be garnered from the equation for conservation of salt 
(no salt in the ice phase): 
 

? 𝑆(𝑧, 𝑡)𝑑𝑧
(

)!∗ (')
= 𝑐𝑛𝑠𝑡.																										(𝑆4) 

 
Taking the temporal derivative of this equation and applying the Leibniz integral rule: 
 

−𝑆(𝑧,∗ , 𝑡)
𝑑𝑧,∗

𝑑𝑡 + ?
𝜕𝑆
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(

)!∗ (')
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Substituting ."

.'
= 𝐷 .#"

.)#
, noting 𝑆(𝑧,∗ , 𝑡) = 𝑆%&' and carrying out the integral gives: 
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𝑑𝑡 = −𝐷
𝜕𝑆(𝑧 = 𝑧,∗ )

𝜕𝑧 																														(𝑆6) 
 
The derivatives are: 
 

𝑑𝑧,∗

𝑑𝑡 =
𝜆"√𝐷
√𝑡

																																																									(𝑆7) 

And 
 

𝜕𝑆(𝑧 = 𝑧,∗ )
𝜕𝑧 =

−(𝑆%&' − 𝑆#$)
𝑒𝑟𝑓𝑐(𝜆")

exp	(−𝜆"!)
√𝜋𝐷𝑡

							(𝑆8) 

 
Substituting back into Equation 17, 



 

𝑆%&'√𝜋 =
(𝑆%&' − 𝑆#$)
𝜆"𝑒𝑟𝑓𝑐(𝜆")

exp	(−𝜆"!)																					(𝑆9) 

 
Or, rearranging 
 

𝜆"𝑒𝑟𝑓𝑐(𝜆")exp	(𝜆"!) =
(𝑆%&' − 𝑆#$)
𝑆%&'√𝜋

																(𝑆10) 

 
We assume that the interface is at its melting temperature, 𝑇/, which we take as a linear function 
of salinity 𝑇/ = 𝑇,0 − 0.066178𝑆, where 𝑇,0 is the melting temperature of pure ice and the 
freezing point depression coefficient has units of K kg g-1. Solving for S and letting 𝑇/ lie on a 
conductive (linear) thermal profile 𝑇(𝑧) = 𝑇" + 𝑧(𝑇#$ − 𝑇")/𝐻 at a depth H-h. We have: 
 

𝑆$%& = 15.1106(𝑇'( − 𝑇)+ = 15.1106,𝑇'( − -𝑇* + (𝐻 − ℎ)
(𝑇+, − 𝑇*)

𝐻 34															(𝑆11) 

 
Substituting the value of 𝑆%&' into Equation 21 and setting the interface velocities equal (𝑧̇,∗ =
2𝜆"√𝐷/√𝑡 = 2𝜆1S𝜅%/√𝑡 = 𝑧̇,) produces two equations: 
 

𝜆" =
𝜆1S𝜅%
√𝐷

																																																											(𝑆12) 

 
and 
 

15.1106 &𝑇!" − )𝑇# + (𝐻 − ℎ)
(%!"&%#)

(
/0√𝜋 =

)*.)),-.%$%&/%#0((&1)
('!"('#)

* 23&#!"

4#5678(4#)
	exp	(−𝜆#9)											(𝑆13)    

 
which can be solved for h. The equation is linear in h, so has one solution. 

Archie’s law is employed to estimate the molecular diffusion in a porous medium and it is 
assumed that transport processes (diffusion and advection) will be limited by the critical porosity 
of ocean/brine derived ices (𝜙$ = 0.05 [K M Golden et al., 2007]):  
 

𝐷 = 𝑘"𝜙$,																																																														(𝑆14) 
 
Where 𝑘" is the molecular diffusivity of salt in water and m is a cementation exponent, here=2, 
which describes how ion transport is limited by porosity. 
 
 
 
 
 
 
 
 



S2. Variables Used in the Text 
Symbol Definition Units 
𝜶 1D Advection Coefficient kg m-3 s-1 

𝜷 Density (Salinity) Coefficient ppt -1 

𝒃𝒓↑,↓ Vertical Brine Velocity m s-1 
𝒄𝒊 Ice Heat Capacity J kg -1 K -1 
𝑫 Salt Diffusivity m 2 s -1 

𝜼 Similarity Variable - 
𝜼𝒎 Similarity Variable at 𝑧,∗  - 
𝚪 Freezing Point Depression Coefficient K kg g-1 
𝒈 Acceleration Due to Gravity m s -2 

𝑮 Thermal Gradient K m -1 
𝑮′ Thermal Gradient Perturbation K m -1 
𝒉 Mushy Layer Equilibrium Thickness m 
𝒉′ Thickness Perturbation m 
𝑯 Ice Shell Thickness m 
𝒌𝒔 Salt Diffusivity in Pure Water m 2 s -1 

𝜿𝒊 Thermal Diffusivity of Ice m 2 s -1 
𝜿𝒃𝒓 Thermal Diffusivity of Brine m 2 s -1 
𝑳 Latent Heat of Fusion J kg -1 

𝑳𝒆 Lewis Number - 
𝝀𝑻, 𝝀𝑺 Stefan Problem Variables - 
𝒎 Cementation Exponent - 
𝝁 Kinematic Viscosity m 2 s -1 
𝝓 Liquid Fraction - 
𝝓𝒄 Critical Porosity - 
𝚷 Permeability m 2 
𝑹𝒂𝒄 Critical Rayleigh Number - 
𝝆𝒔𝒘 Ocean Density kg m -3 
𝑺 Salinity ppt 
𝑺𝒊𝒏𝒕 Interface Salinity ppt 
𝑺𝒐𝒄 Ocean Salinity ppt 
∆𝑺𝒋 𝑆%&' − 𝑆#$ ppt 
𝒕 Time s 
𝑻 Temperature K 
𝑻𝒎 Melting/Freezing Temperature K 
𝑻𝒐𝒄 Ocean Temperature K 
𝑻𝒔 Surface Temperature K 
𝜽 Dimensionless Salinity - 
𝒗𝒎 Mush-Ocean Freezing Front Velocity m s -1 

𝒗𝒎∗  Ice-Mush Freezing Front Velocity m s -1 
∆𝑽 𝑣, − 𝑣,∗  m s -1 
𝒛 Vertical Coordinate m 
𝒛𝒎 Mush-Ocean Interface m 
𝒛𝒎∗  Ice-Mush Interface m 



S3. Terrestrial Ocean Composition 
Species Terrestrial Seawater (mol/kg) 
Na+ 4.69 x 10-1 

K+ 1.02 x 10-2 

Ca2+ 1.03 x 10-2 

Mg2+ 5.28 x 10-2 

Cl- 5.46 x 10-1 

SO42- 2.82 x 10-2 

Total Salt (ppt) 34 
Table S1 – Ocean composition. List of ion species and relative abundances for terrestrial seawater [Dickson and 
Goyet, 1994]. 


