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Abstract

In recent years, feedforward neural networks (NNs) have been successfully applied to reconstruct global plasmasphere dynamics
in the equatorial plane. These neural network-based models capture the large-scale dynamics of the plasmasphere, such as
plume formation and erosion of the plasmasphere on the nightside. However, their performance depends strongly on the
availability of training data. When the data coverage is limited or non-existent, as occurs during geomagnetic storms, the
performance of NNs significantly decreases, as networks inherently cannot learn from the limited number of examples. This
limitation can be overcome by employing physics-based modeling during strong geomagnetic storms. Physics-based models
show a stable performance during periods of disturbed geomagnetic activity, if they are correctly initialized and configured.
In this study, we illustrate how to combine the neural network- and physics-based models of the plasmasphere in an optimal
way by using the data assimilation Kalman filtering. The proposed approach utilizes advantages of both neural network- and
physics-based modeling and produces global plasma density reconstructions for both quiet and disturbed geomagnetic activity,
including extreme geomagnetic storms. We validate the models quantitatively by comparing their output to the in-situ density
measurements from RBSP-A for an 18-month out-of-sample period from 30 June 2016 to 01 January 2018, and computing
performance metrics. To validate the global density reconstructions qualitatively, we compare them to the IMAGE EUV
images of the He+ particle distribution in the Earth’s plasmasphere for a number of events in the past, including the Halloween
storm in 2003.
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Key Points:

« We develop an approach to combine a neural network with a physics-based model
of the plasmasphere using Kalman filtering.

e The approach is extensively validated using in-situ density measurements and ob-
served plasmapause position derived from the IMAGE EUV.

¢ The developed model reproduces the plasmasphere dynamics during quiet, mod-

erate, disturbed, and extreme geomagnetic events.
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Abstract

In recent years, feedforward neural networks (NNs) have been successfully applied to re-
construct global plasmasphere dynamics in the equatorial plane. These neural network-
based models capture the large-scale dynamics of the plasmasphere, such as plume for-
mation and erosion of the plasmasphere on the nightside. However, their performance
depends strongly on the availability of training data. When the data coverage is limited

or non-existent, as occurs during geomagnetic storms, the performance of NNs signif-
icantly decreases, as networks inherently cannot learn from the limited number of ex-
amples. This limitation can be overcome by employing physics-based modeling during
strong geomagnetic storms. Physics-based models show a stable performance during pe-
riods of disturbed geomagnetic activity, if they are correctly initialized and configured.

In this study, we illustrate how to combine the neural network- and physics-based mod-

els of the plasmasphere in an optimal way by using the data assimilation Kalman filter-
ing. The proposed approach utilizes advantages of both neural network- and physics-based
modeling and produces global plasma density reconstructions for both quiet and disturbed
geomagnetic activity, including extreme geomagnetic storms. We validate the models quan-
titatively by comparing their output to the in-situ density measurements from RBSP-

A for an 18-month out-of-sample period from 30 June 2016 to 01 January 2018, and com-
puting performance metrics. To validate the global density reconstructions qualitatively,
we compare them to the IMAGE EUV images of the He™ particle distribution in the Earth’s

plasmasphere for a number of events in the past, including the Halloween storm in 2003.

1 Introduction

The plasmasphere is a region of cold (< 10 eV) and dense (10—10*cm—2) plasma
encircling the Earth and corotating with it (Lemaire & Gringauz, 1998). It is located
in the inner magnetosphere and extends several Earth radii (Rg) into space out to a bound-
ary known as the plasmapause (Gringauz, 1963; Carpenter, 1963). At this boundary, the
plasma density decreases drastically by several orders of magnitude. The plasmasphere
is a very dynamic region, and its shape and size are strongly dependent on solar and ge-
omagnetic conditions (O’Brien & Moldwin, 2003; Chappell et al., 1970b). The size and
shape of the plasmasphere are controlled by two regimes: sunward convection and coro-
tation with the Earth (Darrouzet et al., 2009; A. Singh et al., 2011). The corotation regime

