
P
os
te
d
on

21
N
ov

20
22

—
C
C
-B

Y
4.
0
—

h
tt
p
s:
//
d
oi
.o
rg
/1
0.
10
02
/e
ss
oa
r.
10
50
42
10
.1

—
T
h
is

a
p
re
p
ri
n
t
an

d
h
as

n
ot

b
ee
n
p
ee
r
re
v
ie
w
ed
.
D
at
a
m
ay

b
e
p
re
li
m
in
ar
y.

Solving the conundrum of extensional folding in metamorphic core

complexes

Dazhi Jiang1 and Changcheng Li1

1Western University

November 21, 2022

Abstract

Folds with axial traces parallel to the extension direction are a common feature in continental detachment systems and meta-

morphic core complexes. Yet, how they form has been puzzling for many decades. Here, we show that the key to solving the

conundrum lies in revising the long-held single-scale view toward natural deformation and application of kinematic models. We

demonstrate that extensional folding can result naturally from the partitioned stress field in competent layers in plate-scale

extension and transtension deformations. Competent layers that develop extension folds should be regarded as rheological

inclusions in the lithosphere rather than infinitely extending plates clamped at system boundaries and subjected to system

boundary conditions.
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Folds with axial traces parallel to the extension direction are a common feature in 

continental detachment systems and metamorphic core complexes. Yet, how they form has 

been puzzling for many decades. Here, we show that the key to solving the conundrum lies 

in revising the long-held single-scale view toward natural deformation and application of 

kinematic models. We demonstrate that extensional folding can result naturally from the 

partitioned stress field in competent layers in plate-scale extension and transtension 

deformations. Competent layers that develop extension folds should be regarded as 

rheological inclusions in the lithosphere rather than infinitely extending plates clamped at 

system boundaries and subjected to system boundary conditions. 

 
 

In western North America Cordillera metamorphic core complexes, upright and open folds parallel 

to the extension direction are a common feature 1-6. They fold detachment shear zones, mylonitic 

foliations and layering of the upper and lower plate rocks near the detachment shear zone (Fig.1a). 

Similar folds are also well developed in the high-grade nappe association of the southwestern 

Grenville Province in Ontario and western Quebec (Fig.1b) where they folded a subhorizontal 

foliation and compositional layering produced by an earlier crustal thickening deformation 7,8. 

Despite their common occurrence, the origin of extension folds remains puzzling 4-6. Field 

evidence suggests strongly that they are buckle folds developed during extension 4,6,9,10 and 

theoretical analysis 4 indicates that horizontal compression perpendicular to extension is required. 

However, there has been no generally-accepted geodynamic models to explain this horizontal 

compression, even though it is often invoked 11-13. Recently, many people have recourse to 

transtension (oblique divergence; Fig.2a) 9,13. However, as we show in more detail in the 

Supplementary Information, transtension can produce very limited horizontal shortening, 

regardless of the finite strain of the system (Fig.2b), if the divergence angle (  in Fig.2a) is small. 

North America Cordillera metamorphic complexes indeed have very small divergence angles and 
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so is the western Grenville Province (Fig.1). The strains reflected by extension folds cannot be 

explained by the transtension model. 

  Here, we demonstrate that the difficulty in understanding extensional folding is due to our 

single-scale approach toward lithosphere deformation. We think it is unrealistic to regard layers 

that develop extension folds as infinitely-extending elastic or viscous plates that are subjected to 

the system boundary conditions. It is more realistic to regard them as rheologically heterogeneous 

inclusions embedded in the lithospheric mass undergoing macroscale transtension. It is the 

partitioned stress and strain field in these layers, rather than the homogenized stress and strain field 

of the macroscale transtension, that is relevant for extensional folding. We show that partitioned 

stress field can produce extension folds in competent layers in extension and transtension settings. 

 

Partitioned stress field in a competent layer-like inclusion 

Eshelby’s inclusion solution 14-16 relates the stress and strain field inside an ellipsoid 

inclusion to the uniform macroscale field by: 

 ( ) ( )1: :s −− = − −σ Σ C J S ε E        (1) 

where 
s

J  is the 4th-order identity tensor defined in terms of Kronecker delta, 

( )
1

2

s

ijkl ik jl jk ilJ    = + , lowercase σ  and ε  are the stress and strain (or strain rate) tensors in the 

inclusion, uppercase Σ  and E  are macroscale stress and strain (or strain rate) tensors in the matrix. 

