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Abstract

Geological faults may produce earthquakes under the increased stresses associated with hydrocarbon recovery, geothermal

extraction, CO2 storage. The associated risks depend on the frequency and magnitude of these earthquakes. Within seismic

risk analysis, the exceedance probability of seismic moments, Μ, is treated as a pure power-law distribution, Μˆ{-β}, where

the power-law exponent, β, may vary in time or space or with stress. Insights from statistical mechanics theories of brittle

failure, statistical seismology, and acoustic emissions experiments all indicate this pure power-law may contain an exponential

taper, Μˆ{-β}eˆ{-ζ Μ}, where the taper strength, ζ, decreases with increasing stress. The role of this taper is to significantly

reduce the probability of earthquakes larger than ζˆ{-1} relative to the pure power-law. We review the existing theoretical and

observational evidence for a stress-dependent exponential taper to motivate a range of magnitude models suitable for induced

seismicity risk analysis. These include stress-invariant models with and without a taper, stress-dependent β models without a

taper, and stress-dependent ζ models. For each of these models, we evaluated their forecast performance within the Groningen

gas field in the Netherlands using a combination of Bayesian inference, and simulations. Our results show that the stress-

dependent ζ-model with constant β likely offer (75–85%) higher performance forecasts than the stress-dependent β-models with

ζ = 0. This model also lowers the magnitudes with a 10% and 1% chance of exceedance over the next 5 years of gas production

from 4.3 to 3.7 and from 5.5 to 4.3 respectively.
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Abstract. Geological faults may produce earthquakes under the increased3

stresses associated with hydrocarbon recovery, geothermal extraction, CO24

storage. The associated risks depend on the frequency and magnitude of these5

earthquakes. Within seismic risk analysis, the exceedance probability of seis-6

mic moments, M, is treated as a pure power-law distribution, ∼Mβ, where7

the power-law exponent, β, may vary in time or space or with stress. Insights8

from statistical mechanics theories of brittle failure, statistical seismology,9

and acoustic emissions experiments all indicate this pure power-law may con-10

tain an exponential taper, ∼ Mβe−ζM, where the taper strength, ζ, de-11

creases with increasing stress. The role of this taper is to significantly reduce12

the probability of earthquakes larger than ζ−1 relative to the pure power-13

law.14

We review the existing theoretical and observational evidence for a stress-15

dependent exponential taper to motivate a range of magnitude models suit-16

able for induced seismicity risk analysis. These include stress-invariant mod-17

els with and without a taper, stress-dependent β models without a taper,18

and stress-dependent ζ models. For each of these models, we evaluated their19

forecast performance within the Groningen gas field in the Netherlands us-20

ing a combination of Bayesian inference, and simulations. Our results show21

that the stress-dependent ζ-model with constant β likely offer (75–85%) higher22

performance forecasts than the stress-dependent β-models with ζ = 0.23

This model also lowers the magnitudes with a 10% and 1% chance of exceedance24
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over the next 5 years of gas production from 4.3 to 3.7 and from 5.5 to 4.325

respectively.26
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1. Introduction

Induced seismicity may arise due to mining, geothermal energy production, artificial27

lakes, and fluid injection or production, including hydrocarbon production, water dis-28

posal or CO2 storage. Most of these activities occur without inducing any noticeable29

earthquakes. Nonetheless, due to the quantity and scale of these activities, there is a30

growing number of notable occurrences of induced earthquakes. Several recent reviews31

comprehensively summarize the world-wide evidence for seismicity induced by human ac-32

tivities [Majer et al., 2007; Suckale, 2009; Evans et al., 2012; Davies et al., 2013; Ellsworth,33

2013; Klose, 2013; NAS, 2013; IEAGHG, 2013; Foulger et al., 2018].34

In such cases of induced seismicity, any exposure to the associated hazards of seismic35

ground motions or the risks of building damage must be assessed using probabilistic36

seismic hazard and risk analysis [e.g. Elk et al., 2019], and if necessary mitigated. Induced37

seismicity is a transient non-stationary process in response to time-varying and significant38

increases in stress that are sufficient to destabilize previously inactive faults. Forecasting39

such failures within a geological material critically depends on its heterogeneity [Vasseur40

et al., 2015].41

Heterogeneity falls into two classes. First, resolvable heterogeneity that may be mapped42

and accounted for explicitly with deterministic models such as the large-scale geometries43

of geological faults and reservoirs that may be mapped by reflection seismic imaging.44

Second, unresolvable heterogeneity, such as small-scale, spatial variations in geometric,45

elastic, frictional or prestress properties, will influence fault failures in ways that may46

only be fully-characterized with statistical models. The evolution of induced seismicity47
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within a region exposed to increasing stress loads will depend on the relative amounts48

of variability present within these two classes of heterogeneity: resolvable (ordered) and49

unresolvable (disordered) variability.50

In the limit that disordered variability in pre-stress significantly exceeds both the in-51

duced stress loads and earthquake stress transfers, the occurrence of any induced seis-52

micity will be governed by the probability distribution of extreme pre-stress values. This53

approach led to the development of statistical models of induced seismicity occurrence54

based on Extreme Threshold Theory where the resolvable heterogeneities are included in55

a deterministic poro-elastic thin-sheet stress model and the unresolvable heterogeneities56

are represented by the upper tail of a pre-stress probability distribution given by the uni-57

versal form of a Generalized Pareto distribution [Bourne and Oates, 2017b]. This simple58

model explains the observed, non-stationary, space-time statistics of induced seismicity59

within the Groningen gas field and provides a physical explanation for the exponential-like60

increase in seismicity rates relative to induced stress rates [Bourne et al., 2018]. In this61

limit of strong pre-stress disorder, the probability distribution of pre-stress explains the62

initiation of earthquakes will also influence the arrest of seismic slip, and therefore also63

the probability distribution of induced earthquake magnitudes.64

Current methods of forecasting induced earthquake magnitudes are empirical and lack65

a clear physical basis. Natural and induced seismicity hazard analysis for the United66

States assumes a stationary process with a stress-invariant pure power-law distribution of67

seismic moments [Petersen et al., 2018]. Shapiro et al. [2010a] proposed a non-stationary68

model for fluid injection induced seismicity that includes a pre-stress disorder with a69

uniform distribution to model event occurrence but assumes a stress-invariant pure power-70
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law distribution of seismic moments [Shapiro et al., 2010b; Langenbruch and Zoback,71

2016; Shapiro, 2018]. Hazard analyses for Groningen induced seismicity included a stress-72

dependent, pure power-law distribution of seismic moments where the power-law exponent73

varied with reservoir compaction- [Bourne et al., 2014] or induced Coulomb stress [Bourne74

et al., 2018]. If this pure power-law assumption is not valid then all these models may75

be incomplete and biased in their earthquake magnitude forecasts especially under the76

significantly increasing stress loads often associated with induced seismicity.77

This study seeks to extend the method of treating unresolvable heterogeneity as stochas-78

tic disorder to improve the seismological models used for forecasting induced earthquakes79

magnitudes for the purpose seismic hazard and risk analysis. We will build on previous80

work to incorporate the failure mechanics of disordered media into a statistical mechanics81

theory of natural earthquakes [e.g. Bak and Tang, 1989; Alava et al., 2006; de Arcangelis82

et al., 2016], and their seismic hazard analysis Main [1996]. These statistical mechanic83

theories will be used to motivate the choice of models to evaluate, but not to rank or84

select them. Under many different theories the probability distribution of failure event85

sizes follows a power-law subject to an exponential taper where the power-law exponent86

is stress-invariant whilst the characteristic taper scale increases as a critical-point power-87

law with stress. However, under some other circumstances the power-law exponent may88

exhibit variation with stress. We reflect these possibilities by specifying 5 different classes89

of frequency-moment models for induced earthquakes:90

1. Stress-invariant power-law with no taper91

2. Stress-invariant power-law with a stress-invariant taper92

3. Stress-dependent power-law with no taper93
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4. Stress-invariant power-law with a stress-dependent taper94

5. Stress-dependent power-law with a stress-dependent taper95

Using Bayesian inference we sample the full posterior distribution of possible models96

given the observed history of induced seismicity and induced stress within the Groningen97

gas field for a range of different parametrization choices within each of the 5 model classes.98

Our evaluation of the Groningen forecast performance for induced earthquake magnitudes99

reveals the best-performance requires a stress-dependent taper as anticipated by most100

statistical mechanics theories of brittle fracture.101

After briefly stating the standard power-law formulation of seismic moments in statis-102

tical seismology (section 2), we will summarize the seismological literature that proposes103

(section 3) or opposes (section 4) evidence for stress-dependent variations of power-law104

exponent with stress. We will then describe our model of intra-reservoir induced stress105

due to pore-pressure changes (section 5) followed by simple statistical analyses of the106

variations in observed earthquake magnitudes induced by Groningen gas production (sec-107

tion 6). Then after reviewing existing statistical mechanics theories of earthquakes (sec-108

tion 7) we specify our models for the stress-dependence of induced earthquake magnitude109

distributions (section 8), infer their parameter values (section 9), assess their behavioural110

characteristics (section 10), and evaluate their performance (section 11), before assessing111

their implications for seismic hazard and risk (sections 12 and 13).112

2. Power-Law Distribution of Seismic Moments

The exceedance probability distribution of earthquake magnitudes typically takes the

form:

P (> M | > Mmin) = 10−b(M−Mmin), (1)
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where M is the earthquake moment magnitude conditional on M ≥ Mmin and b defines

the negative slope of the exponential distribution [Gutenberg and Richter, 1954]. Alter-

natively, this may be expressed according to the seismic moment, s, which scales with

moment magnitudes as,

log10M = (c+ dM), (2)

with, c = 9.1, and d = 1.5. Combining (1) and (2) leads to the equivalent power-law

distribution,

P (>M| >Mmin) =

(
M
Mmin

)−β
, (3)

and b = βd.113

Seismic hazard and risk analysis is highly influenced by the estimation of β-values.114

Lower β-values mean larger expected magnitudes and a larger expected maximum mag-115

nitude for a given population of earthquakes. In the next two sections we outline the116

existing evidence for two alternate hypotheses about the influence of stress on β-values.117

3. β-Values Vary With Stress

A number of observations and modelling results might suggest that earthquakes b-value118

depends on the stress level. Measured earthquake b-values decrease systematically from119

1.2 to 0.8 with increasing depth in the brittle crust from 5 to 15 km [Mori and Abercrom-120

bie, 1997; Spada et al., 2013]. Similar measurements indicate earthquake b-values vary121

systematically with focal mechanism rake angle as a proxy for stress [Schorlemmer et al.,122

2005; Gulia and Wiemer, 2010]. Lower stress, normal faulting b-values are typically 1.0–123

1.2. Whereas higher stress, thrust faulting b-values are typically 0.7–0.9. Intermediate124
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stress, strike-slip b-values are in the range 0.9–1.0 [Wiemer and Wyss, 1997, 2002; Huang125

et al., 2018].126

b-values also appear to be a proxy for shear stress and pore pressure [Scholz, 1968;127

Schorlemmer et al., 2005; Bachmann et al., 2012]. Bachmann et al. [2012] observed b-128

values decrease with a decrease in pore-pressure for induced earthquakes of an Enhanced129

Geothermal System. Whilst systematically smaller b-values were measured for earth-130

quakes induced by larger reservoir compaction [Bourne et al., 2014] or higher Coulomb131

stress [Bourne et al., 2018] associated with natural gas production. Variations in mea-132

sured b-values are also used to indicate material heterogeneity [Mogi, 1962; Main et al.,133

1992; Mori and Abercrombie, 1997] or for fault asperity mapping [Tormann et al., 2014].134

The scale of fault heterogeneity appears to follow a power-law where its fractal dimen-135

sion governs the b-value of seismic slip events within this fault population [Main et al.,136

1989, 1990, 1992]. Initial heterogeneities in the form of a fractal distribution of fault sizes137

or fault asperities are one way to explain the Gutenberg-Richter law. Another explanation138

is that is arises from some distribution of strength.139

Variations in observed b-values may also be precursors of future rupture areas and140

sizes [Schorlemmer et al., 2005]. In this case, b-values decrease monotonically throughout141

the precursory phase, and then recovers abruptly after peak stress (marked by a sudden142

stress drop event). Scholz [1968] introduced a statistical model of brittle failure within an143

heterogeneous elastic medium to explain the apparent decrease in b-values with increasing144

stress.145

4. β-Values Do Not Vary With Stress
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In this hypothesis all observed b-values are consistent with a constant value in both146

space and time and any observed apparent variations are artifacts due to under-sampling147