dominates during quiet geomagnetic times, and the plasma trapped inside the closed mag-
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netic field lines corotates with the Earth (Carpenter, 1966). At the same time, the plas-
masphere is refilled from the dayside ionosphere (N. Singh & Horwitz, 1992; Goldstein,
Sandel, Hairston, & Reiff, 2003; Krall et al., 2008). It has a nearly circular shape with
a dusk side bulge (Nishida, 1966). Contrastingly, the sunward magnetospheric convec-
tion begins to dominate during intervals of high geomagnetic activity (Carpenter, 1970;
Chappell et al., 1970a; Goldstein, Sandel, Hairston, & Reiff, 2003) and erodes the plas-
masphere. The stronger the geomagnetic disturbance, the more severely the plasmas-
phere is eroded (as far as 2 Rp during severe disturbances). The combination of convec-
tion and corotation electric fields causes the development of a plasmaspheric plume in

the dusk local time sector (e.g., Spasojevié et al., 2003; Grebowsky, 1970).

The plasmasphere is important for a number of physical processes. Its size and shape
control the propagation and growth of plasma waves, and affect wave-particle interac-
tions, thus greatly influencing distributions of energetic ions and electrons across a broad
range of energies (e.g., Spasojevié¢ et al., 2004; Horne et al., 2005; Y. Y. Shprits et al.,
2016; Orlova et al., 2016). The plasmaspheric material eroded during periods of strong
convection is transported sunward and is observed near the dayside magnetopause reg-
ularly (e.g., Chen & Moore, 2006; Lee et al., 2016). The enhanced plasma density at the
dayside magnetopause can limit the rate of reconnection, thus affecting the global con-
vection pattern (e.g., André et al., 2016; Borovsky & Denton, 2006). The plasma den-
sity is also a crucial parameter in a variety of applications in the field of space weather,
such as spacecraft anomaly analysis due to spacecraft charging (e.g., Reeves et al., 2013)
and GPS navigation (e.g., Mazzella, 2009; Xiong et al., 2016). It is therefore important
to model the dynamics of the plasmasphere accurately in order to be able to reliably pre-

dict the aforementioned processes.

A number of physics-based and empirical models have been developed in recent decades.
The most commonly used empirical models are the Carpenter and Anderson (1992), D. L. Gal-
lagher et al. (2000), and Sheeley et al. (2001) models. The Carpenter and Anderson (1992)
model is based on measurements of electron density derived from radio measurements
made with the sweep frequency receiver (SFR) on board the International Sun-Earth Ex-
plorer (ISEE-1) spacecraft and ground-based whistler measurements. It is a model of sat-
urated density and, thus, represents the distribution of density after several days of re-
filling. The model covers the range from 2.25 to 8 in L-shell, and the interval of 0-15 MLT

(magnetic local time). The model provides the mean value of density at different L-shells.



79 D. L. Gallagher et al. (2000) developed the Global Core Plasma Model (GCPM), which

80 combined several previously developed models (such as Carpenter and Anderson (1992)
81 and D. Gallagher et al. (1998)) by means of transition equations, in order to provide a
8 more comprehensive description of the inner-magnetospheric plasma. The models of plas-

8 masphere and plasma trough developed by Sheeley et al. (2001) provide statistical av-
8 erages of density based on density measurements obtained from the swept frequency re-
& ceiver onboard the Combined Release and Radiation Effects Satellite (CRRES) by iden-
86 tifying the upper hybrid resonance frequency. The models cover all local times and 3 <
87 L < 7. Moreover, Sheeley et al. (2001) also provide the standard deviation of density

88 for both the plasmasphere and trough models to describe depleted and saturated den-

89 sity levels for various L-shells and MLT sectors for the trough.