Where both the inclusion and matrix are elastic (an all-elastic system), ε  and E  are elastic strains. 

Where both the inclusion and the matrix are Newtonian viscous (an all-viscous system), ε  and E  

are strain rates. Where the matrix is viscous and the inclusion elastic, ε  is elastic strain tensor of 

the inclusion and E  the viscous strain rate tensor of the matrix. C  is the elastic or viscous stiffness 

of the matrix depending on its rheology and S  the Eshelby tensor for the inclusion.  

 We use the fundamental interaction equation (1) and the equivalent-inclusion approach 14,17 

to derive analytical solutions for the partitioned stress in competent layer-like elements under 

macroscale transtension. The following assumptions are made. First, we regard the competent 

layer as a flat oblate inclusion with principal semi-axes 1 2 3a a a=  . By varying the aspect ratio 

3

1

a

a
 = , the inclusion may represent different bodies including a uniformly-thick plate ( 0→ ). 

We believe that, on the macroscale suitable for continental transtension, no geological unit is 
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rheologically continuous throughout the deformation zone and subjected to the system boundary 

conditions. Second, for simplicity we assume that the rheology of the lithosphere on the 

macroscale and that of the inclusion are linear, isotropic, and incompressible. Third, on the 

macroscale appropriate for transtension, the lithosphere is approximated by a Homogeneous-

Equivalent Medium (HEM) whose rheology is represented by the homogenized rheology of all the 

rheological elements in the macroscale representative volume 15,16,18,19. We use the convention of 

tensile stress being positive so that tensile normal stress corresponds to positive extension strain. 

 To model extension folds in North America Cordillera metamorphic core complexes, we 

consider stress partitioning in an all-elastic system. Equation (1) leads to a strain partitioning 

equation ( )
1

1 :d r
−

 = + − ε J S E  (ref.15) which, upon using Hooke’s law, is rewritten in the 

following stress partitioning form: 

( )
1

1 :dr r
−

 = + − σ J S Σ         (2) 

where r  is the ratio of the elastic shear modulus of the element   to that of the HEM s  and 

1
s

r



=   for competent layers; d

J  is the 4th-order deviatoric identity tensor defined as:

1

3

d s

ijkl ijkl ij klJ J  = − . Because the Eshelby tensor components for flat oblate inclusions (

1 2 3a a a=  , 3

1

1
a

a
 =  ) in linear incompressible materials can be obtained from elastic 

Eshelby tensors given in ref.20, with a slightly tedious but otherwise straightforward derivation 

(Supplementary Information), we get the following expressions from equation (2) for the 

partitioned stress field in the element: 

( ) ( ) 
( ) ( )

11 22

11

2 16 9 1 3 1

8 3 1 4 3 1

r r r

r r

 


 

+ −  − −   
=

+ − + −      

     (3a) 

( ) ( ) 
( ) ( )

22 11

22

2 16 9 1 3 1

8 3 1 4 3 1

r r r

r r

 


 

+ −  − −   
=

+ − + −      

     (3b) 

( )
33

33

4

4 3 1

r

r





=

+ −
         (3c) 
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( )
12

12

8

8 3 1

r

r





=

+ −
         (3d) 

( )
3

3

4

4 3 1

r

r r







=

+ −
,   ( 1,2 = )     (3e) 

To model extension folds in the high metamorphic grade rocks in the Grenville Province, 

we regard the HEM as a Newtonian viscous material. The competent layers that develop extension 

folds may also be viscous, with a higher viscosity than the HEM. In such a case, the above results 

(equations (3)) can be applied if r  in the equations is taken as the viscosity ratio between the 

inclusion and the HEM. We consider an additional situation where the element is instantaneously 

elastic; infinitesimal elastic strains of the layer are converted to permanent strains continually to 

give rise to the observed folds. In such a scenario, we apply the equivalent-inclusion approach to 

equation (1) by substituting the elastic inclusion with a fictitious inclusion of the same rheology 

as the HEM but with the same internal stress as the elastic inclusion. The interaction equation (1) 

becomes ( )1 1
2 :