(detection threshold and finite sample size effects), magnitude errors, non-homogeneous148

detection capabilities, and improper statistical tests [Shi and Bolt, 1982; Frohlich and149

Davis, 1993; Kagan, 1999, 2002b, 2010; Amorèse et al., 2010; Amitrano, 2012; Kamer150

and Hiemer, 2015]. For example, observed variations in b-values with stress rely on the151

maximum likelihood estimator Aki [1965], with corrections for the magnitude binning152

[Utsu, 1965; Bender, 1983; Tinti and Mulargia, 1987]. This method implicitly assumes153

that the underlying distribution is a pure power-law above some threshold of completeness154

according to equation (3). If this is not the case, then this estimator will be biased155

and confounded with any non-power-law stress-dependent variations in the frequency156

magnitude distribution, as we will show later.157

Recent developments in statistical fracture and earthquake mechanics theories indicate158

that a wide range of physical mechanisms and conditions all lead to the same frequency-159

magnitude distribution that is a stress-invariant power-law with a stress-dependent expo-160

nential taper. We will now review these theories as a physical basis for β-values that do161

not vary with stress and to introduce an alternative stress-dependence for the frequency162

distribution of earthquakes induced by Groningen gas production.163

5. Poro-Elastic Thin-Sheet Stress Model

The development of external loads on pre-existing weak fault structures within the

Groningen gas field depends on the evolution of reversible reservoir deformations induced

by pore pressure changes. Within the limit of small strains, these reservoir deforma-

tions are well-described by linear poro-elasticity. For thin reservoir geometries where the
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lateral extent of the reservoir greatly exceeds its thickness, the reservoir deforms predom-

inately as a thin-sheet. Within the poro-elastic, thin-sheet approximation [Bourne and

Oates, 2017b], depletion-induced reservoir displacement vector field, u(x), is constrained

by symmetry to vertical displacements, u(x)ẑ, where ẑ is the unit vertical vector. From

this approximation it follows that the vertically-averaged incremental Coulomb stress

states are:

∆C(x, t) = −γHp(x)Γ(x)∆P (x, t) (4)

where ∆P (x, t) is the change in reservoir pore fluid pressure, Γ(x) is the magnitude of

lateral gradients in the elevation of the top surface bounding the thin-sheet, γ = ν/(1−2ν)

and ν is Poisson’s ratio taken to be 0.25. Hp(x) is a poro-elastic material property defined

as:

Hp(x) =
Hs

Hs +Hr(x)
(5)

where Hs is a constant related to the shear modulus of the skeleton material compris-164

ing the poro-elastic medium and estimated as a model parameter. Hr(x) is the time-165

invariant ratio of the observed reservoir depletion to the observed reservoir compaction166

strain, ∆P (x, t)/εzz(x, t). Reservoir compaction strain is inferred from geodetic moni-167

toring of surface displacements, and reservoir depletion is measured by in-well pressure168

gauges. For depletion, i.e. ∆P (x, t) < 0, incremental Coulomb stresses increase towards169

frictional fault failure in locations where γHp(x) > 0, otherwise depletion acts to increase170

frictional fault stability. In the presence of pre-existing faults that partially offset the thin-171

sheet, Γ(x), is locally increased and acts to increase the sensitivity of Coulomb stress to172

pore-pressure changes. The deterministic reservoir map −γHp(x)Γ(x) describes the time-173

invariant, local sensitivity of Coulomb stress to reservoir pore pressure changes, ∆C/∆P ,174
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or stress susceptibility. This map was estimated by multiplying Γ(x) and −γHp(x) maps175

independently inferred from field observed quantities. Γ(x) is computed from the top176

reservoir surface mapped by reflection seismic imaging.177

Two modifications help to improve the performance of this thin-sheet model. First,

we filter the contribution of individual faults to the topographic gradient field, Γ(x),

according to their juxtaposition geometry with the reservoir, by including fault segments

according to the criterion:

r ≤ rmax, (6)

where r is the local ratio of fault throw to reservoir thickness, and rmax is a model param-

eter. This represents the consequences of juxtaposition, where faults offset the reservoir

against the overlying and ductile Zechstein salt formation. Increased juxtaposition of the

reservoir interval against the Zechstein formation may limit induced seismicity by favoring

ductile fault creep instead of a stick-slip behavior. Second, we use a smoothed incremental

Coulomb stress model, ∆C̃(x, t), evaluated as:

∆C̃(x, t) =

∫
S

∆C(x, t)G(x,x′)dS ′ (7)

a surface integral over the entire model domain, S, where G(x,x′) is the isotropic Gaussian

kernel:

G(x,x′) =
1√
2πσ

e−
(x−x′)2

2σ2 (8)

defined by the characteristic smoothing length-scale, σ.178

This poro-elastic, thin-sheet stress model has three degrees of freedom {β2, β3, β4}; the179

smoothing length-scale, β2 = σ, the maximum juxtaposition ratio, β3 = rmax, and the180

poro-elasticity constant β4 = Hs. These three parameters are optimized jointly with a181
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given seismological models that defines the conditional probabilities of earthquake occur-182

rence and size given the smoothed incremental Coulomb stress field, ∆C̃(x, t), and the183

observed catalog of induced earthquakes, D.184

This model is applicable to any reservoir subject to pore-pressure changes that is thin185

relative to it’s lateral extent and smoothing length-scale such that uni-axial displacements186

dominate. In the particular case of the Groningen reservoir the posterior distribution of187

thin-sheet models inferred given the observed history of pore-pressure depletion, reservoir188

compaction, and induced seismicity [Bourne and Oates, 2017b]. For M ≥ 1.5 event189

occurrences observed from 1/1/1995 to 1/6/2019, the maximum posterior probability190

thin-sheet parameter values are β2 = 3 km, β3 = 0.41, β4 = 105.3 MPa (Appendix A). For191

M ≥ 1.5 event magnitudes observed from 1/1/1995 to 1/6/2019, the maximum posterior192

probability thin-sheet parameter values are obtained using the event locations and origin193

times from are β2 = 3.5 km, β3 = 1.1, β4 = 107 MPa (Appendix A). The apparent194

difference between the optimal smoothing length-scales between these two models is not195

significant as both posterior distributions include both values within their 95% credible196

intervals. The larger apparent different in the juxtaposition parameter, β3, nonetheless197

yields very similar coulomb stress models and reflects the previously observed bi-modal198

distribution with modes at both β3 = 0.4 and β3 = 1.1 [Bourne and Oates, 2017b, Figure199

12]. The apparent difference in skeleton modulus β4 may also reflect inference uncertainty.200

Inference of a single thin-sheet model given may allow better forecast performance by201

utilizing both the observed event occurrences and magnitudes to constrain a single stress202

model but this was outside the scope of our current study.203
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6. Observed Seismicity

The Groningen field is located within the north-east of the Netherlands. The gas-bearing204

reservoir interval comprises the Upper Rotliegend Group (Permian) and the Limburg205

Group (Carboniferous) sediments, separated by the Saalian unconformity [Stauble and206

Milius, 1970]. The depth of the Rotliegend reservoir is 2600-3200 m. The field extent is207

controlled primarily by fault closures with occasional local dip closures. The top seal is208

the Zechstein salt. Production of Groningen gas started in 1963 and pressure depletion209

rates increased rapidly until 1973 before reducing significantly to conserve Groningen gas210

reserves. From 2000 to 2014, depletion rates rose moderately in response to increased211

market demand and decreased capacity of other smaller gas fields. Starting in 2014,212

depletion rates were significantly reduced in response to induced seismicity.213

The Royal Netherlands Meteorological Institute (KNMI) has monitored seismicity in the214

Netherlands since at least 1986 [Dost et al., 2012]. For the Groningen Field earthquake215

catalog, the magnitude of completeness for located events is taken to be ML = 1.5,216

starting in April 1995, with an event detection threshold of ML = 1.0 [see ?]. Here we217

restrict our analyses to the 279 events with ML ≥ 1.5 recorded within the Groningen218

Field between 1st January 1995 and 1st June 2019. Epicenters of events in the catalog are219

determined to within about 500-1000 m but, because of the sparseness of the monitoring220

array, depths were routinely estimated. For these events a depth of 3000 m–approximate221

reservoir depth–has been assumed. This is consistent with a limited number of reliable222

depth estimates from a reservoir-level borehole geophone array. Event magnitudes are223

reported as local magnitudes with a typical error of 0.1.224
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The spatial distribution of epicenters is localized within regions of the reservoir associ-225

ated with larger incremental Coulomb stresses as represented by the poro-elastic thin-sheet226

model (Figure 1). Event origin times also appear to favor larger incremental Coulomb227

stress states (Figure 2) as most events occur at later times when incremental stresses are228

larger albeit subject to considerable variability. Likewise, larger magnitude events, e.g.229

M ≥ 2.5, appear mostly localized in the times and places associated with the largest 20%230

of the exposed reservoir stress states. The stress-dependence of event occurrence proba-231

bility appears to follow an exponential-like trend consistent with an Extreme Threshold232

theory of initial frictional reactivations within a heterogeneous and disordered fault system233

[Bourne and Oates, 2017b].234

The observed frequency-magnitude distribution of events (Figure 3) shows clear evi-235

dence for under-reporting of M < 1.5 events and an apparent increase in variability with236

increasing magnitude due to finite sample effects. The apparent b-values of these events237

also appear to decrease systematically with increasing Coulomb stress [Bourne et al.,238

2018] or compaction-induced strain [Bourne et al., 2014]. However, the available surface239

displacements and seismicity observations cannot reliably distinguish between a stress or240

a strain driven process. Harris and Bourne [2017] demonstrated the observed frequency-241

magnitude distribution of 1995 to 2015 M ≥ 1.5 events with epicentres inside a central242

elliptical region of the Groningen field is significantly different from those located outside243

this region with a statistical confidence exceeding 95% under the Kolmogorov-Smirnov244

test statistic. This elliptical region was centred close to the centroid of seismicity and ori-245

ented and sized to divide these events into approximately two equally-sized populations.246

Maximum likelihood estimates for the b-values were b = 0.7 and b = 1.2 for the inside and247
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outside events respectively.Poro-elastic thin-sheet reservoir stress models indicate the re-248

gion inside this ellipse experienced systematically higher maximum Coulomb stress states249

throughout this time period indicating these significantly lower b-value estimates are as-250

sociated with a history of higher Coulomb stress states.251

All these observations may however be an artifact of assuming a pure power-law fre-252

quency distribution of seismic moments without allowing for the possibility of other dis-253

tributions such as a power-law with an exponential taper. All these previous observations254

also relied on catalogs of Groningen earthquake magnitudes reported to one decimal place.255

In the following sections we will assess the observable relationship between the distribu-256

tion of earthquake magnitudes, now reported to 2 decimal places, and the reservoir stress257

history due to pore pressure depletion according to poro-elastic thin-sheet reservoir de-258

formation model calibrated to the observed history of pore pressure depletion, surface259

displacements, and the space-time distribution of earthquake occurrences [Bourne and260

Oates, 2017b; Bourne et al., 2018].261

6.1. Frequency-Magnitude Stress Dependence

To investigate stress-dependence of the frequency-magnitude distribution without mak-262

ing any assumptions about the particular form of this distribution we will use the263

Kolmogorov-Smirnov test statistic. First, we compute the incremental Coulomb stress,264

∆Ci, at the origin time, ti and epicentral location, Xi of each observed M ≥ 1.5 event from265

1995 to 2019, according to the poro-elastic thin-sheet reservoir model. Based on these266

values, we divide the events into two disjoint samples: a low stress sample, ∆Ci < ∆C,267

and a high stress sample, ∆Ci ≥ ∆C. By increasing the stress threshold, ∆C, we compute268

the Kolmogorov-Smirnov test statistic p-value for all possible divisions of the events (Fig-269
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ure 4a), and repeat this procedure for alternative minimum magnitudes of completeness270

in the range 1 ≤Mmin ≤ 2 (Figure 4b). This p-value measures the probability that these271

two independent samples were drawn from the same underlying probability distribution.272

