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Abstract

Proton anisotropy in velocity space has been generally accepted as a major parameter for exciting electromagnetic ion cyclotron

(EMIC) waves. In this study, we estimate the proton anisotropy parameter as defined by the linear resonance theory using

data from the Van Allen Probes mission. Our investigation uses the measurements of the inner magnetosphere (L < 6) from

January 2013 to February 2018. We find that the proton anisotropy is always clearly limited by an upper bound and it well

follows an inverse relationship with the parallel proton b (the ratio of the plasma pressure to the magnetic pressure) within

a certain range. This upper bound exists over wide spatial regions, AE conditions, and resonance energies regardless of the

presence of EMIC waves. EMIC waves occur when the anisotropy lies below but close to this upper bound within a narrow

plasma b range: The lower cutoff b is due to an excessively high anisotropy threshold and the upper cutoff b is possibly due to

the predominant role of a faster-growing mirror mode instability. We also find that the anisotropy during the observed EMIC

waves is unstable, leading to the linear ion cyclotron instability. This result implies that the upper bound of the anisotropy is

due to nonlinear processes.
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Key Points: 23 

- Proton anisotropy has a clear upper bound that follows an inverse relationship with the plasma 24 

beta within a certain range.  25 

- EMIC waves occur with an anisotropy below but close to the upper bound within a narrower 26 

plasma beta range.  27 

- The anisotropy associated with EMIC waves is unstable to the linear instability, requiring a 28 

nonlinear process to set the upper bound.  29 
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Abstract 31 

Proton anisotropy in velocity space has been generally accepted as a major parameter for exciting 32 

electromagnetic ion cyclotron (EMIC) waves. In this study, we estimate the proton anisotropy parameter 33 

as defined by the linear resonance theory using data from the Van Allen Probes mission. Our 34 

investigation uses the measurements of the inner magnetosphere (L < 6) from January 2013 to February 35 

2018. We find that the proton anisotropy is always clearly limited by an upper bound and it well follows 36 

an inverse relationship with the parallel proton (the ratio of the plasma pressure to the magnetic 37 

pressure) within a certain range. This upper bound exists over wide spatial regions, AE conditions, and 38 

resonance energies regardless of the presence of EMIC waves. EMIC waves occur when the anisotropy 39 

lies below but close to this upper bound within a narrow plasma  range: The lower cutoff  is due to 40 

an excessively high anisotropy threshold and the upper cutoff  is possibly due to the predominant role 41 

of a faster-growing mirror mode instability. We also find that the anisotropy during the observed EMIC 42 

waves is unstable, leading to the linear ion cyclotron instability. This result implies that the upper bound 43 

of the anisotropy is due to nonlinear processes.  44 
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1. Introduction 46 

The anisotropic velocity distributions of charged particles have long been known to play an 47 

important roles in the excitation of cyclotron waves in space plasmas (e.g., Kennel and Petschek, 1966; 48 

Gary et al., 1976, 1994a,b, 2012; Kozyra et al., 1984; Hu et al., 1990; Denton et al., 1993, 1994; Chen 49 

et al., 2011; Silin et al., 2011; Lee et al., 2017). A parameter that quantifies the anisotropy of phase space 50 

density in velocity space is usually used to describe anisotropy-driven instability. The most popular 51 

choice is to use a simple definition given by the ratio between the parallel and perpendicular 52 

temperatures of the particles, (A =
୘఼

୘∥
− 1), which is valid in the case of the bi-Maxwellian distribution 53 

function. A more general definition that can be applied to any distribution function was given by Kennel 54 

and Petschek (1966). This definition is used in the present work (see Section 2 below). 55 

According to the linear perturbation theory, when the proton anisotropy is sufficiently increased to 56 

reach above a certain threshold condition by external sources, such as substorm injections or solar wind 57 

dynamic pressure enhancements (Cho et al., 2017), the particle state becomes unstable, leading to ion 58 

cyclotron instability thereby generating EMIC waves. EMIC waves have generally been accepted to 59 

play a critical role in outer radiation belt dynamics by scattering relativistic electrons. Previous studies 60 

have reported a rather low occurrence rate of EMIC waves in the Earth’s inner magnetosphere (L < 6) 61 

during the Van Allen Probes mission era (Saikin et al., 2015; Wang et al., 2015; Noh et al., 2018). 62 