2 2

d

s

s

d

dt


 

−  
− = − − 

 

σ Σ
σ Σ J S , where, as in equation (2),   is the shear 

modulus of the elastic inclusion; 
s  is the HEM viscosity. This equation can be rearranged into a 

simpler form: 

( )d d

dt
− + =

σ
J S Sσ Σ          (4) 

where 
s

t t



=  is the dimensionless time measured in unit of s


, the characteristic viscoelastic 

relaxation time for the inhomogeneity and HEM interaction. Again, because Eshelby tensor 

components are all known, we can solve equation (4) (see Supplementary Information) to get: 

( ) ( ) ( ) ( ) ( )11 11 22 1 11 22 2

2
2

3
t E t E t


 =  − +  +
 

    (5a) 

( ) ( ) ( ) ( ) ( )22 11 22 2 11 22 1

2
2

3
t E t E t


 =  + −  −
 

    (5b) 

( ) ( )33
33 2

4

3
t E t




=          (5c) 

( ) ( )12
12 1

8

3
t E t




=         (5d) 
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( ) 3
3

4 4 3
1 exp

4 3 3
t t






 

  −  
= − −  −   

, 1,2 =      (5e) 

where ( )1

3
1 exp

8 3
E t t





 
= − − 

− 
 and ( )2

3
1 exp

4 3
E t t





 
= − − 

− 
.  

 

Folding of a horizontal competent layer in transtension 

The macroscale stress tensor for transtension, expressed in the coordinate system xyz 

(Fig.2a), is of the following form (see Supplementary Information): 

11 12

12

11

0

0 0

0 0

ij

  
 

 =  
 − 

        (6) 

where the shear and normal stress components are related to the divergence angle by 12

11

2
tan


=



. Submitting the stress expression in equation (6) into equations (3) and (5), we get the expressions 

for the partitioned deviatoric stress tensor in a horizontal flat oblate element for an all-elastic (or 

all-viscous) system and an elastic element in a viscous HEM, under macroscale transtension. 

Taking the eigenvalues, the corresponding principal stresses for an all-elastic system are: 

( ) ( )
1 11

1 2sec
2

4 3 1 8 3 1
r

r r




 

 
=  + 

+ − + − 
      (7a) 

( ) ( )
2 11

1 2sec
2

4 3 1 8 3 1
r

r r




 

 
=  − 

+ − + − 
      (7b) 

( )
11

3

4

4 3 1

r

r





= −

+ −
         (7c) 

and those for an elastic layer in a viscous HEM are:  

( ) ( ) ( )11
1 2 1

2
2sec

3
t E t E t 



  = +
 

       (8a) 

( ) ( ) ( )11
2 2 1

2
2sec

3
t E t E t 



  = −
 

       (8b) 

( ) ( )11
3 2

4

3
t E t




= −          (8c) 
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Note equations (8) do not breakdown at  =0 because 
( )1

0

3
lim

8

E t t





→
=  and 

( )2

0

3
lim

4

E t t





→
= . The case of  =0 means that the competent layer is an infinitely-extending 

sheet, and the solution converges to the single-scale solution of a horizontal sheet under macroscale 

transtension. In reality, a competent layer is an inclusion which means that   is small but not zero. 

It can be readily confirmed that the principal partitioned stress axes are parallel to the 

macroscale principal stresses for both equations (7) and (8). Therefore, whether treated as an all-

elastic system, an all-viscous system, or as elastic layers in a viscous HEM, the partitioned 

principal stresses in a horizontal layer are parallel to the macroscale principal stresses but are 

increased in magnitude by approximately a factor of r  or 
1−
. Significantly, the horizontal 

2  is 

always compressive and does not vanish (equations (7b) and (8b)) even if the system is in pure 

extension ( 0 = ;
2 0 = ), unless  =0.  

As there are no available analytical solutions for the buckling of a flat oblate element 

embedded in an elastic or viscous matrix, we use the theory of cylindrical buckling of a rectangular 

elastic plate under in-plate loading 21,22 to provide an approximate analysis of a horizontal elastic 

layer element in an elastic or viscous HEM under transtension.  