The smallest p-values found are about 10−3 and correspond to Mmin = 1.5, a ∆C =273

0.7 MPa stress threshold, with about 100 and 200 events in the low- and high-stress274

samples respectively. This result appears robust to alternative values ofMmin such that the275

95% confidence threshold is exceeded also for 1.0 ≤Mmin ≤ 1.7. For Mmin > 1.7, the loss276

of statistical power due to the smaller number of these larger events likely predominates.277

Consequently we conclude there is a statistically significant stress dependence in the278

frequency-magnitude distribution of Groningen induced earthquakes. Figure 5 shows the279

empirical exceedance distribution functions and epicentral map locations for this optimal280

stress-based division of the observed events.281

By simple visual inspection, the different distributions appear consistent with β-values282

decreasing with stress or ζ-values increasing with stress. Ergodicity is implicit within this283

stress covariate hypothesis. That is to say a temporal stress change is indistinguishable284

from a spatial stress change of the same amount. The separation of high and low-stress285

events in space (Figure 5) more than in time (Figure 2) might indicate the influence of286

some initial spatial heterogeneity (quenched disorder). However, closer inspection of the287

map shows spatial mixing with many low- and high-stress events occurring in similar288

locations. This means there are three distinct spatial domains. A low-stress domain that289

has never experienced incremental stress above the 0.7 MPa threshold over the period of290

observation. A high-stress domain that has never experienced incremental stress below291

the 0.7 MPa threshold over the period of observation. Finally, an intermediate stress292
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domain that has experienced stress states that have crossed the 0.7 MPa threshold at293

some time during the period of observation.294

Any continuous stress-dependence of the frequency-magnitude distribution implies both295

samples still represent a mixture of different distributions reflecting the range of stress296

states within each sample. In this case sub-division of the events into more than 2 dis-297

joint samples fails to reveal any reliable evidence for this which we attribute to the reduc-298

tion of statistical power which limits our resolution of this stress dependency under the299

Kolmogorov-Smirnov non-parametric test statistic.300

6.2. Apparent Stress Dependence of β- and ζ-Values

The significant stress-dependent differences found in the observed frequency-magnitude301

distribution may reflect a decrease in the power-law exponent, β, and the exponential302

taper exponent, ζ, with increased Coulomb stress. To measure any apparent variations303

of β- or ζ-values with Coulomb stress, we first ordered the M ≥ 1.5 observed events304

from 1/4/1995 to 1/6/2019 according to the incremental maximum Coulomb stress at305

their time and place of occurrence within the poro-elastic thin-sheet reservoir deformation306

model. This yields a sequence of N incremental Coulomb stress values {∆C1, . . . ,∆CN},307

and a paired sequence of event magnitudes {M1, . . . ,MN}. For the first k events in this308

paired sequence, we computed the posterior distribution of β-values for a constant β-value309

model with no exponential cut-off (ζ = 0), and repeated this for every set of k consecutive310

events. Figure 6a shows the resulting β-value estimates and their uncertainties for k = 20311

which tend to decrease with increasing Coulomb stress. A clear step-like decrease is312

evident at ∆C = 0.7 MPa which is consistent with the previous Kolmogorov-Smirnoff313

test (Figure 4a). Such gradual evolution due to a mixing of different states has recently314
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been demonstrated in lab data [Jiang et al., 2017] and also seen in volcanic seismicity315

[Roberts et al., 2016].316

Repeating this procedure for a constant ζ-value model with fixed at its presumed uni-317

versal value (β = 2/3), yields a similar trend of decreasing values with increasing Coulomb318

stress (Figure 6b). These piece-wise constant estimates for the variation of β- or ζ-values319

with Coulomb stress depend in detail on the choice of sample size, k. Larger k-values al-320

low reduce uncertainties in the estimated β- and ζ-values but lower their resolution of any321

stress dependency. Likewise, smaller k-values increases stress resolution at the expense322

of precision. Nonetheless, similar results were obtained over a wide range of k-values323

indicating an apparent general tendency for β- and ζ-values to decrease with increasing324

Coulomb stress under the poro-elastic thin-sheet model. Once more, there is evidence for325

mode switching or mixing under increased stress.326

7. Statistical Mechanics of Earthquakes

We will now briefly review the statistical mechanics aspects of earthquakes that motivate327

our choice of possible models that are included in the evaluation (Figure 7). We will only328

use these theories for hypothesis identification and not for hypothesis testing, which we329

will do instead using the available observations of Groningen induced seismicity.330

Heterogeneity is the key to forecasting failure events within geological materials as con-331

sistently demonstrated in the laboratory experiments [Vasseur et al., 2015, 2017]. Statisti-332

cal models distinguish themselves from deterministic models of fractures by incorporating333

the influence of unresolvable heterogeneities as stochastic disorder. Statistical theories334

of brittle rock strength originate with Weibull [1939] and now fall within a broad class335
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of statistical models of fractures [e.g. Alava et al., 2006] and earthquakes [de Arcangelis336

et al., 2016].337

Figure 8 illustrates this abstraction process of replacing the unknown distribution of338

fault heterogeneities (disorder) that influence the initiation and termination of frictional339

fault slip under an external stress with stochastic variables representing the probabilities340

of failure given the local stress states. These local stress states depend on the external341

stress and the redistribution of stresses due to previous failures.342

Within these theories, the frequency-moment power-law may be derived in one of at343

least four different ways.344

1. The geometric constraints associated with the number of permutations available for345

tiling rupture areas over a fault surface [Main and Burton, 1984].346

2. Within the normalization group model for a wide-variety near-critical physical sys-347

tems [e.g. chapter 15 Turcotte, 1997].348

3. Within percolation theory near the percolation threshold [e.g. Stauffer and Aharony,349

1994].350

4. Within self-organized criticality theory [Bak and Tang, 1989; Main, 1996].351

Likewise, the frequency-moment distribution as a power-law with an exponential taper352

also has a physical basis in at least four different statistical mechanics theories.353

1. Within fiber bundle models of brittle failure with equal-load sharing [e.g. Pradhan,354

2010].355

2. Within percolation theory below the percolation threshold [e.g. Stauffer and356

Aharony, 1994].357

3. Within Ising models of brittle failure with local-load sharing.358
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4. Within interface theories of crack depinning in the presence of heterogeneity [e.g.359

Daguier et al., 1997].360

5. Within information theory, using the concept of maximum entropy to find the least-361

informative probability distribution subject to observational constraints on the mean mag-362

nitude and mean total seismic moment rate [Main and Burton, 1984].363

For earthquakes, we are concerned with the limit that these redistributed stress per-364

turbations are small relative to the external stress known as damage mechanics. Damage365

mechanics models exist in two distinct classes (Figure 7). First, network models that366

address the evolution of failure across a distributed collection of interacting elements.367

Second, interface models that focus on the advance of a fracture tip line within a hetero-368

geneous medium.369

Network damage models take three key forms with respect to failures. Random fuse370

networks [Roux et al., 1988; de Arcangelis et al., 2007; Hansen, 2011], provide a model of371

brittle failure within a scalar central force network [Gilabert et al., 2007]. Each fuse within372

the network has a randomly assigned and invariant failure threshold (quenched disorder).373

Increasing external voltage leads to failure of individual fuses and re-distribution of current374

across the network that potentially triggers additional failures at constant applied voltage.375

Mean field theory [Toussaint and Hansen, 2006] shows this is a percolation process in the376

limit of infinite disorder [Roux et al., 1988] where re-distributed loads are equally shared.377

Random spring networks [Nukala et al., 2005] provide a model of brittle failure within378

a tensor central force network. Here, springs failure under a quenched random strain379

threshold and forces are re-distributed across the remaining spring network. Under simple380

shear loads, failure within this network is equivalent to random fuse networks.381
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Random block-spring networks [Burridge and Knopoff, 1967] represent frictional failures382

within a tensor central force network. A network of slider-blocks in frictional contact with383

a rigid basal surface and are connected to each other and to a driver plate by a network of384

springs. Displacement of the driver plate loads the blocks which slide when the basal shear385

exceeds the frictional threshold. Basal shear stresses are initiated as a random quenched386

disorder. Within mean field theory [Sornette and Physique, 1992], the first cycle of failures387

is equivalent to the fiber bundle model [Hansen and Hemmer, 1994; Hemmer and Hansen,388

1992; Kloster et al., 1997; Pradhan, 2010]. Toussaint and Pride [2005] demonstrates an389

isomorphism of weak lattice damage models with fiber bundle model which in turn is390

isomorphic with percolation theory for equal load sharing or the Ising model for local391

load sharing. Using renormalization group theory, Shekhawat et al. [2013] unified the392

theories of fracturing within a disorder brittle material for infinite disorder (percolation)393

and zero disorder (nucleation) to show a power-law failure avalanche size distribution with394

an exponential-like taper for finite disorder. Also using renormalization group theory,395

[Coniglio and Klein, 1980] demonstrate a correspondence between percolation and Ising396

models.397

An alternative theoretical approach is to represent an existing crack front as a de-398

formable line that advances under an external stress through a random toughness medium399

[e.g. Daguier et al., 1997]. This crack front advances episodically between equilibrium400

states in which heterogeneities temporarily resist crack propagation. The resulting size of401

crack growth events depends on the competition between distortions of the crack front due402

to the material’s inhomogeneities and the elastic self-stress field that acts to straighten403

this front [Bonamy and Bouchaud, 2011]. Within the theory elastic fracture mechanics404
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and in the limit of quasi-static deformations, this crack depinning process leads to failure405

sizes distributed as a universal power-law with a stress-dependent exponential taper [Pon-406

son et al., 2006]. This observation that some many diverse models all collapse to the same407

failure-size distribution is remarkable and motivates the application of statistical mechan-408

ics to seismic hazard analysis Main [1996]. In the limit that random pre-stress variability409

significantly exceeds induced stress loads and earthquake stress transfers then the fre-410

quency distribution of induced earthquake magnitudes may be described by mean-field411

theories within statistical fracture mechanics.412

This phenomena is not limited to geological materials. A wide variety of physical413

systems exhibit crackling noise when driven towards failure slowly [J.P. Sethna et al.,414

2001] and the event-size distributions are power-laws with exponential-like tapers. Also415

with regard to fitting observed global natural seismicity, Kagan [2002b] strongly favors416

a power-law with an exponential taper and a universal value for β. He also finds no417

statistically significant evidence for any variations in β [Kagan, 2002a].418

7.1. A Generalized Frequency-Moment Distribution

Following the common form of failure-size distributions found within a wide range statis-

tical mechanics models of brittle failure, we follow Kagan [2002b] and write a generalized

distribution for earthquakes according to the seismic moment,M, exceedence probability

(survival) function:

P (≥Mo|Mo ≥Mo,m) =

(
Mo

Mo,m

)−β
e
−ζ( Mo

Mo,m
−1)
, (9)
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where Mm is the lower threshold for completeness in the observed catalogue and the419

corner moment, Mc, characterizing the exponential taper is Mc =Mm/ζ. As expected,420

for M =Mm the exceedance probability is 1.421

Within these statistical mechanics models of a fault or fracture system being driven

from stability towards critical instability β is a universal constant and Mc evolves as a

power-law relative to the system’s critical point, such that

Mc =
Mm

ζ
∼ (εc − ε)−γ. (10)

Figure 10 illustrates how this survival function evolves with increasing ζ. The maximum422

likelihood estimator Aki [1965], with corrections for the magnitude binning [Utsu, 1965;423

Bender, 1983; Tinti and Mulargia, 1987] assumes ζ = 0. If this is not true, the estimator424

becomes biased upwards. Figure 11 illustrates this bias using magnitudes simulated ac-425

cording to (9). When ζ scales as a critical-point function of external strain then this bias426

appears as a systematic and non-linear decrease in b-values. To evaluate the observed427

stress-dependency of earthquake magnitudes within the Groningen field we now require a428

suitable model for the development of stress due to depletion of reservoir pore-pressures429

associated with gas production.430

8. Model Specifications

8.1. Power-Law Distribution With an Exponential Taper

We start by representing the seismic moment, M, as an independent random variable

distributed according to a power-law distribution with an exponential taper according to:

P (≥M|M ≥Mm) =

(
M
Mm

)−β
e−ζ(

M
Mm
−1), (11)
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where β is the power-law exponent, and sm/ζ is the corner moment of the exponential431

taper. For ζ=0 this distribution reduces to the power-law previously given by (3).432

The associated probability density of the tapered power-law model is

p(M|M ≥Mm) dM =
1

Mm

(
β + ζ

M
Mm

)(
M
Mm

)−β−1

e−ζ(
M
Mm
−1) dM, (12)

and the log-likelihood of this model given the set of seismic moment observations, Mi =

{M1, . . . ,Mn}, follows as

` =
n∑
i=1

(
log(βi + ζ

Mi

Mm

)− (1 + βi) log
Mi

Mm

− ζi
(
Mi

Mm

− 1

)
− logMm + log dM

)
,

(13)

as previously given by Kagan [2002b]. If the observed seismic moments, Mi, are com-

puted from moment magnitudes according to (2) and these magnitudes are binned within

intervals of size, ∆M , then the minimum seismic moment, Mm, must be computed as

logMm =

(
c+ d(Mc −

1

2
∆M)

)
log 10, (14)

where Mc is the magnitude of completeness above which all events within the region of433

interest are reliably detected and located. We will use this one general form of the log-434

likelihood function for the inference and evaluation of all the different possible earthquake435

magnitude models considered in this study.436

A complete seismological model also requires a model for event occurrence, which we

shall model according to the Extreme Threshold Failure model [Bourne and Oates, 2017b].