However, there has been a substantial accumulation of both theoretical and observational support for 63 

the EMIC wave-driven precipitation of relativistic electrons (e.g., Qin et al., 2020, and references 64 

therein). 65 

Precise information detailing the observational characteristics of the proton distribution in velocity 66 

space is important to understand the EMIC wave excitation mechanism. Several studies have recently 67 

been carried out investigating proton distributions in the inner magnetosphere. Yue et al. (2017) 68 

investigated the characteristics of the pitch angle distributions of protons with energies of 1 eV to 600 69 

keV near the equator. They demonstrate that the pitch angle distribution of the protons differs over 70 

different energy ranges. Plasmaspheric (several eV) and ring current (5 – 100 keV) protons usually have 71 



a pancake distribution (flux peak at 90˚ of pitch angle). However, the warm plasma cloak (10 eV – 72 

several keV) shows a bi-directional distribution (flux peak at both 0˚ and 180˚) and the high energy 73 

protons (100 – 400 keV) show a butterfly distribution. They also reported that the pitch angle 74 

distribution can differ under various geomagnetic conditions. Artemyev et al. (2018) investigated the 75 

radial profile of the proton temperature anisotropy in the nightside equator region. They reported that 76 

the proton temperature anisotropy is higher at a low radial distance (L < 6) than high radial distance (L 77 

> 6). They also found that the overall proton temperature anisotropy decreases under enhanced 78 

geomagnetic activity, which is in turn energy-dependent. Imajo et al. (2019) investigated the proton 79 

temperature anisotropy in a meridional plane on the nightside during moderate storms. They found that 80 

the proton temperature anisotropy decreases statistically with radial distance, but the latitudinal 81 

dependence was not clear.  82 

Plasma instabilities are often expressed in terms of the relationship between the particle anisotropy 83 

in velocity space and plasma beta (the ratio between the plasma pressure and magnetic pressure). There 84 

have been several studies that demonstrate the marginal stability conditions for the ion cyclotron 85 

instability in the solar wind and the magnetosphere can be expressed as an inverse relationship between 86 

the proton temperature anisotropy and the parallel proton beta (β∥,୮ =
୬୩ా୘∥,౦

ಳమ

మഋబ
  

 ) (Gary et al., 1976, 87 

1994a,b; Anderson et al., 1994; Gary and Lee 1994; Phan et al., 1994; Blum et al., 2009, 2012; Yue et 88 

al., 2019). According to the theory, if the plasma state exceeds the threshold anisotropy for a plasma 89 

beta that is given by the inverse relationship or vice versa, such plasma states can become unstable and 90 

the wave is amplified as it consumes free energy, relaxing the plasma state to a lower free energy state. 91 

However, in reality, the marginal stability conditions for trapped particles are complicated by various 92 

plasma parameters and the presence of heavy ions (Anderson et al., 1994; Phan et al., 1994; Lee et al., 93 

2017; Noh et al., 2018). Thus, it is not easy to specify the limit for marginal stability with the sole use 94 

of a simple expression describing the inverse relationship in real-space plasmas. 95 

In this study, we quantitatively determine the proton anisotropy parameter defined by Kennel and 96 

Petschek (1966) using long-term (from January 2013 to February 2018) measurements collected by the 97 



Van Allen Probes in the inner magnetosphere. Our primary goal is to examine the inverse relationship 98 

between the proton anisotropy parameter and the parallel proton beta β∥,୮ under various conditions (e.g. 99 

MLT, MLAT, and geomagnetic conditions), regardless of EMIC wave occurrence. Ultimately, we aim 100 

to demonstrate the implications of the inverse relationship with regard to ion cyclotron instability.  101 

  102 



2. Data and methodology 103 

The Van Allen Probe mission consists of two identical satellites (Mauk et al., 2013) which were 104 

launched in August 2012 and completed their mission in October 2019. The orbit of the satellites 105 

covered a radial distance from 500 km to 30,600 km at an orbital inclination of ±10˚ which corresponds 106 

to approximately ±20˚ in magnetic latitude. The line of the apsides precessed longitudinally 107 

approximately 210˚/year. The data from Van Allen Probe-A is used in this study. 108 

In order to calculate the anisotropy parameter, we use two particle detectors to cover a wide energy 109 

range. The Helium Oxygen Proton Electron plasma spectrometer (HOPE) covers the particle energy 110 

from 1 eV to - 52 keV and distinguishes H+, He+, and O+ (Funsten et al., 2013).  The Radiation Belt 111 