90 Despite the extensive use of these empirical density models for the inner-magnetospheric
o1 simulations, they provide statistically averaged values and do not account for the chang-

o ing geomagnetic conditions, and therefore, cannot produce reliable estimates of density

0 during extreme geomagnetic events. The models described above do not include the dy-

o namic dependence of plasma density on geomagnetic and solar wind conditions, and den-

% sity is known to vary substantially during periods of strong geomagnetic activity (e.g.,

% Park & Carpenter, 1970; Park, 1974; Moldwin et al., 1995).

o7 This fact motivated the development of time-dependent models of plasma density.
08 In recent years, a number of models utilizing neural networks and taking into account
99 solar or geomagnetic conditions have been developed (Bortnik et al., 2016; I. Zhelavskaya

100 et al., 2017; Chu, Bortnik, Li, Ma, Angelopoulos, & Thorne, 2017; Chu, Bortnik, Li, Ma,
101 Denton, et al., 2017). In all these studies, the authors used feedforward neural networks

102 with different architectures to model the plasma density in the equatorial plane or in 3D
103 (in Chu, Bortnik, Li, Ma, Denton, et al. (2017)). Feedforward neural networks are a pow-
104 erful mathematical tool for finding nonlinear multivariate mappings from input to out-

105 put variables, if such a mapping exists (J. A. Anderson, 1995; C. M. Bishop, 1995; Haykin
106 et al., 2009). Bortnik et al. (2016) used density measurements inferred from the space-

107 craft potential (Li et al., 2010) on board the THEMIS (Time History of Events and Macroscale
108 Interactions during Substorms) mission (Angelopoulos, 2009) to train their neural net-

109 work model. They used a 5-hour time history of Sym-H index and location as an input

110 to the model. The Chu, Bortnik, Li, Ma, Angelopoulos, and Thorne (2017) model is based

m on the same density measurements. The inputs to the model were location and the time
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histories of Sym-H for the preceding 3 days, AL for 2 hours, and F10.7 for 3 days. Chu,
Bortnik, Li, Ma, Denton, et al. (2017) built up on those two studies and developed a three-
dimensional electron density (DEN3D) model based on density measurements from the
plasma wave experiment on board ISEE (D. A. Gurnett et al., 1978), the plasma wave
experiment on board the CRRES (R. R. Anderson et al., 1992), the plasma wave instru-
ment on board Polar (D. Gurnett et al., 1995), and the radio plasma imager (RPI) on
board the Imager for Magnetopause-to-Aurora Global Exploration (IMAGE). They used
location and the time histories of Sym-H for the preceding 3 days, AL for 5 hours, and
F10.7 for 3 days as inputs to their model. The model of 1. Zhelavskaya et al. (2017), Plasma
density in the Inner magnetosphere Neural network-based Empirical (PINE) model, is
based on the density measurements obtained from the upper-hybrid resonance frequency
measured with the EMFISIS instrument on board the Van Allen Probes. This technique
is known to be one of the most reliable methods for obtaining plasma density (Mosier

et al., 1973). The inputs to the model were the 96-hour time history of Kp, AE, Sym-

H, and F10.7 indices and the location given by L and MLT. They showed that neural
networks-based models can accurately reproduce the dynamics of the plasmasphere (with
correlation coefficient = 0.95), and can successfully reproduce the asymmetric shape of

the plasmasphere, including plume formation and erosion on the nightside.

Neural networks learn from data and are very powerful when data are abundant.
However, when the data are limited or lacking, their performance may significantly de-
crease (Priddy & Keller, 2005). This implies that neural networks can be difficult to ap-
ply to highly unbalanced regression problems and to predict rare events. Extreme ge-
omagnetic storms are an example of such events. Figure 1 shows the distribution of the
Kp index over the training period of the PINE model (Oct 2012-Jul 2016, I. Zhelavskaya
et al. (2017)). As can be seen from the figure, its distribution is highly skewed. Obser-
vations for Kp > 7 are limited. In fact, there is not a single example of Kp = 9 dur-
ing this period and, hence, in the training dataset. That implies that NNs may not be

reliable during periods of high geomagnetic activity, which are the most interesting events.