Within the Extreme Threshold Failure model, the occurrence rate of M ≥ 1.5 events

induced inside the Groningen reservoir are well-described by the Poisson intensity function

λ = h∆Ċθ0e
θ1∆C . (15)
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Here, λ corresponds to the expected number of events per unit surface area and unit

time. The apparent dependence on the local reservoir thickness, h, and stress rate ∆Ċ

is not fundamental to this stress-dependent process. To clarify this, the corresponding

expected event rate per unit volume and per unit of incremental Coulomb stress, χm, may

be written as

χm = θ0e
θ1∆C . (16)

Here, χm characterizes the stress susceptibility of the system for inducing events of at

least seismic moment Mm. Multiplying (16) and (11), yields the generalised stress sus-

ceptibility, χ, for events of at least seismic moment M given M≥Mm, such that:

χ = χm

(
M
Mm

)−β
e−ζ(

M
Mm
−1). (17)

Equation (17) defines a family of seismological models for induced seismicity conditioned437

maximum incremental Coulomb stress field, ∆C(x, t), according to the poro-elastic thin-438

sheet equation (4). All that remains now is to specify the functional form of any magnitude439

stress dependence according β = β(∆C) and ζ = ζ(∆C). We will do this by specify440

four distinct and physically plausible model classes: stress-invariant magnitudes, stress-441

dependent β-values, stress-dependent ζ-values, and stress-dependent β and ζ values.442

8.2. Stress-Invariant Distributions

This class of stress-invariant models has up to 2 degrees of freedom, {β, ζ} where the

log-likelihood function (13) takes the special case where:

βi = β,

ζi = ζ.

(18)
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Also of interest are two special cases with single degrees of freedom. The first case is an

unknown invariant power-law with zero taper, specified as

βi = β,

ζi = 0.

(19)

The second case is an unknown invariant taper with a known universal power-law, such

that

βi =
2

3
,

ζi = ζ.

(20)

These basic invariant magnitude-frequency models are all unable to explain the signif-443

icant difference observed between the low- and high-stress partitions of the Groningen444

earthquake catalog (Figures 4 and 5). Nonetheless, they provide useful performance ref-445

erences for the following two alternative classes of stress-dependent models.446

8.3. Stress-Dependent β-Values

Within this class of models we represent the stress-dependence of the frequency-447

magnitude distribution according to (11) given ζi = 0 and βi = f(∆Ci), where ∆Ci,448

is the maximum incremental Coulomb stress state at the occurrence time, ti, and epicen-449

tral location, xi of each event such that ∆Ci = ∆C(ti,xi).450

As a first possible parameterization of f(∆Ci), we will consider an inverse power-law of

the form:

βi = θ0 +

(
∆Ci − θ1

θ2

)−θ3
,

ζi = 0.

(21)

To avoid implausibly large β-values we include the constraint βi = min(βi, 1). This model451

has 4 degrees of freedom {θ0, θ1, θ2, θ3} where θ1, θ2, θ3 are non-negative. In general, β-452

values decrease with increasing Coulomb stress to the lower bound θ0. This model has453

an asymptote at ∆Ci = θ1 and so its range of physical validity is restricted to ∆Ci > θ1.454
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The scale and shape of the stress dependence are given by θ2 and θ3 respectively which455

are both restricted to be non-negative. For θ3 = 0 the model is stress invariant, and for456

∆Ci � θ1∀i the model reduces to a linear function of ∆Ci equivalent to the theoretical457

model proposed by Scholz [1968], whilst also limiting the extent of this linear region to458

avoid the non-physical possibility of negative β-values.459

We will also consider an alternative parameterisation of f(∆Ci) to represent a smooth460

step-like transition from an upper to a lower bound with increasing stress without increas-461

ing the degrees of freedom. This is motivated by Figure 6a and previous observations of462

mode switching in volcanic seismicity [Roberts et al., 2016].463

βi = θ0 + θ1 (1− tanh(θ2∆Ci − θ3)) ,

ζi = 0.

(22)

In this case, the smallest and largest possible β-values are bounded such that, βmin = θ0,464

and the largest possible decrease in the β-value with increasing stress is βmax−βmin = 1
2
θ1.465

The shape and location of this smooth step down in β-values are governed by θ2 and θ3466

respectively. The observable performance of these two stress-dependent β-value models467

is not greatly sensitive to the these alternative parameterization choices as they both468

represent a smooth non-linear approach to a lower bound. They will differ in extrapolation469

to earlier times with lower stress as only the second model has an upper bound. However,470

under extrapolation to later times with higher stress the two models become equivalent471

as they approach a common lower bound. For seismic hazard and risk analysis we only472

require this second type of extrapolation.473
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8.4. Stress-Dependent ζ-Values

Within this alternative class of stress dependent models we represent the stress-

dependence of the frequency-magnitude distribution according to (11) given βi = β and

ζi = f(∆Ci). As a first parameterization, we model the stress dependence of ζ according

to a critical-point power-law scaling motivated by statistical fracture mechanics [Alava

et al., 2006, e.g.], such that

βi = θ0,

ζi =

{
θ1(θ3 −∆Ci)

θ2 if ∆Ci ≤ θ3,

0 otherwise ,

(23)

where θ3 is the critical stress of the system corresponding to the divergence of failure474

correlation length-scales and the onset of global failure. θ2 is the non-negative critical475

exponent of this power-law, and θ1 is a proportionality constant. So, as ∆C → θ3, then476

ζ → 0. This means seismic moments initiated under critical stress states are distributed477

as a power-law, whereas sub-critical stress states involve power-law with an exponential478

taper. Within this model, the power-law exponent, β, is a constant whilst the strength of479

the exponential taper decreases as stress states approach the critical point, as previously480

argued by Main [1995, 1996].481

Given this parameterization choice, θ1 = 0 corresponds to the power-law distribution482

without any exponential taper, and θ2 = 0 corresponds to an exponential taper indepen-483

dent of the stress state. This model has 4 degrees of freedom {θ0, θ1, θ2, θ3}. The joint484

posterior distribution of these parameters given the Groningen events and stress model485

exhibit a trade off between parameters. This may be avoided by fixing θ1 to its maximum486

a posterior probability (MAP) value, but doing so may also inadvertently bias the model.487
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Motivated by these findings, we consider an alternative positive definite parameteriza-

tion of the ζ stress function with just 2 degrees of freedom which still allows for rapid

decrease of ζ-values with increasing stress towards the critical point (ζ = 0) in the form

of an exponential trend:
βi = θ0,

ζi = θ1e
−θ2∆Ci .

(24)

This alternative model has 3 degrees of freedom {θ0, θ1, θ2}. With this parameterization488

choice, θ1 = 0 corresponds to a pure critical-state power-law with no exponential taper489

for all stress states as also postulated in Main [1995, 1996].490

Then for θ1 > 0, and θ2 = 0, then exponential taper is present but independent of the491

stress state. If both parameters are non-zero, then the exponential taper depends on the492

stress state, and for θ2 > 0 is follows that ζ → 0 as ∆C → ∞. So we see that this493

reduced parameterization if equivalent to the previous power-law choice in the limit that494

the critical stress point is much larger than the presently observed stress states. Although495

Taylor expansion of the power-law (23) under these conditions leads to a linear trend,496

i.e. ζi = θ1 + θ2∆Ci, this is not guaranteed to be positive definite without an additional497

constraint that creates a discontinuity in the first derivative leading to increased instability498

during inference. This linear form also lacks the requirement for non-linear growth in ζ499

with increasing sub-critical stress states. For these reasons we do not include an explicit500

linear parameterization for stress-dependent of ζ-values.501

8.5. Stress-Dependent β-ζ-Values

Within this hybrid class of models we consider a 5-parameter combination of the

hyperbolic-tangent stress-dependent β-model and the exponential stress-dependent ζ-
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model defined here as
βi = θ0 + θ1 (1− tanh θ2∆Ci) ,

ζi = θ3e
−θ4∆Ci .

(25)

Joint inference of the model parameters {θ0, θ1, θ2, θ3, θ4} in-principle allows for competi-502

tion between the two paradigms of stress-dependent β with ζ = 0 and stress-dependent ζ503

with some universal fixed β. In practice, the limited number of observed events, the un-504

certainties in their magnitudes and reservoir stress states, and biased sampling of higher505

stress states may critically limit the statistical power of this most-complex model.506

9. Bayesian Inference

Adopting the established methods of Bayesian inference we will estimate the set of pa-

rameters, Θi, for each of the specified models, Mi. Although models and magnitudes are

both denoted by the same symbol M , they may be distinguished as models are always

associated with an integer subscript, Mi, whereas any magnitude subscripts are restricted

to Mc and Mt representing the completeness and threshold magnitudes respectively. (Ta-

ble 1), given the observed earthquake data set, D. According to Bayes’ theorem:

Pr(Θi|D,Mi) =
Pr(D|Θi,Mi) Pr(Θi|Mi)

Pr(D|Mi)
, (26)

where Pr(Θi|D,Mi ≡ P (Θi) is the posterior probability distribution of the model pa-507

rameters, Pr(D|Θi,Mi) ≡ L(Θi) is the likelihood distribution, Pr(Θi|Mi) ≡ π(Θi) is the508

prior distribution of parameter values, and Pr(D|Mi) ≡ Zi is the normalization factor509

or Bayesian evidence. As Zi is independent of Θi it may be ignored for the purposes of510

model inference. Using standard MCMC methods provided by the Python library PyMC3511

[Salvatier et al., 2015], we sample each model’s parameter space distributed according to512

its un-normalized posterior using equilibrium Markov chains. This sampled posterior con-513

D R A F T April 21, 2020, 9:37am D R A F T



X - 32 BOURNE, OATES: STRESS-DEPENDENT MAGNITUDES OF GRONINGEN SEISMICITY

stitutes a complete joint inference of all parameter values, and may be marginalized over514

each parameter to yield individual parameter value estimates.515

Relative to earlier studies [Bourne and Oates, 2017b; Bourne et al., 2018], our MCMC516

sampling methods incorporate three improvements. First, the adaptive Metropolis Hast-517

ings sampler was replaced with the No-U-Turn (NUTS) sampler that provides automatic518

tuning of the Hamiltonian sampler and uses symbolic derivatives of the likelihood function519

to improve sampling efficiency and reduce correlations between successive samples. Sec-520

ond, single trace sampling was replaced by multiple independent trace sampling in parallel521

on multiple CPU and, when possible, GPU cores. Third, sample chains are initiated by522

random draws from the prior distribution, π(Θi), rather than at the parameter values523

that maximize the posterior distribution, P (Θi). This last change avoids sampling bias524

and assists confirmation of sample repeatability between the independent Markov chains.525

In addition, the earthquake data set, D, incorporates two improvements relative to526

Bourne et al. [2018]. First, the seismological survey, KNMI, reduced the rounding of527

reported earthquake magnitude values from 0.1 to 0.01. Second, the observed time period528

increased by 18 months from 1/1/1995–1/1/2018 to 1/1/1995–22/5/2019 (6% increase),529

to incorporate another 20 M ≥ 1.5 events within the Groningen catalog (7% increase).530