Storm Probes Ion Composition Experiment (RBSPICE) covers the energy range from 30 keV to 600 112 

keV and also distinguishes heavy ions (He+ and O+) using time-of-flight technology (Mitchell et al., 113 

2013). Both instruments provide a pitch angle resolution covering the range of 0˚ to 180˚. The quality 114 

of the data gathered using HOPE (release 04) has recently been improved by inter-calibration with 115 

RBSPICE. The discrepancy between the high energy channel of HOPE and low energy channel of 116 

RBSPICE has thus been reduced to within a factor of 2 for 94% out of entire data.  117 

The Electric and Magnetic Field Instrument Suite and Integrated Science (EMFISIS) measures the 118 

DC magnetic field in three orthogonal directions (Kletzing et al., 2013). The sampling cadence is 64 Hz. 119 

In this study, the magnetic field intensity is used for calculating the proton beta and the 64 Hz vector 120 

magnetic field measurements to extract EMIC waves. 121 

As noted in Section 1, we use the definition of the anisotropy parameter defined by Kennel and 122 

Petschek (1966): 123 

A =

∫ ௩఼൬௩∥
ങ೑

ങೡ఼
ି௩఼

ങ೑

ങೡ∥
൰

ೡ఼
ೡ∥

 ௗ௩఼
ಮ

బ
ฬ
ೡ∥స ೡೝ

 

ଶ ∫ ௩఼௙ௗ௩఼
ಮ

బ ቚ
ೡ∥స ೡೝ

 (1) 124 

where 𝑣ୄ, 𝑣∥  are the particle velocity components that are perpendicular and parallel to the 125 

background magnetic field, respectively. f is the distribution function of the particles and 𝑣௥  is the 126 



resonant velocity of the interacting particles. We use the same calculation method and criteria as those 127 

in Noh et al. (2018). We concatenate HOPE (50eV – 52 keV) and RBSPICE (52 – 488 keV) in the order 128 

of energy. Since HOPE has a sampling cadence of 22 seconds whereas that of RBSPICE is 129 

approximately 10 seconds, we interpolate the RBSPICE sampling time to the HOPE sampling time. 130 

The anisotropy parameters are calculated every minute. More details concerning the numerical 131 

estimation of the anisotropy parameter are given in Noh et al. (2018). 132 
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3. Spatial distribution of anisotropy parameters 134 

The spatial distributions of the calculated anisotropy parameters are examined. We distinguish the 135 

spatial distributions according to the level of the AE index. The AE index is used to ascertain the supply 136 

of energetic particles via substorms and enhanced convection from the plasma sheet into the inner 137 

magnetosphere. AE indices are sampled at the same time as the anisotropy parameter. 138 

Figure 1(a) and 1(b) show the results for two selected energies. We emphasize that these were 139 

obtained without considering the existence of EMIC waves. Figure 1(a) shows the equatorial 140 

distribution of the anisotropy parameter at E|| = 10 keV (E∥ =
ଵ

ଶ
𝑚௉𝑣∥). The anisotropy parameter is 141 

higher in the lower L region, which is roughly the case for all AE conditions. Overall, while the 142 

anisotropy parameter slightly decreases as the AE increases, its radial gradient is steeper with increasing 143 

AE. In particular, the anisotropy parameter at higher L on the nightside is dramatically reduced as the 144 

AE increases. Consequently, the anisotropy parameter distribution becomes more asymmetric between 145 

dayside and nightside at higher L. This asymmetry is not significant in the lower L region (L < 4). Figure 146 

1(b) shows the distributions of the anisotropy parameter at E|| = 50 keV. While the main features are 147 

similar to the 10 keV case, the anisotropy is quantitatively somewhat lower than the case of 10 keV. 148 

This means that the energy dependence of the anisotropy is not reflected by a bi-Maxwellian distribution.  149 

The spatial distributions detailing the comparison of the anisotropy with the parallel proton beta 150 