The tendency for a competent elastic layer to buckle is determined by its flexural rigidity 

21, which for an incompressible elastic plate is 
3

3

h
D


=  ( h  the thickness of the plate). The 

analysis in refs.21,22 shows that the critical load P  for the layer to buckle is 
2

2
P D

L


=  ( L  being 

the width of the elastic plate , ref.21, p.132; ref.22, p.119). For our situation, we can take 
h

L
  and 

( )2 1 3 22P h h    − − + = −   . This yields an estimate for the critical 
2  for buckling 

instability to develop in the layer: 

2

2
6c

 
 =          (9) 
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According to equation (8b), 
2  increases in magnitude asymptotically to 

( )11

2

2 2sec 1

3






 −
= . 

The critical aspect ratio for a horizontal layer is 
( )11

3

4 2sec 1
c




 

 −
= . Similarly, in an all-elastic 

(or all viscous) system, we can use equation (7b) to find the critical aspect ratio.   In the pure 

extension situation, the critical aspect ratio for a horizontal layer to develop buckling is 

( )
( )1184

' 1 1 3
3 1

c

E
r

r


 

 
= + − −  −  

. Thus, all horizontal layer elements with aspect ratios 

c   or 'c  , depending on the rheologies considered, will eventually reach the critical 

compression for buckling and develop extension folds in transtension (Fig.3). Folding of a layer 

increases its effective aspect ratio. The folding of a layer will continue until the effective aspect 

ratio is below the critical value. 

 

Folding of an inclined competent layer-like inclusion in transtension 

Equations (3) and Equations (5) are applicable to an inclined layer in transtension, if the 

macroscale stress tensor components are expressed in the coordinate system of the inclusion. We 

note that in an inclined competent layer, the shear stresses 3  ( 1,2 = ) parallel to the layer do 

not vanish but are small compared to other 
ij  components. All 

ij  components are increased in 

magnitude by a factor of r  or 
1−
 from equivalent macroscale stresses except for 3  (equations 

(3) and (5)) which remain at the same level or smaller than the macroscale components ( 3 3   

). Therefore, in a strongly competent layer, 3  may be negligible compared to other components. 

This means that two of the three principal partitioned stress axes are always nearly parallel to the 

layer and the third principal stress is normal to the layer, despite of the layer orientation. This stress 

state is consistent with the field observation that competent layers are more prone to buckling and 

boudinage instabilities to develop folds and boudinage structures. It also implies that the classical 

elastic plate theory is a reasonable approximation for the deformation of thin competent layers in 

transtension. 

We denote the strike and dip of an inclined competent layer by   and   respectively. It 

turns out that the orientation of the partitioned principal stresses in a competent layer is 
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independent of whether the system is all-elastic, all-viscous, or an elastic layer in a viscous HEM. 

The trend and plunge of 
1 -axis in a competent layer are expressed by (Supplementary 

Information): 

 
( )

( ) 

1

1 1

Trend tan sec tan
2

Plunge tan tan cos tan sec tan


  

  

−

− −

= + −

 =  

     (10) 

where 
( )

( )( )
1

2 2

2sin 2 cos
0.5 tan

cos 2 1 cos 3cos sin

  


    

−
 +
 =

+ + −  

 and   is measured with respect to 

the -y axis (Fig.2a).  

 If buckling folds initiate in the layer parallel to 1 -axis, we can use equation (10) to predict 

the initial orientations of folds in a transtension deformation. Fig. 4 plots the expected initial fold 

hinge lines in competent layers of varying dip angles in a transtension of  =30 . Two different 

types of folds may develop. Horizontal to moderately-dipping competent layers (e.g., dip between 

0 and 30 ) will develop upright extension folds, if their aspect ratios   are sufficiently small. 

Steeply-dipping competent layers will buckle to form shallowly-plunging folds with subhorizontal 

axial surfaces. These folds are not the extension folds discussed in this paper. The initial trends of 

the fold hinge lines are controlled by the strike of the competent layer. Fold hinge lines will rotate 

toward the divergence vector.  