For model inference from these data, we aim to use uninformative uniform prior dis-531

tributions that honor non-negative conditions where applicable. The range of these dis-532

tributions are sufficiently large such that further increases do not influence the posterior533

distributions.534
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9.1. Stress-Invariant Models

We trained the power-law distribution with an exponential taper model with constant

β- and ζ-values as specified by (18) with uniform prior distributions: 0.3 ≤ β ≤ 1, and

0 ≤ ζ ≤ 1. The resulting joint posterior probability density (Figure 13) indicates a

β value consistent with its typically observed value, β = 2/3, and a non-zero ζ-value

consistent with the presence of an exponential-taper on the power-law distribution of

seismic moments within the Groningen catalogue. The posterior distribution obtained

is characterized by the following mean values and 95% credible intervals defined by the

highest posterior density:

β̄ = 0.64 (0.56 < β < 0.71)

ζ̄ = 1.2× 10−3 (3.5× 10−5 < ζ < 2.5× 10−3)

(27)

This is consistent with the usually-observed value of β = 2/3 and the presence of an535

exponential taper (ζ > 0). The joint posterior probability density distribution (Figure 13)536

indicates no evidence for any strong covariance between the inferred β- and ζ-values that537

would appear as a clear diagonal trend in the distribution. That is lower than average538

β-values are equally likely to be paired with lower or higher than average ζ-values and539

vice-versa.540

9.2. Stress-Dependent β-Models

9.2.1. Inverse power-law β-model541

The posterior distribution of parameter values for the inverse power-law β-model spec-542

ified according to (21) was sampled subject to uniform prior distributions, 1/3 ≤ θ0 ≤ 1,543

θ1 = 0, 0 ≤ θ2 ≤ 1, and 0 ≤ θ3 ≤ 10. Our choice of this θ0 lower bound reflects the absence544

of lower values in prior observations of stress-dependent b-values reported elsewhere [Mori545
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and Abercrombie, 1997; Wiemer and Wyss, 1997, 2002; Schorlemmer et al., 2005; Gulia546

and Wiemer, 2010; Spada et al., 2013; Huang et al., 2018]. The joint posterior probability547

density distribution (Figure 14) indicates a bounded distribution with well-sampled and548

highly correlated uncertainties, and localized MAP values.549

The posterior distribution obtained is characterized by the following mean values and

95% credible intervals (HPD).

θ̄0 = 0.49 (0.33 < θ0 < 0.63)

θ̄2 = 0.49 (0.28 < θ2 < 0.63)

θ̄3 = 5.77 (1.96 < θ3 < 10.0)

(28)

This apparent variation with stress may be a statistical artefact of neglecting stress vari-550

ations in ζ as illustrated in Figure 11. The posterior ensemble β function of incremental551

Coulomb stress (Figure 19a) are consistent with the previous finding of a significant differ-552

ence between the frequency-magnitude distribution of events occurring under stress states553

below and above ∆C = 0.7. Joint optimization of this magnitude-frequency model and554

the poro-elastic thin-sheet model with its three degrees of freedom (σ, rmax, Hs), yields a555

similar ensemble function (Figure 19c) albeit with a broader prediction interval reflecting556

the additional variabilities within this ensemble stress model.557

9.2.2. Hyperbolic Tangent β-Model558

The posterior distribution of parameter values for the hyperbolic tangent β-model spec-559

ified according to (22) was sampled subject to uniform prior distributions, 1/3 ≤ θ0 ≤ 1,560

0 ≤ θ1 ≤ 2.5, 0 ≤ θ2 ≤ 5, and θ3 = 0. The joint posterior probability density distribution561

(Figure 15) once again indicates a bounded distribution with singular MAP values.562
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The posterior distribution obtained is characterized by the following mean values and

95% credible intervals (HPD).

θ̄0 = 0.52 (0.34 < θ0 < 0.67)

θ̄1 = 1.2 (0.27 < θ2 < 3.2)

θ̄2 = 2.2 (0.7 < θ3 < 4.2)

(29)

Under this alternative parameterization of the stress-dependent β-model, the correlation563

structures between the parameters do differ but a lead to similar evidence of apparent564

stress-dependence. The associated ensemble β-function of stress (Figure 19b) appears565

broadly similar to the inverse-power law model, with the largest differences limited to566

the lowest stress states. We attribute this to sampling bias as the observed events are567

significantly more prevalent under the higher stress states leaving few observations to568

constrain this low-stress response. Joint optimization of this magnitude-frequency model569

with the thin-sheet stress model leads to similar results once more (Figure 19d), and again570

with increased variability associated with counting the uncertainty in our knowledge of571

the stress states associated with each event.572

9.3. Stress-Dependent ζ-Models

9.3.1. Power-Law ζ-Model573

For the power-law ζ-model specified by (23), and given the constraint θ1 = 1, the

posterior distribution obtained is characterized by the following mean values and 95%

credible intervals (HPD).

θ̄0 = 0.65 (0.57 < θ0 < 0.72)

θ̄2 = 3.15 (0.02 < θ2 < 6.48)

θ̄3 = 2.24 (0.36 < θ3 < 4.00)

(30)
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We set the constraint θ1 = 1 to avoid a trade-off found with θ2 that is likely due to the574

limitations of finite sample size and under-sampling of the seismogenic response to lower575

stress states (see ∆C < 0.5 in Figure 2). This constraint does not affect the subsequent576

out-of-performance of this model, but simplifies the posterior distribution. The estimated577

β-value, θ0, is consistent with a universal value of β = 2/3. The posterior distribution578

of θ3 takes values that are mostly larger than ∆Ci corresponding to ζ > 0 reflecting579

the presence of an exponential taper to the power-law distribution of seismic moments.580

Furthermore, as the 95% confidence interval for θ2 excludes θ2 = 0, there is significant581

evidence for ζ decreasing with increasing Coulomb stress in accord with the critical point582

scaling laws of statistical fracture mechanics.583

9.3.2. Exponential ζ-Model584

Within the exponential ζ-model defined by (24) the sampled posterior distributions

(Figure 17) yield mean values and 95% credible intervals (HPD) as follows.

θ̄0 = 0.65 (0.57 < θ0 < 0.73)

θ̄1 = 0.42 (0.001 < θ1 < 0.93)

θ̄2 = 9.33 (5.9 < θ2 < 14.8)

(31)

These results are insensitive to our choice of uniform prior distributions. The estimated585

β-value, θ0, is once more consistent with the usually observed β-value of 2/3. These586

results also reveals significant evidence for θ1 > 0 which again reflects confidence about587

the presence of an exponential taper of the power-law seismic moment distribution. In588

addition, θ2 > 0 is a significant finding consistent with a stress-dependent exponential589

taper where ζ decreases under increasing Coulomb stress (Figure 20).590
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9.4. Stress-Dependent β-ζ-Models

Within the hybrid model that combines both β- and ζ stress dependence as defined by

(24) the sampled posterior distributions remain stable with unique and localized MAP

values (Figure 17). The associated mean values and 95% credible intervals:

θ̄0 = 0.53 (0.34 < θ0 < 0.67)

θ̄1 = 1.1 (0.07 < θ1 < 2.2)

θ̄2 = 2.3 (0.7 < θ2 < 4.5)

θ̄3 = 0.33 (0 < θ3 < 0.85)

θ̄4 = 9.7 (4.9 < θ4 < 15)

(32)

indicate significant in-sample evidence for stress dependence of both β- and ζ-values.591

10. Model Characteristics

Figure 21 illustrates how the stress susceptibility, χs defined by equation (17), varies592

with Coulomb stress, ∆C, according to the different magnitude-frequency models. The593

particular instance of each model was selected according to MAP parameter values given594

the observed Groningen events and poro-elastic thin-sheet stress model. The different595

lines in each plot show how stress susceptibility varies for different magnitude thresholds.596

All models share the fundamental property of monotonic increases in susceptibility with597

stress, so in all plots every line moves up to the right. Looking beyond this similarity,598

there are key and distinguishing differences between each of these magnitude-frequency599

models.600

For the simplest magnitude-frequency model of a constant β and no exponential taper,601

ζ = 0 (Figure 21a), all susceptibility lines are straight, parallel and equally-spaced on this602

log-linear plot. These lines remain straight and parallel because the model is invariant603
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under increasing stress, and they remain equally spaced because frequency-moment distri-604

bution is a pure power-law. With the introduction of a stress-invariant exponential taper,605

ζ > 0 (Figure 21b), these lines remain parallel reflecting the stress invariance of the model,606

but the line spacing increases with the magnitude threshold and rapidly so above the cor-607

ner magnitude as the exponential tail dominates. In this example the corner magnitude608

is 3.5. The key difference between these two stress-invariant magnitude-frequency models609

is the expected rate of larger magnitude events at larger incremental stress states (lower610

right corner of these plots). For example, the emergence of M ≥ 4.5 susceptibility rates611

above 0.5× 10−10 /m3/MPa (stress-axis intercept) increases from 0.75 MPa to 0.85 MPa612

by including the exponential taper. This highlights the importance of any non-zero taper613

for induced seismicity hazard and risk analysis that are typically driven by larger than614

previously seen magnitudes under larger than previously experienced stress states.615

Under both stress-dependent models (Figure 21c, d), these lines are neither straight,616

nor parallel nor equally spaced. The only common feature is the top line corresponding to617

the rate of M ≥ 1.5 events which follows the same Extreme Threshold exponential trend618

given by (16) in all models. The stress-dependent β-model with no taper (Figure 21c) has619

a constant line space for any given incremental stress. This is most easily recognized on620

the right side of the plot but is true everywhere. This line spacing decreases with stress,621

reflecting the smaller β-values at larger stresses. This means the largest line spacings occur622

for the smallest magnitudes at the smallest stress states (lower left corner). Consequently,623

look along the stress axis, χs = 0.5 × 10−10 /m3/MPa, the line spacing decreases with624

stress. This means the additional stress required to exceed the next magnitude threshold625

becomes progressively smaller as the system evolves to higher stress states.626
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The opposite is true for the stress-dependent ζ-model with a constant β-value (Fig-627

ure 21d). Along the stress-axis, line spacing increases with stress. This indicates the628

additional stress required to exceed the next magnitude threshold becomes progressively629

larger as the system evolves to higher stress states. Consequently the largest line spacing630

occurs for the largest magnitude thresholds at the largest stress states (lower right cor-631

ner). The key distinguishing feature of these two stress-dependent models is the intercept632

of each line on the incremental Coulomb stress axis.633

11. Model Evaluation

We take two complimentary approaches to evaluating model performance for forecasting634

event magnitudes. The first compares out-of-sample posterior model likelihood distribu-635

tions for the most recent subset of observed events (2012–2019). The second compares the636

observed and model-based simulations of maximum magnitude and total seismic moment637

time series over the entire history of gas production (1965–2019).638

11.1. Out-of-Sample Likelihoods

We favour out-of-sample over in-sample likelihoods as a better measure of the forecast639

performance required by seismic hazard and risk analysis. Typical hazard and risk analysis640

periods for Groningen induced seismicity are 5 to 10 years and are always beyond the641

current observation period [Elk et al., 2019]. This means seismicity forecasts rely on near-642

term extrapolations of the seismological models conditioned on a given gas production643

scenario. We therefore choose to exclude all in-sample model evaluation methods, such644

as the Bayesian Information Criterion, as these do not properly reflect this out-of-sample645

forecast requirement.646
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The most reliable measure of forecast performance is a blind prediction made prior to647

the observations required to evaluate forecast performance. In our case, this means waiting648

for at least 5 years. To avoid such a delay, we evaluate out-of-sample model performance649

using the existing observations. To do this, we divide the observed earthquake data set, D,650

into two disjoint, time-contiguous parts, D1 and D2, corresponding to a training period,651

T1, and an evaluation period, T2. In this study, when not specified otherwise, these periods652

are T1 = 1/1/1995 to 31/12/2012, and T2 = 1/1/2013 to 1/6/2019. This choice splits the653

data into approximately two equal parts, and also ensures the evaluation period covers654

at least 5 years to represent the typical forecast demand for these seismological models.655