β∥,୮ are shown in Figure 1(c). The β∥,୮ increases on the duskside to the nightside at higher values of L 151 

and under higher AE index conditions. Importantly, based on visual inspection, there is an overall trend 152 

for an inverse relationship between the anisotropy parameter and the β୔,∥  at both energies. A detailed 153 

discussion of the feature of this is given in Section 4. 154 

  155 



 156 

Figure 1 L-MLT plane distribution of  (a) Kennel-Petschek anisotropy at E = 10 keV, (b) the 157 

anisotropy at E = 50 keV, (c) the parallel proton beta and (d) the amplitude of the EMIC waves 158 

for three AE levels using the Van Allen Probes observations from January 2013 to February 2018. 159 

All colors in each panel indicate the averaged parameters in each L and MLT bin. The dotted 160 

circles refer to L= 2 to 6. The radially dotted lines indicate MLT ticks at 2 h intervals. 161 
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The ultimate aim of this study is to examine the implications of the proton anisotropies and β∥,୮ on 163 

the EMIC wave excitation, on which we present details in the subsequent sections. For this purpose, we 164 

identified EMIC waves using the same wave detection algorithm as that used in Noh et al. (2018). Using 165 

this algorithm, 779 EMIC wave events were identified during the same interval used for the anisotropy 166 

and β∥,୮ statistics (January 2013 to February 2018). Figure 1(d) shows the spatial distribution of the 167 

amplitudes of the identified EMIC waves (Bw). The distributions cover nearly all MLTs and largely at 168 

L > 3. The wave amplitude increases in the high L afternoon region as the AE increases. By comparing 169 

this with the anisotropy and β୔,∥ in panels 1(a) to 1(c), we find a rough trend suggesting that this region 170 

corresponds to the overlapping region of high β୔,∥ and moderate anisotropy parameters. We additionally 171 

find that the occurrence rate of EMIC waves (not shown) increases under enhanced geomagnetic 172 

conditions (higher AE index) and is focused on the overlapping region where high β୔,∥ and anisotropy 173 

occur in a similar manner as the wave amplitudes.  174 
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4. Upper limits of anisotropy and corresponding 𝛃∥,𝐩 ranges 176 

In this section, we examine the detailed aspects of the inverse relationship between the anisotropy 177 

parameter A and β∥,୮ revealed in Figure 1. Noh et al. (2018) suggested that the ion cyclotron instability 178 

threshold condition of Kennel and Petschek (1966) can be expressed via the inverse relation,  179 

A =  −
ଵ

ண೛
ష ቀ

ఠ

௞௩ಲ
ቁ ൬

ଵ

ඥஒ∥,ౌ
൰.     (2) 180 

where A is the anisotropy parameter, ς௣
ି =

ఠିஐ౦

√ଶ௞௩೟೓
, 𝑣௧௛ = ට

்||,೛

௠೛
, k is the wave number and 𝑣஺ is the 181 

Alfven speed.  182 

We can further simplify this by incorporating the potential dependence of ς௣
ି and 

ఠ

௞௩ಲ
 on β∥,୮ into the 183 

fitting parameters S and α, 184 

A =
ୗ

ஒ∥,౦
ഀ  .       (3) 185 

This formula is equivalent to the instability criterion suggested by Gary and Lee (1994) except that they 186 

specifically determined the dependence of ς௣
ି and 

ఠ

௞௩ಲ
 on β∥,୮  by numerically solving the dispersion 187 

relation with a fixed growth and for a bi-Maxwellian distribution that is applicable to the Earth’s 188 

magnetosheath.  189 

The intent to determine the extent of the overall inverse relation shown in Figure 1 is consistent 190 

with the theoretically predicted inverse relation (3).  We investigate the anisotropy parameter and β∥,୮ 191 

data in Figure 1 under various conditions by distinguishing the resonance energy E|| of the anisotropy 192 

parameter, MLT sector, MLAT, and AE index conditions. We divide the MLT into four sectors 193 

representing midnight (21 h – 03 h), dawn (03 h – 09 h), noon (09 h – 15 h) and dusk (15 h – 21 h). The 194 

MLAT is separated into two sections; that is, near-the-equator (|MLAT| ≤ 10˚) and off-the-equator 195 

(|MLAT| > 10˚). Three ranges are used for the AE index, as discussed in Section 3.  196 