 

Discussion and concluding remarks 

The concept of stress (and strain) is not a single-scale quantity in a rheologically 

heterogeneous material like Earth’s lithosphere. In a plate-scale deformation such as transtension, 

the corresponding macroscale 
ij  are homogenized stresses on a large representative volume 

suitable for the bulk deformation. They are distinct from the partitioned stresses 
ij  in a specific 

rheological element, such as a competent layer, in which extension folds develop. If one uses a 

single-scaled 
ij  (or associated strain field) to consider the development of extension folds, one 

runs into a conundrum, because 
2  is zero or very small in the event of pure extension or 

transtension with a small  . The single-scaled use of 
ij  amounts to regarding a layer in which 

extension folds develop as a continuous sheet extending throughout the transtension zone and 
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being subjected to the macroscale transtension boundary conditions. No geological layers are 

rheologically continuous on such macroscale suitable for transtension deformation. They are more 

realistically treated as layer-like inclusions in the lithosphere mass on that scale. Folding of such 

an element must then be considered in terms of the partitioned stress field.  

All geological structures in Earth’s lithosphere, not just extension folds in transtension, 

develop in rheologically distinctive elements in the lithosphere. They are thus related to the 

partitioned stress 
ij  not the homogenized 

ij . The significance of stress partitioning in Earth’s 

lithosphere as we highlighted here raises issues with many current practices based on the single-

scale conception. The use of paleo-stress estimates from mylonite shear zones as a proxy of stress 

in the lithosphere 23 is an example. Ductile shear zones are essentially rheologically weak (lower 

effective viscosity) inclusions in the lithosphere (the 1r   case of equation (2)). Equation (2) 

suggests that 
ij  in a mylonite shear zone are likely distinct from and smaller in magnitude than 

ij  of the bulk lithosphere making it unjustified to assume that  
ij ij    or that the invariants of 

the two are approximately equal.   
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Fig. 1: Extension folds are common in continental divergence settings.  

a, Simplified geological map of the Okanagan Valley shear zone (OVSZ) and the Shuswap 

metamorphic complex (SMC) of the Canadian Cordillera showing upright and open extension 

folds throughout the system. These folds formed during extension (ca.54-48Ma) and are nearly 

orthogonal to the overall strike of the system. PM: Paleozoic & Mesozoic rocks; ESV: Eocene 

sedimentary and volcanic rocks. Figure is adapted from refs.9,24,25.  b, Simplified map showing 

extension upright folds formed ~ca.1020Ma in the high-grade nappe association in southwestern 

Grenville Province in Ontario and western Quebec. The surfaces being folded by the extension 

folds are a subhorizontal layering and transposition foliation produced during an earlier (~1070-

1030Ma) crustal thickening 7,8. The fold hinge lines are nearly orthogonal to the Grenville Front 

which is the northwest boundary of the Grenville Orogen. In the Grenville Front Tectonic Zone 

(GFTZ), the folds have been overprinted by the ca.1000-975Ma shear zones. The upper-right 

index map shows the broader context. Map is compiled from refs.7,8,26,27. 
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Fig. 2: Map view of macroscale transtension and strain in the horizontal plane.  

a, Transtension geometry and coordinate system xyz  used to define the deformation. The 

horizontal divergence vector v  is at an angle   relative to the system normal (the -x axis). An 

initial square is deformed progressively into a parallelogram with its lower-right corner (p) 

moving along v  (dashed line to the final position p’). The horizontal principal stretching ( 1E ) 

axis is at  
2


 relative to the -x axis and the horizontal principal shortening 

2E -axis is normal to 

1E -axis. They also are parallel to the two horizontal principal stresses  1  and 
2  (not shown in 

Figure but referred to in text). The two horizontal principal finite strains, measured by stretch, 

are 
1 2S S  and 1S  orientation is between 1E -axis and v  depending on the magnitude of finite 

strain. b, When   is small, 2S  remains close to 1 regardless of the finite strain rendering minor 

horizontal principal shortening (1- 2S ).  
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Fig. 3: Critical aspect ratios of buckling for a horizontal competent layer in transtension.  

a, A competent elastic layer in an elastic HEM. For modest macroscale extension stress 11  

between 5 and 15MPa, horizontal layer-like inclusions with 0.015   can buckle. b, A 

competent elastic layer in a viscous HEM. Different curves represent different macroscale 

elongation strain 1E .  
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Fig. 4: Initial orientations of buckling folds in inclined competent layers in a transtension with 