This is a form of cross-validation where the choice of out-of-sample data is restricted to656

reflect the forecast requirement. This is a retrospectively ‘blind’ test where the choice of657

the start time for the out of sample ‘future’ events was made prior to, and independent658

from, the later analysis. Nonetheless there remains a residual possibility of unconscious659

researchers’ bias influencing our analysis. Indeed, true forecast performance typically lags660

behind hindcast performance within meteorological models.661

To evaluate out-of-sample model performance we first sample the posterior joint model

parameter distribution, P (Θi), given D1 according to (26). Then we sample the out-of-

sample posterior predictive distribution of likelihood values, L(D2|Θi), for the D2 data set

given the sampled posterior distribution P (Θi) obtained in the first step. These results

are summarized by the distribution of log-likelihood values evaluated as

`i = logL(D2|Θi). (33)

By this measure, every model has zero degrees of freedom to explain the out-of-sample662

observations, D2, as it is not fitted to these data. Models with too many degrees of freedom663
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will tend to yield posterior distributions that over-fit the in-sample observations, D1, with664

highly variable parameter values. This likely increases bias and reduces precision in model-665

based forecasts for the out-of-sample observations, D2, which systematically reduces the666

out-of-sample log-likelihood values obtained according to equation (33). Likewise, models667

with too few degrees of freedom, will likely fail to fit enough of the observed variations668

within D1 and carry-over this deficiency. Limitations associated with small sample sizes669

may confound this evaluation due to chance effects that increase performance variability670

and broaden the measured out-of-sample log-likelihood distribution. This limits our ability671

to reliably rank the model when their log-likelihood distributions overlap.672

Instead, we use these distributions to measure the probability, Pij, of one model, Mi,

out-performing another model, Mj, according to the probability of `i exceeding `j:

Pij = Pr(`i > `j). (34)

This probability Pij is estimated by the fraction of randomly sampled pairs from their673

respective distributions that satisfy this criterion. Posterior distribution sample sizes674

are made large enough to ensure sampling errors, ∆Pij are insignificant when comparing675

models (e.g. ∆Pij < 0.01). This was verified but increasing the sample size to demonstrate676

the results at this level of precision are reproduced. Accordingly, self-comparison of any677

model yields Pii = 0.5.678

Figure 22a shows the out-of-sample log-likelihood distributions obtained for the three679

stress invariant models. Better performance appears as larger log-likelihood values so the680

best and worst versions of a model are found in the upper and lower tails of these distri-681

butions respectively. As the distributions all overlap the ranking of model performance is682

somewhat ambiguous. So although the best performances are associated with the upper683
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tail of the M3, the upper tails of M1 and M2 still exceed the performance of the lower tail684

of M3. Nonetheless, the two models that allow for the presence of an exponential taper,685

ζ 6= 0 (M2,M3), are both capable of better performance than the baseline model without686

any exponential taper ζ=0 (M1) as shown by the locations of their upper tails. Likewise,687

all stress-dependent models also exhibit better performance than the baseline model M1688

(Figure 22b) as their upper tails all exceed the upper tail of M1. However, within these689

models the performance gain of an exponential taper appears much less clear as the three690

models with the best performing upper tails include two with ζ = 0 (M5, M7), and one691

that combines stress-dependent β and ζ effects (M13).692

The complete D2 data are dominated by the smallest magnitude events, so for instance693

half of the observed events are in the range 1.5 ≤ M ≤ 1.8 compared to the largest694

observed magnitude at M = 3.6. Since these models are intended for probabilistic seismic695

hazard and risk assessment their performance in forecasting larger magnitude events must696

be considered. We start to do this by increasing the magnitude threshold, Mt, for the697

events admitted into the D2 data set to obtain the subset D2t. Then the out-of-sample698

likelihood analysis is repeated using the same posterior distributions of parameter values as699

before, P (Θi), to evaluate the out-of-sample likelihood values Lt(D2t|Θi). The modified700

likelihood function, Lt, is given by equations (13) and (14) where Mc = Mt. In this701

manner the models are still trained by all M ≥ 1.5 events within the training data but702

then evaluated only on the larger M ≥ Mt events within the out-of-sample evaluation703

data.704

Figure 23 shows the likelihood distributions obtained for magnitude thresholds Mt =705

{1.75, 2.0, 2.5}. Once more, the better performing models are located within the upper706
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tails of each distribution. Table 2 summarise the performance of all models relative707

to the baseline model, M1, according to the Pi1 metric as specified by (34). As the708

magnitude threshold increases, it is clear that the performance of ζ=0 models significantly709

decreases from a top-ranked performance for M ≥ 1.5 to a bottom-ranked performance for710

M ≥ 2.5. Furthermore, the only models that fail to exceed the baseline model performance711

(Pi1 ≤ 0.5) are those with a stress-dependent β-values (M5,M7,M13). This indicates that712

β-values which decrease with increasing Coulomb stress do not describe the tail of the713

observed magnitude distribution as well as any of the other models which all possess714

stress-invariant β-values.715

In contrast, the performance of ζ 6= 0 models with constant β-values either improve716

(M2,M3) or remain stable (M10,M11) under increasing magnitude thresholds. As ex-717

pected, the presence of an exponential taper measurably improves the out-of-sample fore-718

cast performance for Mt ≥ 2 events. However, within this analysis, there is no evidence719

for stress-dependent ζ-values as stress-invariant ζ 6= 0 models perform marginally better720

against the baseline model for Mt ≥ 2.721

11.2. Simulated Seismic Moments and Magnitudes

Simulation of event catalogs using the different magnitude-frequency models allows their722

performance to be evaluated regarding the time series of maximum magnitudes and total723

seismic moment time series. Such an evaluation differs from the previous consideration of724

out-of-sample likelihood given the observed magnitudes by testing the simulation results725

and placing greater emphasis on forecasting the larger magnitudes that most-influence726

seismic hazard and risk analysis. The time series of total seismic moments represents727

the cumulative sum of seismic moments for all prior M ≥ 1.5 events. Likewise, the time728
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series of maximum magnitudes represents the largest magnitude observed so far. These729

simulated time series depend on both the simulated number and magnitude of events.730

Over the typical range of β-values associated with this seismicity most of the total seismic731

moment is contributed by the maximum magnitude event. As such, both time series732

are closely related, but with one key distinction. The total seismic moment in 1995 is733

unknown whereas the maximum magnitude is known to be Mmax = 2.4 from a regional734

monitoring network reporting all M ≥ 2 events.735

Figures 24 and 25 compare the observed and simulated time series of maximum magni-736

tudes and total seismic moments for 2 stress invariant and 3 stress-dependent magnitude-737

frequency models. All these results share the same event occurrence simulations based738

on the posterior distribution of Extreme Threshold Failure models [Bourne and Oates,739

2017b]. The posterior distribution of all models were obtained using the just D1 so the740

out-of-sample observations in this case occur prior to 1/1/1995 and from 1/1/2013. The741

simulations were run from 1965 to 2019 using the reservoir pore pressure model.742

The model of stress-invariant β-values given ζ=0 (M1, uni) systematically over-predicts743

both time series for all observed events and exceeds the 95% prediction interval for max-744

imum magnitudes. Maximum magnitude time series residuals (Figure 26) indicate the745

absolute mean residual (∆Mmax = −0.5) is significantly larger than the expected mag-746

nitude measurement error (± 0.1–0.2). The upper bound of the 95% prediction interval747

is always about 2 magnitude units above the observed maximum magnitude. A similar748

over-prediction bias is seen in the total seismic moments time series where the median749

time series always exceeds the observed total seismic moment after 1996. Including a750

stress-invariant taper of the frequency-magnitude distribution (M3) significantly reduces751
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the simulation bias whilst also significantly increasing its precision. This is shown by752

the reduced width of the 95% prediction interval that still contains all the variability in753

the observed total seismic moment time series although the first half of the time series754

(1995-2007) is systematically over-predicted. This early over-prediction bias is also seen in755

the maximum magnitudes time series and even exceeds the 95% prediction interval. The756

appearance of increasing precision with time does not reflect the increase observational757

constraints but instead appears due to the influence of the stress-invariant exponential758

taper that starts to significantly lower the probability of M ≥ 3.5 events.759

The inverse power-law model for stress-dependent β-values with ζ=0 (M5, ets0.ipc3),760

exhibits the same systematic tendency for over-prediction of both maximum magnitudes761

and total seismic moments albeit to a lesser extent and without exceeding the 95% con-762

fidence interval. The absolute mean maximum magnitude bias (∆Mmax = 0.4) is still763

significant relative to the magnitude measurement errors. In contrast, the exponential764

stress-dependent ζ-model with β = 2/3 (M11, ets0.ltc3) exhibits no bias in either maxi-765

mum magnitudes or total seismic moments and does not exceed the 95% prediction interval766

despite this interval being significantly smaller than the previous two models. Moreover,767

the observed variability approaches both the upper and lower bounds of the simulated768

variability. As such this model demonstrates zero bias and a simulated variability consis-769

tent with the observed variability.770

Figure 27 shows the distributions of out-of-sample likelihood, Ls(D2t|Θi), for observed771

maximum magnitudes, Dmax,2, given the simulated maximum magnitude time series. We772

obtained the maximum magnitudes data set, Dmax by selecting the subset of events within773

the complete data set, D, that are larger than all previous events. This data set is774
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then partitioned according to event origin times to yield the out-of-sample maximum775

magnitudes data set Dmax,2.776

We estimate the out-of-sample likelihoods, Ls, using the distribution of simulated maxi-777

mum magnitude time series according to the posterior model distribution, P (Θi|D1). We778

performed these simulations in a nested manner to yield simulated maximum magnitude779

time series, Sijk, where i denotes the model, j denotes a single random sample from the780

posterior distribution, P (Θi|D1), and k denotes the simulation index. In this manner,781

time series Sijk represents the kth simulation of the jth posterior sample from the ith model.782

For each i and j, and observed event within Dmax,2, we select the set of simulated783

maximum magnitudes at the observed origin times. Using a Gaussian kernel density784

estimate for the probability density function of these simulated maximum magnitudes,785

we compute the likelihood of this observed maximum magnitude. Repeating this for786

all Dmax,2 events Ls is estimated as the product of these single-event likelihood values.787

Repeating this for all values of j yields the posterior distribution of likelihood value788

for model Mi. Repeating all of these steps for all values of i results in the collection789

of likelihood distributions shown by Figure 27. Better performing models appear with790

likelihood distributions located to the right of poorer performing models. However, as all791

these distributions overlap with different tail shapes the relative performance ranking is792

not completely clear. Nonetheless it is clear the top two models are both include stress-793

dependent ζ-values.794

As these distributions substantially overlap, we summarize the overall relative perfor-795

mance according to the probability of one model yielding a better out-of-sample likelihood796

than another model, Pij, according to (34). Table 3 shows the pairwise probabilities Pij797
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that model Mi out-performs model Mj given their respective out-of-sample maximum798

magnitude likelihood distributions. If the models are listed in rank order of performance799

then this matrix, Pij would show monotonically increasing values as i increases (moving800

top to bottom in each column of Table 3) and as j decreases (moving right to left in801

each row of Table 3). In this case, the results are less clear in the sense that no such802

complete and unambiguous ranking exists. This is because the relative performance of803

several middle-ranking models are so similar, likely due to the small out-of-sample size804

available. Nonetheless, we may still confidently identify the best-performing models.805

The baseline model (M1) is out-performed by all other models, although none exceed806

95% probability, although two models (M11,M13) are close with a 94% chance of exceed-807

ing the baseline performance. The only common feature of these two models is a stress-808

dependent ζ variation. One stress-dependent β model (M7) does indicate a 91% chance809

of exceeding the baseline performance, but its chances of out-performing the leading two810

models are just 25% and 19% respectively. Ranking all models by increasing performance811

based on this metric yields {M1,M2,M3,M5,M10,M7,M11,M13}. This is essentially the812

numerical model sequence shown in Table 3 except the best-performing stress-dependent813

β-model, M7, exchanges places with the worst performing stress-dependent ζ-model, M10.814

We attribute this to a poor parametrization choice for M10 resulting in a large trade-off be-815

tween the θ2 and θ3 parameters shown in Figure 16 associate with insufficient information816

to constrain the location of the critical point, θ3.817

As previously discussed in section 10, a key diagnostic is the time series of counts818

for events that exceed a given magnitude threshold (see Figure 21), especially the early819

time evolution. To revisit this, we compute the mean simulated cumulative event count820
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time series over a range of magnitude exceedance thresholds. Figure 28 compares these821

simulated time series with the observed events from 1995 to 2019. The simulated M ≥822