 197 

Figure 2 Scatter plot of the anisotropy parameter at E|| = 10 keV and 𝛃∥,𝐩  under disturbed 198 

conditions (AE index ≥ 300) on the dusk side near the equator. The gray and black dots in the 199 

middle panel indicate all data points and those during EMIC wave intervals, respectively. The 200 

solid magenta is the fit curve of the upper bound of the anisotropy parameter in the finite 𝛃∥,𝐩 201 

range. The 𝛃∥,𝐩 range of upper bound is denoted by green vertical lines. The black dashed line is 202 

the inverse relation of the anisotropy and 𝛃∥,𝐩 as suggested by Gary et al. (1994a). The orange 203 

vertical lines are the bottom and top 10 percent of the 𝛃∥,𝐩 in which EMIC waves are observed. 204 

The upper panel is a histogram of the 𝛃∥,𝐩 values in the study, and the right panel is a histogram 205 

of the anisotropy parameters. 206 

 207 

Figure 2 is a scatter plot of the anisotropy parameter at E|| = 10 keV and the β∥,୮ taken from Figures 208 



1(a) and 1(c) and meet the conditions, 15 h ≤ MLT < 21 h, |MLAT| ≤ 10˚, AE > 300 nT.  While the gray 209 

dots refer to all the data points from Figure 1(a) and 1(c) under this set of conditions, the black dots are 210 

the cases in which the EMIC waves are observed. Several interesting features can be identified from 211 

Figure 2. The most prominent feature is that there is a clear upper bound to the anisotropy parameter, 212 

which is inversely proportional to β∥,୮. This upper bound of the anisotropy parameter is well represented 213 

by the inverse relationship formula in Eq. (3), with S = 0.56 and α = 0.42 (magenta curve). The range 214 

of β∥,୮ that this upper bound follows the inverse relationship is confined within a certain β∥,୮ range from 215 

2.7×10-2 to 3.0 (vertical green lines) rather than the entire β∥,୮ range that was measured. For reference, 216 

the threshold curve suggested by Gary et al. (1994a) is added, with the growth rate of 10-2 times the 217 

wave’s real frequency (black dashed line), which corresponds to S = 0.65 and α = 0.4 in Eq. (3). Gary 218 

et al’s curve is similar to the upper bound curve generated in this study. This leads to the question of 219 

whether these observations imply stable conditions for the development of ion cyclotron instability 220 

predicted by the inverse relation. We will discuss this in the next section.  221 

Second, EMIC waves (black dots) are observed in a β∥,୮ range that is narrower than that of the 222 

upper bound curve: approximately 80% of the EMIC wave events detected lie between β∥,୮ = 1.7×10-1 223 

and 5.0×10-1 (vertical orange lines). Beyond this range, the occurrence of EMIC waves becomes rare. 224 

This trend at higher β∥,୮ is particularly interesting because one might expect a higher possibility of 225 

EMIC wave occurrence for higher beta due to the lower anisotropy threshold. The result here implies 226 

that a high beta alone does not necessarily guarantee the occurrence of ion cyclotron instability, but 227 

rather an additional mechanism needs to be identified. We discuss this further in Section 6. Lastly, the 228 

anisotropy parameter during the EMIC wave intervals lies in high value ranges mostly close enough to 229 

the upper bound curve. To further address this feature, an instability test is performed and is discussed 230 

in the subsequent section. 231 

 232 



 233 

Figure 3 Scatter plots for the anisotropy at E|| = 10 keV and 𝛃∥,𝐩 which are sorted by MLT sector 234 
and MLAT (AE index ≥ 300 nT). The top third panel from the left is same as that in Figure 3. 235 
Each panel has the same format as Figure 3. 236 

 237 

In Figures 3 to 5, we examine whether the three main features found above are also observed 238 

in other spatial regions and for different AE conditions and parallel energies. Figure 3 shows the results 239 

of the spatial dependence for four different MLT sectors and two MLAT regions. The third panel in the 240 

first row is the same as that in Figure 2.  241 

Figure 3 reveals several interesting features. First, we find that a well-defined upper bound of 242 

the anisotropy is present in the form of an inverse relation in all the MLT and MLAT zones. We note 243 

that the beta range for the upper bound curves (green vertical lines) differs in different spatial zones. 244 

However, this is primarily due to the configuration of the magnetic field, where high beta measurements 245 

are preferentially observed in low magnetic field regions such as near midnight and near the equator. 246 

We also point out that the fitting coefficient S values are lower in the higher latitude zone than near the 247 

equator, indicating that the anisotropy is overall lower in the higher latitude zone. It is interesting that 248 

the upper bound curve (magenta line) lies well below the threshold curve (black dashed line) given by 249 