30 = . Red dots are fold hinge lines in competent layers with dip angle between 0 and 20 ; 

Dark and light blue dots are fold hinge lines in competent layers with dip angles between 20  

and 40 . Upright extension folds are developed in these layers close to the principal extension 

1E  axis. They may rotate with (dark blue dots) or against (light blue dots) the macroscale 

vorticity toward the divergence vector. In contrast, steeply-dipping to vertical competent layers 

with dip angles between 50  and 90  (squares) may buckle to develop shallowly-plunging folds, 

largely due to vertical compression. The initial fold hinge lines are determined by the strike of 

the layer. These folds have subhorizontal axial surfaces (recumbent folds) and are not the 

extension folds discussed in this paper. Nevertheless, they may occur in transtension. These folds 

may rotate with (solid squares) or against (open squares) the macroscale vorticity toward the 

divergence direction. 
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Supplementary Information 
 

1. Transtension 

The velocity gradient tensor for macroscale transtension considered in coordinate system 

xyz (Fig.2 in the text) can be expressed as: 

cos 0 0

sin 0 0

0 0 cos

ij

v
L

d







 
 

=  
 − 

        (s1) 

where v  is the divergence velocity, d  the width of transtension, and   the angle of divergence 

velocity measured relative to the transtension normal (the x-axis). The 
v

d
 determines the rate of 

deformation while the kinematics of the deformation is fully determined by  . The associated 

strain rate tensor is  

( )
cos 0.5sin 0

1
0.5sin 0 0

2
0 0 cos

ij ij ji

v
E L L

d

 





 
 

= + =  
 − 

     (s2) 

which for a macroscale isotropic lithosphere with viscosity s  corresponds to the following 

deviatoric stress tensor ( 2ij s ijE = ): 

11 12

12

11

0

0 0

0 0

ij

  
 

 =  
 − 

        (s3) 

And it can be readily verified that 12

11

2
tan


=


. 

Eq.s1 can be integrated (refs.1,2) to give the following position gradient tensor for 

transtension: 

  ( ) ( )

cos

cos

cos

0 0

tan 1 1 0

0 0

ij

e

F e

e

 

 

 

 

−

 
 

= − 
  
 

      (s4) 

where   is the dimensionless time, 
v

t
d

 = .  

The three principal stretches are obtained (see ref.2 for more detail) by taking the 

eigenvalues of the tensor ( ) ( )ij im jmV F F = . The three principal stretches are: 

1( , ) ( , ) g( , )s h     = +         (s5a) 

2 ( , ) ( , ) g( , )s h     = −         (s5b) 

cos

3( , )s e    −=          (s5c) 
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where 
( ) ( )4 cos 2 cos cos 2 cos 2 cossec 1 sec 2 tan 2 3 2

g( , )=
2

e e e e e           
 

 + − + − +
 

 and 

( )
2

2 cos cos1
h( , )= sec 1

2
e e      − + . Fig. 2b in the text is based on Eq. s5b. 

 

2. Inclined Competent Layer in Transtension 

For an inclined inclusion with strike   and dip angle  , we set the inclusion coordinate 

system x’y’z’ such that the x’-axis is along the dipline of the layer and pointing down, y’-axis is 

parallel to the strike of the layer, and z’-axis is normal to the layer and pointing up (Fig.S1). The 

rotation matrix 
ijQ  relating xyz and x’y’z’ coordinates are 3: 

cos cos sin cos sin

sin cos 0

cos sin sin sin cos

ijQ

    

 

    

− − 
 

=  
 − 

       (s6) 

The macroscale stress tensor expressed in the inclusion coordinate system are obtained by tensor 

transformation 'ij im jn mnQ Q =  : 

( ) ( ) ( )
( ) ( )

( )

2 2 2 2 2

11 12 11 12 11 12

2

11 12 11 12 11 12

2

11 12 11

cos cos sin sin 2 cos sin cos cos 2 cos 0.5sin 2 1 cos sin 2

' sin cos cos 2 cos sin sin 2 sin cos cos 2 sin

0.5sin 2 1 cos sin 2 sin cos

ij

           

         

    

  − −  +  + −
 

 =  +  +  +

  + − 
  ( ) ( )2 2 2 2

12 11 12cos 2 sin cos sin cos sin 2 sin      

 
 