1.5 cumulative counts are identical for all models as this depends on the activity rate823

model alone which is shared by all magnitude-frequency models. For larger magnitude824

exceedance thresholds, the simulated time series differ between the different magnitude-825

frequency models.826

For the stress-invariant β-model with ζ=0 (M1, Figure 28a), the simulated count time827

series is systematically over-predicted for magnitudes M ≥ 2.5 during their early time828

evolution. This error increases with magnitude threshold, such that the simulated M ≥ 4829

counts are comparable to the observed M ≥ 3.5 counts. A similar bias is also apparent in830

the stress-dependent β model (Figure 29a), although in this case over-prediction is only831

apparent for magnitudes M ≥ 3.0. The stress-invariant beta-zeta model (M3, Figure 28b)832

improves the fit for larger magnitudes (M > 3) at the end of the time period but also833

over-predicts for magnitudes M ≥ 2.5 during their early time evolution.834

The stress-dependent β model (M11, Figure 29a) slightly improves the early time pre-835

diction of M ≤ 2.5 events relative to the stress-invariant models, but systematically836

over-predicts events counts for M ≥ 3.5 events. The stress-dependent ζ model (M11,837

Figure 29b) shows the best match to the observed rates with no apparent bias for any838

of the observed magnitude thresholds especially at later times when the fractional count839

errors are smallest. The higher dimensional, hybrid model with stress-dependent β- and840

ζ-values (M13, Figure 29c) clearly under-predicts the numbers of M ≥ 2.5 and M ≥ 3841

events. This result would be counter-intuitive if model performance was evaluated on the842

same data used for model inference. In this case, the extra degrees of freedom should843
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give a better fit. However, we evaluate the model on data not previously used for model844

inference. This means any over-fitting associated with too many degrees of freedom will845

likely appear as bias in this out-of-sample evaluation.846

12. Discussion

12.1. Probabilities of Larger Magnitudes

Central to the analysis of seismic hazard and risk induced by Groningen gas production847

is the reliable forecasting of larger than previously experienced magnitudes. Probabilistic848

analyses for Groningen show magnitudes in the range 4.5–5.5 provide the largest contri-849

bution to seismic hazard and risk metrics associated with public safety within the built850

environment [Bourne et al., 2015; Elk et al., 2019]. Smaller magnitudes are always too851

small to influence the hazard and risk metrics, whilst larger magnitudes are too infrequent852

to influence the hazard and risk metrics.853

Using the gas production history and a single future gas production scenario (2019854

GTS Raming) we simulated earthquakes catalogs for the entire history of gas production855

(1965–2019), and the next 5 years of future gas production (2019–2024). Earthquake856

occurrence was simulated used the posterior distribution of Extreme Threshold Failure857

models [Bourne and Oates, 2017b] inferred using the 1995–2019 M ≥ 1.5 events and a858

poro-elastic thin-sheet Coulomb stress model (section 5). Earthquake magnitudes were859

simulated using the M1,M3,M7,M11,M13 magnitude-frequency models in turn.860

Figure 30 shows the distribution of maximum simulated magnitudes associated with861

the first 54 years (1965–2019) and the next 5 years (2019–2024) according to the different862

magnitude-frequency models. Over the observed period (1965–2019) the exponentially-863

tapered ζ-models (M3, M11, M13) most closely match the observed maximum magnitude,864
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M = 3.6. Models that lack such a taper (M1, M7) over-predicted this magnitude 80–865

90% of the time with a mean over-prediction bias of 0.5–0.7 in magnitude. Maximum866

magnitudes are an important model performance metric as they typically form part of867

traffic light systems used to trigger interventions as is the case for Groningen induced868

seismicity.869

Simulation-based forecasts for the next 5 years yield different distributions for the max-870

imum magnitude event all with the same mode M = 3.2 and similar medians (Table 4,871

50%, M=3.2–3.5). However, hazard and risk are driven by larger, less-likely magnitudes872

in the upper tail of these distributions and differences between these upper tails are consid-873

erable. Table 4 shows models with an exponential taper (M2,M3,M10,M11,M13) exhibit874

much lower magnitudes with a 1% chance of exceeding (3.9–4.5) than the other models875

(M1,M5,M7,M11) that lack an exponential taper (5.3–5.5). This is a difference of 0.8–1.6876

in magnitude.877

Forecasts over longer periods necessarily face increasing uncertainties associated with878

larger extrapolations of the pore-pressure depletion model given the observed depletion879

history, and also larger extrapolations of the seismological model given the observed seis-880

micity history. Limiting forecast periods to 5 years or less limits our exposure to extrap-881

olation related uncertainties.882

12.2. Including an Upper Bound

The magnitudes models, as formulated so far, do not include an upper bound, corre-

sponding to a maximum possible magnitude, Mmax. For any finite system there must

be a finite limit on the magnitude of earthquakes within that system. This quantity is

not directly observable within the Groningen earthquake catalog, but we are still able to
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incorporate a prior distribution for Mmax within the magnitude-frequency models. Fol-

lowing Cornell and Van Marke [1969], the survival function of a magnitude distribution

may be truncated to reflect some prior belief in a maximum possible seismic moment,

Mmax, providing an upper bound to the distribution, according to

P (≥M|Mm ≤M ≤Mmax) =
P (M)− P (Mmax)

1− P (Mmax)
(35)

where the un-truncated survival function P (M) is given by (11). In the case of Groningen883

induced seismicity, van Elk et al. [2017] reported a collective expert-judgment based prior884

discrete distribution of maximum possible magnitudes with a 3.75–7.25 range and a 4.8885

median and 5.0 mean. For the most-part, the influence of the posterior distribution of886

exponential tapers occurs at significantly lower magnitudes than this prior distribution of887

Mmax.888

For the data analyzed in this study, incorporating stress-dependent exponential tapering889

of the power-law seismic moment distribution alongside an upper bound in earthquake890

magnitude-frequency models used for probabilistic hazard and risk analysis of induced891

seismicity within the Groningen gas field reduces bias that may otherwise in this case892

over-state the hazard and risk. Utilizing data-driven, stress-dependent ζ-models also893

reduces the impact of imposing a maximum magnitude based on an expert judgment.894

This procedure is therefore more robust to possibility of expert bias.895

12.3. Seismic Hazard Implications

Figure 32 illustrates the influence of including the possibility of a stress-dependent ζ896

model for induced earthquake magnitudes on probabilistic seismic hazard analysis. Even897

in the presence of a distribution of upper bounds to the magnitude distribution that898
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starts at Mmax = 4.3, the implications of including an exponential taper that introduces899

deviations from the pure power-law for M ≥ 3 events are still significant. The maximum900

seismic hazard is reduced by 31% from 0.174g to 0.130g.901

13. Conclusions

In summary, the stress-dependent ζ-model with constant β (M10,M11) offer higher902

performance magnitude-frequency forecasts than the stress-dependent β-models with ζ =903

0 (M5,M7) 75–85% of the time (Table 3) and lower the magnitude with a 10% and 1%904

chance of exceedance from 4.3 to 3.8 and from 5.5 to 4.5 respectively. Likewise, stress-905

dependent ζ-models outperform stress-invariant ζ-models (M2,M3) about 90% of the time,906

although in this case the stress-dependence of ζ increases the magnitude with 1% chance907

of exceedance from 3.9 to 4.4–4.5. The hybrid model with stress-dependent β and ζ values,908

M13, includes all these possibilities in one joint posterior distribution, resulting in a 1%909

magnitude of 4.6, which is much closer to the stress-dependent ζ models than any of the910

other frequency-magnitude distributions (Figure 31).911

There are two possibilities for incorporating these alternative magnitude-frequency mod-912

els into a probabilistic seismic hazard and risk analysis.913

1. Treat these model selection uncertainties as aleatory and rely on the M13 model alone914

to represent all possible models within the Monte Carlo simulations of induced seismicity,915

hazard and risk.916

2. Treat model selection as an epistemic uncertainty and include each independent917

model class as different branches on a logic tree of alternative Monte Carlo simulations.918

To do this, we may use the evidence-based weight factors given by Table 3. So for the919

mutually independent and collectively exhaustive model set {M1,M2,M7,M11} would920
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be represented by the logic tree branch weights {0.04, 0.08, 0.18, 0.7}. Given, the small921

weights attached to the first two models, and the need to limit the computational cost922

of probabilistic seismic hazard and risk assessments we recommend truncating this to the923

top two models {M7,M11} with weights {0.2, 0.8}.924

We recommend the second option, as it explicitly includes both the current seismo-925

logical model used for hazard and risk analysis (M7) and the new model (M11) with its926

likely improved performance. Including both on the logic tree would allow the influence of927

each model on hazard and risk to be independently assessed. The new stress-dependent928

exponential-taper power-law model introduced here likely offers better forecast perfor-929

mance and better represents the physical processes of failure size distributions within930

a heterogeneous material under increasing stress. The limited sample size of Gronin-931

gen earthquakes means we cannot be definitive in our preference for a single frequency-932

magnitude model. Instead, we represent our currently limited knowledge using a range933

of different models weighted by their measured performance evidence rather than expert934

judgment. Over time, further earthquake observations within Groningen, other analogue935

fields, or laboratory experiments may be decisive.936

Appendix A: Poro-Elastic Thin-Sheet Model Inference

Figure 33 shows the marginal posterior distributions of the poro-elastic thin-sheet intra-937

reservoir stress model parameters defined in section 5.938
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Figure 1. Observed distribution of epicenters and magnitudes of earthquakes induced

by Groningen gas production since the monitoring of M ≥ 1.5 events started in 1995. Col-

ors denote the poro-elastic thin-sheet model of smoothed incremental maximum Coulomb

within the reservoir induced by pore-pressure depletion from the start of production in

1965 until 2019. Circle denotes earthquakes and their area scales continuously with earth-

quake magnitude as indicate by the legend. Thin gray lines denote fault traces at the

top of the reservoir. A dark gray polygon denotes the original gas-water contact. Map

coordinate units are kilometers. Epicenter location errors are about 500 m and magnitude

errors are about 0.1.
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Figure 2. Time series of the incremental Coulomb stress and magnitude associated

with the Groningen M ≥ 1.5 events observed from 1995 to 2019 (grey panel). The area

and colour of the circles denotes the magnitude of each event. Grey lines indicate the

evolution of stress exposure within the reservoir according to the poro-elastic thin-sheet

model and denote the reservoir volume fraction exposed to at most that stress state. Most

events occur within the largest 20% of the exposed stress states (80%–100%).

D R A F T April 21, 2020, 9:37am D R A F T



BOURNE, OATES: STRESS-DEPENDENT MAGNITUDES OF GRONINGEN SEISMICITY X - 67

Figure 3. The frequency magnitude distribution of earthquakes from 1/1/1995 to

1/6/2019 associated with Groningen gas production. (left) Exceedance counts denotes

the number of events with at least the given magnitude. (right) Counts denotes the

number of events within magnitude bins of size 0.1. The magnitude of completeness for

this catalog is in the range 1.3–1.5.

(a) (b)

Figure 4. (a) Kolmogorov-Smirnov test statistic p-values for each possible division of

the observed M ≥ 1.5 events since April 1995 into low and high incremental Coulomb

stress, ∆C, groups according to the poro-elastic thin-sheet stress model (σ = 3.5 km,

rmax = 1.12, Hs = 1013 Pa). The ith event belongs to the low stress group if ∆Ci < ∆C;

otherwise it belongs to the high stress group. (b) As (a), except for all M ≥Mmin events

over the range 1.0 ≤Mmin ≤ 2.0.
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Figure 5. The observed earthquake size distribution and epicentral locations of low-

and -high stress groups most likely to originate from different probability distributions.

(a) (b)

Figure 6. Variation of posterior (a) b-value and (b) ζ-value estimates with incremental

Coulomb stress given Mmin = 1.5 and a constant population sample of 20 events. Light

and dark gray bands denote the 67% and 95% confidence intervals, and β = 2
3
b.
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Figure 7. The network of statistical damage mechanics theories that seek to describe

mechanical failure as a stochastic process. These different models all lead to failure sizes

distributed according to a stress-invariant power-law with a stress-dependent exponential-

like taper.
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Figure 8. Schematic to illustrate (a) the different sources and (b) the different strengths

of unresolved fault heterogeneity and (c) their stochastic representation as local failure

probabilities that lead to the emergence of an exponentially tapered power-law distribution

of failure sizes.