Gary et al. (1994a). Second, the EMIC waves (black dots) are observed most frequently in the noon and 250 

dusk sectors near the equator; only a limited percentage of the wave events are observed in the dawn 251 



sector, both near and off the equator. The anisotropy values of these events are mostly close to the upper 252 

bound curves. In addition, when they are present, the occurrence of EMIC waves is limited to a specific 253 

range of β∥,୮ (orange lines) for all MLT and MLAT zones and the absence of EMIC wave occurrence 254 

in the higher beta range is a common feature in all the spatial zones. In short, although the details are 255 

somewhat different, there are three main features common to most MLT and MLAT zones: (i) a well-256 

defined upper bound to the anisotropy in the form of an inverse relation, (ii) a limited beta range for 257 

EMIC waves with an upper cutoff beta value, and (iii) the proximity of the EMIC wave anisotropy to 258 

the upper bounds.  259 

 260 

Figure 4 Scatter plots for the anisotropy at E|| = 10 keV and 𝛃∥,𝐩 for AE ≥ 300 (left column) and 261 

AE < 100 (right column) in the dusk (upper row) and noon (bottom row) sectors. All data are 262 
from the near-equator (|MLAT| ≤ 10˚). 263 

 264 

Figure 4 examines the dependence on the AE index of the near-equatorial region on the noon 265 

and duskside. Attention is particularly paid to the MLT and MLAT zones where the EMIC waves are 266 



most frequent. While the β∥,୮ ranges are narrower under low AE conditions over the entire data set, the 267 

β∥,୮ ranges of the EMIC waves are similar at both high and low AE conditions. Consequently, for low 268 

AE conditions, the upper cutoff of β∥,୮ for the EMIC waves almost coincides with the β∥,୮ ranges for 269 

the upper bound, whereas the upper cutoff of β∥,୮ for the EMIC wave is below that of the upper bound 270 

for the high AE.  This result implies that an increase in the AE activity leads to high beta states in which 271 

the EMIC waves are not necessarily triggered while the inverse relationship between the anisotropy and 272 

plasma beta continues to hold.   273 

 274 

Figure 5 Scatter plots of the anisotropy parameter at E|| = 2, 10, 50 and 98 keV and 𝛃∥,𝐩 for the 275 

same MLT and MLAT sector with the same AE index ≥ 300 nT. Top right panel is same as Figure 276 
2. Each panel has the same format as Figure 2. 277 

As noted in the Introduction, unless the distribution function of the proton is single bi-Maxwellian 278 

distribution, the anisotropy parameter can differ by its parallel energy. We calculate the anisotropy 279 



parameters for a range of parallel energies that are considered suitable for the development of ion 280 

cyclotron resonance instability. Figure 5 shows the relationship between the anisotropy parameter and 281 

β∥,୮ for parallel energies of 2, 10, 50, and 98 keV under the same conditions as those in Figure 2 (AE 282 

index ≥ 300 nT, dusk sector, and |MLAT| ≤ 10 ˚). The 10 keV result in Figure 2 is repeated here for 283 

comparison (upper right panel). Overall, the three main features identified for the 10 keV case in Figure 284 

2 are also observed for the other energies in Figure 5.  285 

One difference that is observed at different energies is that while the anisotropy parameters have a 286 

clear upper bound that follows the inverse relation under all the energies, the anisotropies are higher 287 

overall at lower energies and their upper bound curves are steeper for lower energies as well (compare 288 

the coefficients S and α among the four energies). Note that the beta ranges are the same for all the 289 

energies as the chosen parallel energy enters the calculation of the anisotropy parameter without 290 

affecting the plasma beta. One further interesting feature is that the anisotropy at E|| = 98 keV still shows 291 

an upper bound, but it is less clear than that at lower energies and the beta range of the upper bound is 292 

narrower. While the proton populations at E|| = 98 keV lie within the typical resonant energy range, the 293 

most effective energy range for the ion cyclotron instability is approximately a few tens of keV 294 