 
 
 +   − −
 

 

            (s7) 

 The partitioned stress tensor components are obtained by inserting 'ij  in place of 
ij  in 

equations (3) and (5). In either case, the orientation of the 1- axis relative to x’-axis is: 

( )

( )( )
12 12

2 2
11 22 11 22

2sin 2 cos2 2 '
tan 2

' ' cos 2 1 cos 3cos sin

  


      

+
= = =

−  − + + −
  (s8) 

With   obtained from Eq.s8, the trend and plunge for 1- axis (equation (10) in text) can be 

obtained readily from simple trigonometry. 

 

 

 

 

 

3. Derivation of Equations (3)  
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Elastic Eshelby tensor components are given in ref.4 (p.81) for ellipsoid of general shapes with 

three semi-axes 1 2 3a a a  . The corresponding Eshelby tensor components for incompressible 

materials can be calculated using the procedure of ref.5. Only components with indices iijjS  and 

ijijS  are not zero. For flat oblate inclusions ( 1 2 3a a a=   and 3

1

1
a

a
 =  ), the non-zero 

components are:  

5 1 4

1 5 4
16

4 4 8

ijiijjS S


− − 
 

= = − − 
 − − 

, 
1313 2332

1 3
1

2 4
S S

 
= = − 

 
, and 1212

3

16
S


=   (s9) 

To obtain equations (3) from equation (2), one needs to find explicit expressions for 

components of ( )
1

1d r
−

 + − J S  which involves inversion of 4th-order symmetrical tensors for 

isotropic and incompressible materials. Such tensors have the common property that all 

components are zero except iijjA  and ijijA  components. The iijjA  components and ijijA  

components are obtained separately below. We make use of the contracted notation ij iijjA A= , 

such as ij iijjS S .  

Denote ( ) ( )1dr r = + − Φ J S  and ( ) ( )1r r−=Ψ Φ . The expression for ( )ijij r  is 

already given in ref.5 as ( )
( )

1

2 1 2 1
ijij

ijij

r
r S

 =
 + − 

. It is only necessary to find expressions for 

( )iijj r .  

By definition 
1

3

d
d

ij iijj ij ij ii jjJ J    = = −  (no sum) and ( ) ( 1)
d

ij ij ijr J r S  = + −
  

. 

Therefore, all ( )ij r components are known for a given inclusion. Getting ij = iijj  is 

equivalent to solving the linear system: 

11 11

22 22

33 33

ij

E

E

E







   
   

 =
   
   
   

. As the system is singular because of 

incompressible condition ( 11 22 33 11 22 33 0E E E  + + = + + = ), it gives rise to the following non-

singular subsystem 

11 13 12 13
11 11

22 2221 23 22 23

E

E





  −  −    
  =     −  −     

      (s10) 

which can be readily solved:  
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22 23 13 12111 11

22 2223 21 11 13

E

E





−
  −  −   
 =      −  −    

      (s11) 

where ( )( ) ( )( )11 13 22 23 12 13 21 23 =  −  − −  −  − . 

The 
33  component can be obtained by: ( )33 11 22  = − + .   

 Submitting ( 1)
d

ij ij ijJ r S  = + −
  

 to Eq.s11, one gets: 

( )

( )( ) ( )( )
( )( ) ( )( )

( )( ) ( )( )

22 23 12 13

1
21 23 11 13

22 21 11 12

1 1 1 0

1 1 1 0

1 1 1 1 0

ij

r S S r S S

r r S S r S S

r S S r S S

−

 + − − − − −
 
 

 =  − − − + − − 
 

    − + − − − + − −
    

    (s12) 

and ( )( ) ( )( ) ( ) ( )( )2

11 13 22 23 12 13 21 231 1 1 1 1r S S r S S r S S S S    = + − − + − − − − − −
   

. 

 Submitting Eq.s9 into Eq.s12, we get the following expression for flat oblate inclusions: 

( )
( ) ( )

( ) ( )

( ) ( )

( ) ( )

16 9 1 3 1 0
2

3 1 16 9 1 0
8 3 1 4 3 1

16 6 1 16 6 1 0

ij

r r

r r r
r r

r r

 

 
 

 

+ − − − 
 

 = − − + − + − + −        − − − − − − 

 (s13) 

The explicit expressions for three normal stresses are, from equation (2): 

( )iii r r  =     (sum over   only)     (s14) 

Expanding Eq.s14 gives Eqs.3a-c in the text. 