Figure 9. The probability-area distribution of fault failure events arising on a single

fault with a network of uniform failure probabilities is an exponentially-tapered power-

law. The lower probabilities of larger failure areas are governed by competition between

the lower probability of a larger number of connected dark gray failed cells bordered by

white intact cells and the larger number of alternative geometric configurations with the

same failure area.
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Figure 10. Seismic moment exceedance probability functions (survival functions,

SF) as a power-law with an exponential cut-off according to according to equation (9)

for a constant power-law exponent β = 2
3
, and ζ-values, varying from 1 to 0, where

Mm = 2.2× 1011 Nm (Mmin=1.5).
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(a)

(b)

Figure 11. (a) Apparent decrease in b-value with increasing corner moment,Mc. Based

on 1000 simulated earthquake catalogues each with 50 M ≥ 1.5 events for β = 2
3

and a

givenMc, and then repeated for 30 different values ofMc. The black line and grey band

denote the ensemble average and 5% to 95% interval of these simulations. (b) Apparent

decrease in b-value with increasing strain, ε relative to a critical strain, εc, according to a

critical-point scaling law, Mc ∼ (εc − ε)−γ. In this example, γ = 2.
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Mi Equations Parameters Label

Stress invariant models

M1 (19) Θ1 = {β} uni1

M2 (20) Θ2 = {ζ} uni1.z

M3 (18) Θ3 = {β, ζ} uni2

Stress-dependent, inverse-power-law β-models

M4 (21) Θ4 = {θ0, θ1, θ2, θ3} ets0.ipc4

M5 (21|θ1=0) Θ5 = {θ0, θ2, θ3} ets0.ipc3

Stress-dependent, hyperbolic tangent β-models

M6 (22) Θ6 = {θ0, θ1, θ2, θ3} ets0.htc4

M7 (22|θ3=0) Θ7 = {θ0, θ1, θ2} ets0.htc3

M8 (4), (22|θ3=0) Θ8 = {β2, β3, β4, θ0, θ1, θ2} ets3.htc3

Stress-dependent, critical-point scaling ζ-models

M9 (23) Θ9 = {θ0, θ1, θ2, θ3} ets0.cps4

M10 (23|θ1=10−4) Θ10 = {θ0, θ2, θ3} ets0.cps3

Stress-dependent, exponential trend ζ-models

M11 (24) Θ11 = {θ0, θ1, θ2} ets0.ltc3

M12 (4), (24) Θ12 = {β2, β3, β4, θ0, θ1, θ2} ets3.ltc3

Stress-dependent β-ζ-models

M13 (25) Θ13 = {θ0, θ1, θ2, θ3, θ4} ets0.b3.z2

M14 (4), (25) Θ14 = {β2, β3, β4, θ0, θ1, θ2, θ3, θ4} ets3.b3.z2

Table 1. Summary of the different seismological magnitude-frequency models, Mi,

evaluated according to their posterior, out-of-sample, predictive performance. The labels

are composed by string to represent a model type and a following digit to denote the

associated degree of freedom. For instance, ets0.htc3 denotes the MAP elastic thin-sheet

model with zero degrees of freedom combined with the hyperbolic tangent of incremental

Coulomb stress model with 3 degrees of freedom to represent a stress-dependent β-value.
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Figure 12. Marginal posterior probability density distributions inferred for each model

given the observed magnitudes of M ≥ 1.5 events from 1995 to 2019. Thick horizontal

lines denote the 95% credible interval defined by the highest posterior density (HPD)

interval.
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Figure 13. The joint posterior distribution of the stress-invariant β- and ζ-model (M3,

uni2) obtained given the observed magnitudes of M ≥ 1.5 events from 1995 to 2019.

These sampled distributions are represented by Gaussian kernel densities that introduce

some data-adaptive smoothing.
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Figure 14. Pairwise joint posterior distributions of the inverse power-law β-model

parameters given (M5, ets0.ipc3) inferred given θ1 = 0 and the MAP poro-elastic thin-

sheet model (σ = 3.5 km, rmax = 1.1, Hs = 107 MPa) and the observed catalogue

of M ≥ 1.5 earthquakes from 1-Jan-1995 to 1-Jan-2019. There is stronger evidence of

covariance given the less-than-circular joint density maps.
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Figure 15. Pairwise joint posterior distributions of the hyperbolic tangent β-model

parameters (M7, ets0.htc3) inferred given θ3 = 0 and the MAP poro-elastic thin-sheet

model (σ = 3.5 km, rmax = 1.1, Hs = 107 MPa) and the observed catalogue of M ≥ 1.5

earthquakes from 1-Jan-1995 to 1-Jan-2019.
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Figure 16. Pairwise joint posterior distributions of inverse power-law stress-dependent

ζ-model parameters (M10, ets0.cps3) defined according to (23) given the additional con-

straint θ1 = 0.
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Figure 17. Pairwise joint posterior distribution of the exponential stress dependent

ζ-model parameters (M11, ets0.ltc3) defined according to (24).
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Figure 18. Pairwise joint posterior distributions of the stress-dependent β-ζ-model

parameters (M13, ets0.b3.z2) defined according to (25).
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(a) (b)

(c) (d)

Figure 19. Posterior ensemble b-value functions of incremental Coulomb stress ac-

cording to (a) the inverse power-law (M5, ets0.ipc3), and (b) the hyperbolic tangent (M7,

ets0.htc3) model distributions shown by Figures 14 and 15 respectively. (c) As (a), except

including the full posterior distribution of pore-elastic thin-sheet parameters, σ, rmax, Hs

(ets3.ipc3). (d) As (c), except for the hyperbolic tangent model (M8, ets3.ipc3). Note that

b-values are shown instead of β-values, where b = 1.5β. Black curves and grey shading

denote the median and 95% prediction intervals respectively.
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Figure 20. Evolution of the modelled magnitude survival function, SF, illustrated by

three stress states, ∆C = 0, 0.5, 1 MPa for a stress-dependent β-model (left, M7), stress-

dependent ζ-model (middle, M11), and the stress dependent β-ζ-model (right, M13). These

ensemble functions are summarized by their medians (black), and 95% prediction intervals

(grey).
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(a) (c)

(b) (d)

Figure 21. The expected rate, χ, of events of at least magnitude, M per unit reser-

voir volume and stress increment increases with incremental Coulomb stress under four

alternative models: (a) stress-invariant model with β = 2/3 and ζ = 0 (M1), (b) stress-

invariant model with β = 2/3 and ζ > 0 (M3), (c) stress-dependent β with ζ = 0 (M7), (d)

stress-dependent ζ with β = 2/3 (M12). Lines denote different magnitude thresholds from

1.5 to 5.0 in intervals of 0.1 (grey) and 0.5 (black). Each model (Table 1) is based on its

MAP values inferred using the observed 1995–2019 M ≥ 1.5 events and the poro-elastic

thin-sheet stress model.
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(a)

(b)

Figure 22. Out-of-sample forecast performance of each alternative magnitude-frequency

models (Table 1) measured as the log likelihood distribution, `, of the 1/1/2012 to

1/6/2019 observed M ≥ 1.5 events, given the posterior distribution of models inferred

from the observed 1995–2012 events. (a) Stress invariant models {M1,M2,M3}. (b)

Stress-dependent models {M5,M7,M10,M11,M13}.
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(a)

(b)

(c)

Figure 23. Out-of-sample forecast performance of each magnitude-frequency models

(Table 1) measured as the the log likelihood distribution, `, of the 1/1/2012 to 1/6/2019

observed (a) M ≥ 1.75, (b) M ≥ 2.0, and (c) M ≥ 2.5 events, given the posterior

distribution of models inferred given the observed 1995–2012 events.
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Table 2. Out-of-sample magnitude forecast performance measured according to

the probability of each model out-performing the baseline model of a stress-invariant β-

values with ζ=0 (M1). Models were trained using the observed 1/2012–6/2019 M ≥ 1.5

events and evaluated using the observed 1/2012–6/2019 M ≥ Mt events, where Mt =

{1.5, 1.75, 2.0, 2.5}. Colours vary from red to yellow to green denoting probabilities from

0 to 0.5 to 1 respectively.
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(a)

(b)

Figure 24. Time series of observed and simulated maximum magnitudes (left) and

total seismic moments (right) for two stress-invariant models: (a) stress-invariant β given

ζ=0, M1, and stress-invariant β-ζ-model, M3. Given the absence of field-wide M ≥ 1.5

earthquake monitoring until 1995, the total seismic moment time series start in 1995. Dark

grey lines, and light grey regions denote the simulated median values and 95% prediction

intervals respectively.
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(a)

(b)

(c)

Figure 25. As Figure 24, except for three stress-dependent magnitude-frequency

models: (a) stress-dependent β-values, M5, (b) stress-dependent ζ-values, M11, and (c)

stress-dependent β-ζ-values, M13.
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Figure 26. The distribution of all residuals between the observed and simulated time

series of maximum magnitudes.

Figure 27. Out-of-sample forecast performance results for the maximum magnitude

time series. These were obtained for a 1995 to 2012 training period, a 1965 to 2019

simulation period, and a evaluation period before 1995 and after 2012.
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Table 3. Relative pairwise model forecast performance for the observed out-of-sample

maximum magnitude time series as measured by the probability, Pij, of model Mi out-

performing model Mj. Colours vary from red to yellow to green denoting probabilities

from 0 to 0.5 to 1 respectively. By definition, Pij + Pji = 1, so the above diagonal cells

contain the same information as their below diagonal counterparts.
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(a)

(b)

Figure 28. Observed event count time series compared to expected event counts

obtained by model simulations from 1995 to 2019 for (a) stress-invariant β-values,M1,

and (b) stress-invariant β-ζ-values, M3. See Table 1 for model details.
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(a)

(b)

(c)

Figure 29. As Figure 28, except for (a) stress-dependent β-values, M7, (b) stress

dependent ζ-values, M11, and (c) stress-dependent β- and ζ-values, M13. See Table 1 for

model details.
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(a)

(b)

Figure 30. The distribution of maximum magnitudes according to model simulations

for the periods (a) 1965–2019, and (b) 2019–2024. The vertical black line denotes the

observed M = 3.6 maximum magnitude. The expected maximum magnitudes are 4.3,

3.6, 4.1, 3.6, 3.7 for the M1, M2, M7, M11, and M13 models respectively.

(a) (b)

Figure 31. Magnitude exceedance rate according to model simulations over the periods

(a) 1965 to 2019, (b) 2019 to 2024.
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Model 50% 10% 1%

M1 (uni1) 3.36 4.18 5.29

M2 (uni1.zeta) 3.16 3.58 3.95

M3 (uni2) 3.18 3.58 3.88

M5 (ipc3) 3.33 4.25 5.48

M7 (htc3) 3.34 4.21 5.32

M10 (cps3) 3.29 3.81 4.45

M11 (ltc3) 3.20 3.74 4.32

M13 (b3.z2) 3.24 3.84 4.47

Table 4. Comparison of the magnitudes with a 50%, 10%, and 1% chance over

exceedance between 2019 and 2024 according to simulations of the different magnitude-

frequency models without imposing an upper bound, Mmax, to these probability distribu-

tions. These results are based on the 2019 GTS Raming production scenario.
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Figure 32. Seismic hazard represented as the peak ground motion acceleration (PSA,

T = 0.01s) maps with a 2.1% annual chance of exceedance in 2020 computed using the M5

magnitude model (left), verses a 0.2, 0.8 weighted combination of the M5 and M11 models

respectively (right), and the difference between these two maps (right). This represents

a 31% reduction in the maximum seismic hazard by allowing for the possibility of an

exponential taper in the power-law distribution of seismic moments.
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(a)

(b)

(c)

Figure 33. Marginal posterior distributions of the the poro-elastic thin-sheet intra-

reservoir stress model parameters defined in section 5 obtained in combination with (a)

the extreme threshold failures model for space-time distribution of earthquake occurrence

(st.etc2), (b) the stress-dependent β-model of earthquake magnitudes (M8, htc3), and (c)

the stress-dependent ζ-model of earthquake magnitudes (M11, ltc3).
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