(Meredith et al. 2003). Thus, particles at E|| = 98 keV can be less affected by the ion cyclotron instability 295 

than those at lower energy. Another point to note is that the curve produced by Gary et al. (1994a) is 296 

fixed in a manner independent of the specific energies, as the anisotropy parameter is based on single 297 

bi-Maxwellian distribution. The upper bound at 10 keV almost coincides with the curve from Gary et 298 

al., whereas the upper bound curves for the other parallel energies differ from the prediction in Gary et 299 

al. In short, while the three main features in Figure 2 are present at all energies, the specific anisotropy 300 

values and their inverse relations with β∥,୮ are dependent on the resonant parallel energies, which is 301 

unlike the simple inverse relation such as that of Gary et al. (1994a).  302 

  303 



5. Linear instability test 304 

In Section 4, we found that there is generally a well-defined upper bound for the anisotropy 305 

parameter in the form of an inverse relation with the plasma beta over a broad range of spatial locations 306 

and AE conditions. When they occur, EMIC waves are associated with an anisotropy below (but mostly 307 

close to) this upper bound. A question naturally arises regarding the stability of the observed anisotropic 308 

protons. What determines the upper bound of the anisotropy in an inverse-relation way? Are the EMIC 309 

waves with the observed proton anisotropies a manifestation of a stable state, an ongoing instability, or 310 

a saturated state of an already grown instability? This section examines some of these questions by 311 

testing the linear instability criterion for the development of an ion cyclotron instability with the 312 

observed anisotropy parameter. Specifically, we utilize the discriminant for ion cyclotron instability 313 

taken from eq. (2.23) in Kennel and Petschek (1966): 314 

A ቀ
ஐು

ఠ
− 1ቁ >  1.      (4) 315 

As the discriminant requires the wave frequency, we can test this only when EMIC wave events occur. 316 

Note that this criterion cannot be used to estimate the local growth rate and can only determine whether 317 

the growth rate of the wave will be positive or negative (growing or damping). Note that the 318 

discriminant is obtained from the assumption of an electron-proton plasma; thus, any effects caused by 319 

the presence of heavier ions could be missing.  320 

Figure 6 shows the estimation results of the left-hand side of Eq. (4) for the EMIC wave events 321 

in Figure 1 using anisotropy parameters for parallel energies from 6 to 98 keV. The estimations are 322 

determined during each EMIC wave interval and the resulting time-series curves are superposed. The 323 

results in Figure 6 are distinguished by location, as discussed in Section 4. The horizontal gray line in 324 

each panel indicates the linear instability threshold. Although the discriminant differs by location and 325 

parallel energy, the superposed discriminants are all well above the threshold value. This means that 326 

EMIC waves with the measured anisotropy parameters, which are all below the upper bound, are still 327 

in a linearly unstable state. This implies that the upper bound of the anisotropy (at least above the EMIC 328 



wave beta range) is not set by the linear instability but rather requires an additional process such as a 329 

nonlinear development. The satisfaction of the linear instability implies a continuous supply of free 330 

energy in the form of a still anisotropic distribution to complement its consumption to drive the wave 331 

growth.  332 

 333 

 334 

Figure 6 Superposed epoch analysis of the wave events for both high MLAT (|MLAT| > 10˚, left 335 
column) and low MLAT (|MLAT| < 10˚, right column). The MLT sectors are defined in the same 336 
manner as discussed in Section 4. The lines are distinguished by color which indicates the parallel 337 
energy of the anisotropy parameter. Gray lines in each panel are the linear instability threshold. 338 

  339 



6. Summary and discussion 340 

In this study, we examined the anisotropy parameter defined by Kennel & Petschek (1966) with 341 

resonant parallel energy from 1 keV to 100 keV and β∥,୮ using Van Allen Probe measurements. We 342 

found an overall trend in that the anisotropy parameters and β∥,୮ are inversely related to each other over 343 

a wide range of spatial regions and AE conditions, regardless of the occurrence of EMIC waves. The 344 

main results that we found are as follows, 345 

i) The anisotropy is limited by a clear upper bound that varies inversely with β∥,୮ over a wide 346 

range of locations, AE index conditions, and resonant parallel energies, regardless of the 347 

existence of EMIC waves.  348 

ii) The clear upper bound of the anisotropy parameter exists within a certain β∥,୮ range (~10-349 

2 – a few) and varies slightly with respect to location and AE index condition. 350 

iii) EMIC waves are mostly observed over a limited β∥,୮ range with lower and upper cutoff 351 

values (approximately 10-1 to < 1).  352 

iv) EMIC waves are found with anisotropies below, but mostly close to, the upper bound.  This 353 

anisotropy satisfies the linear instability criterion for the ion cyclotron mode.  354 