 The shear stresses can be readily obtained by 
( )

2
1 2 1

ij

ij ijij ij

ijijr S



=   =

+ −
 which gives 

equations (3d) and (3e) in the text. 

 

 

4. Derivation of Equations (5)  

For shear stresses 
ij ( i j ), we expand equation (6) as: 

( )1 2 2
ij

ijij ijij ij ij

d
S S

dt


− + =   (no sum) 

which can be solved to give ( )
2

1 exp
2 1 2

ij ijij

ij

ijij ijij

S
t t

S S


  
= − −   −   

. Inserting 
ijijS  for flat oblate 

inclusions (Eq.s9) gives: 



20 

 

 

( ) ( )

( )

12 12
12 1

3
3

8 83
1 exp

3 8 3 3

4 4 3
1 exp

4 3 3

t t E t

t t





  




 

   
= − − =  −  

  −  
= − −  

−   

    (s15) 

which are equations (5d&e) in the text.  

A different approach is used to solve for the three normal stresses ii  ( 1,2,3i = ). First, we 

rewrite Eq.4 as ( ) ( )
1 1

d dd

dt

− −

+ − = −
σ

J S Sσ J S Σ  first, and then in component form as: 

( ) ( )0 0ii
i i

d
S

dt
   


+ =       sum over Greek indices only  (s16) 

( )0ij  can be obtained from Eq.s13 and S  are given in Eq.s9. Submitting them into Eq.s16, 

the resulting equation can then be solved to give: 

( ) ( ) ( )11 11 22 11 22

2 3 3
2 1 exp 1 exp

3 8 3 4 3
t t t

 


  

       
=  − − − +  + − −       − −       

 (s17a) 

( ) ( ) ( )22 11 22 11 22

2 3 3
1 exp 2 1 exp

3 4 3 8 3
t t t

 


  

       
=  + − − −  − − −       − −       

 (s17b) 

( ) 33
33

4 3
1 exp

3 4 3
t t




 

   
= − −  −  

        (s17c) 

which are equations (5a-c) in the text. 

 For a horizontal flat oblate inclusion in transtension, inserting equation (4) into Eqs.s15 

and s17, we get: 

 

( ) ( ) ( )11
11 1 2

2
2

3
t E t E t



  = +
 

       (s12a) 

( ) ( ) ( )11
22 1 2

2
2

3
t E t E t



  = − −
 

       (s12b) 

( ) ( )11
33 2

4

3
t E t




= −          (s12c) 

( ) ( )12
12 1

8

3
t E t




=         (s12d) 

( ) ( )13 23 0t t = =          (s12e) 

The corresponding principal stresses are equations (8) in text. 
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Fig. S1. Coordinate system x’y’z’ for an inclined layer-like inclusion. Coordinate system xyz is 

the one in which macroscale transtension is defined. The yellow plane is the inclined layer,   

and   are respectively strike and dip angles. The x’-axis is along the dipline of the layer and 

pointing down, y’-axis is parallel to the strike of the layer, and z’-axis (not shown) is normal to 

the layer and pointing up.   is the angle of the partitioned principal 1  axis relative to the x’-

axis. 

 

 

References: 

 

1 Jiang, D. & Williams, P. F. High-strain zones: a unified model. Journal of Structural 

Geology 20, 1105-1120, (1998). 

2 Jiang, D. Flow and finite deformation of surface elements in three dimensional 

homogeneous progressive deformations. Tectonophysics 487, 85-99, (2010). 

3 Jiang, D. Numerical modeling of the motion of rigid ellipsoidal objects in slow viscous 

flows: A new approach. Journal of Structural Geology 29, 189-200, (2007). 

4 Mura, T. Micromechanics of Defects in Solids.  587 (Dordrecht : Nijhoff, 1987). 

5 Jiang, D. Viscous inclusions in anisotropic materials: Theoretical development and 

perspective applications. Tectonophysics 693, 116-142, (2016). 
 