Noh et al. (2018) demonstrated that the linear threshold conditions can differ significantly in terms 355 

of the inverse relationship between the anisotropy and β∥,୮ depending on the specific plasma conditions. 356 

It is reasonable to expect that each observed wave event has its own threshold condition according to 357 

the plasma conditions, which can vary to a large extent from event to event. Despite this possible 358 

diversity, the main result (i) of this study suggests the existence of a clear upper bound for the anisotropy 359 

parameter above which nature does not allow. We suggest calling each upper bound of the anisotropy 360 

parameter the “regional stability condition”. 361 

 The absence of EMIC waves below the lower cutoff beta value (result (iii) above) is expected 362 

as a low β∥,୮ would require a very high anisotropy threshold for ion cyclotron instability, which is hardly 363 



realized. Consequently, a large anisotropy can occur without EMIC wave amplification in low beta 364 

conditions; for example, the anisotropy at E|| = 10 keV near the equator on the duskside can reach 2 or 365 

more (see Figure 2). We suggest that the usual anisotropy drivers, such as substorm particle injection 366 

and dayside compression can hardly provide large enough anisotropies in the inner magnetosphere 367 

where the β∥,୮ is too low. 368 

The absence of EMIC waves above the upper cutoff beta value (result (iii) above) implies that some 369 

type of instability other than ion cyclotron instability must play a role in setting the upper bound of the 370 

anisotropy. For the high β∥,୮  region, mirror mode instability may operate more efficiently than ion 371 

cyclotron instability and can consume free energy faster so that EMIC waves do not grow sufficiently 372 

(Anderson and Fuselier, 1993; Gary et al., 1993; Lacombe and Belmont, 1995; Shoji et al., 2009; Yoon 373 

and Seough, 2012). Both mirror mode and ion cyclotron instabilities are excited by the anisotropic 374 

distribution of the protons. It has been reported that ion cyclotron instability is more dominant in lower 375 

β∥,୮ conditions whereas higher β∥,୮ conditions are favorable for mirror instabilities. Gary et al. (1993) 376 

used the linear theory to demonstrate that the inverse relationship between anisotropy and β∥,୮ for both 377 

ion cyclotron instability and mirror mode instability crosses near β∥,୮  of approximately 1. Thus the 378 

threshold anisotropy for the mirror mode instability is lower than that of ion cyclotron instability in a 379 

high β∥,୮  regime. Yoon and Seough (2012) have demonstrated similar results using the quasi-linear 380 

theory that the mirror mode wave dominates the EMIC wave near the saturation stage of the waves. 381 

Shoji et al. (2009) conducted a 3D particle-in-cell simulation of anisotropic plasmas in which they found 382 

that the mirror mode instability efficiently relaxes the anisotropy so that the growth rate of the ion 383 

cyclotron instability becomes weaker before saturation. 384 

Our result (iv) implies the possibility that an additional process accompanies the linear instability 385 

to produce the observed anisotropies during the EMIC waves. Recently, Yue et al. (2019) reported an 386 

inverse relationship between temperature anisotropy and β∥,୮. They assumed that the observed proton 387 

distributions are already in a stable state to the linear ion cyclotron mode, unlike the findings in this 388 

study. We suggest that the upper bound of the anisotropy is possibly caused by a nonlinear saturation 389 



process (Gary et al., 1993; Bortnik et al., 2011; Silin et al., 2011; Min et al., 2015; Ofman et al., 2017). 390 

Although the observed EMIC waves are linearly unstable, the clear presence of the upper bound of the 391 

anisotropy parameter implies that there must be a saturation process for proton anisotropy in a nonlinear 392 

stage. After the linear growth stage, amplified waves feedback to the source protons, then the 393 

distribution of the protons modifies the growth rate. This self-consistent process results in the saturation 394 

stage of both waves and particle distribution. 395 

Lastly, the linear instability criterion used in Section 5 does not include the presence of heavy 396 

ions. Helium ions can raise the threshold conditions for ion cyclotron instability (Matteini et al., 2012). 397 

The contribution of hot He+ ions to the growth rate can depend on the relative population of hot protons 398 

(Lee et al., 2017; Noh et al., 2018). Consideration of these hot heavy ions is therefore necessary to the 399 

extent at which it affects the inverse relation. This will be addressed in work in progress.  400 

  401 
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