One possible way to overcome this limitation is to employ a different approach to
model the plasmasphere dynamics during disturbed geomagnetic conditions. In partic-
ular, physics-based modeling is a more stable approach than neural network-based mod-
eling for high Kp, since it does not depend on data availability. A number of physics-

based models have been developed in recent years. Pierrard and Stegen (2008) used the
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Figure 1. Distribution of Kp over October 2012 — June 2016 (the training time interval for

the PINE model). The cadence of bins is 1/3, i.e., the same as the cadence of the Kp index.

kinetic exospheric approach to model the dynamics of the plasmasphere. V. Jordanova

et al. (2006) coupled their ring current-atmosphere interactions model (RAM) with a 3-
D equilibrium code (SCB) and a cold plasma model (CPL). The RAM-SCB-CPL model
calculates the cold electron density in the equatorial plane by following the motion of
individual flux tubes, using a model of electric field which includes a corotation poten-
tial and a convection potential that is chosen from either semi-empirical models (Volland,
1973; Stern, 1975; Weimer, 2005), or self-consistently calculated electric potential (Yu

et al., 2015), mapped to the equatorial plane along the SCB field lines. Krall et al. (2016)
coupled this model with SAMI3 (Sami3 is Also a Model of the Ionosphere) to model the
plasmasphere dynamics during two events in 2001. De Pascuale et al. (2018) used RAM-
CPL to simulate equatorial plasmaspheric electron densities during two storm events in
2013, and compared them to in-situ measurements from the Van Allen Probes (Radi-
ation Belt Storm Probes). Huba and Krall (2013) used the first-principles physics-based
model SAMI3 to model the plasmasphere in 3D. They incorporated the neutral wind dy-
namo potential, the corotation potential, and a time-dependent potential from Volland
(1973) and Maynard and Chen (1975) to model the convection potential for an idealized
magnetic storm. An overview of various other physics-based models of the plasmasphere

based on the fluid and the kinetic approaches is given in Pierrard et al. (2009).

The physics-based models rely on a number of physical processes, which are usu-

ally parameterized empirically in the model (e.g., refilling, electric and magnetic fields,
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etc.). Such parameterizations tend to be simplified as they are based on statistical av-
erages over certain parameters (such as L-shell, MLT, or others). This can lead to in-
accuracies in the physics-based model associated with such simplified assumptions. There-
fore, it would be ideal to develop an optimal approach combining the advantages of both
neural network- and physics-based models, namely the stability of physics-based mod-

els during geomagnetic storms, and the ability of neural networks to reproduce realis-

tic density distributions for various events as they are independent of other parameter-

izations, such as refilling, magnetic and electric field models, etc..

One possible way to combine the models is to employ data assimilation. Data as-
similation is a mathematical tool designed for combining a model with typically sparse
observations in an optimal way (Kalman, 1960). In data assimilation, the information
provided by both the physical model and the available observations is used to find the
most likely estimate of the unknown true state of a dynamic system, while taking into
account their uncertainties. The sequential Kalman filter (Kalman, 1960) is one popu-
lar algorithm of data assimilation. It uses predictions and observations in a recursive man-
ner to improve the system measurements. It has numerous applications in technology,
including the navigational system on Global Positioning System devices and the Apollo
mission (Grewal & Andrews, 2010), image processing (Salti et al., 2014; Bresson et al.,
2015), ocean modeling, operational weather forecasting (Kalnay, 2003; Lahoz et al., 2010;
Sorenson, 1985), and reconstruction of the global state of the radiation belts (e.g., Y. Sh-
prits et al., 2007, 2013).

In this study, we employ the Kalman filter technique to combine a neural network-
and physics-based models in an optimal way. We use a version of the four-dimensional
physics-based Versatile Electron Radiation Belt code (Y. Y. Shprits et al., 2015; Aseev
et al., 2016), VERB-CS code (CS stands for “Convection Simplified”), to model the plas-
masphere dynamics in the equatorial plane. The physics-based VERB-CS code (Aseev
and Shprits, 2019) was initially developed to model the dynamics of the ring current, but
can be adjusted to model the plasmasphere dynamics as well, which is done in this study.
We treat the output of the neural network model PINE (I. Zhelavskaya et al., 2017) as
“observations” of plasma density in the data assimilation setup. PINE is purely data-
driven and produces realistic density reconstructions that have a remarkably similar dis-
tribution to actual density measurements and reproduces the shape of the plasmasphere

bulge and plumes. To ensure that the models perform well quantitatively and reproduce
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point satellite measurements accurately, we compare their output to in-situ electron den-
sity measurements obtained from the Van Allen Probes for an 18-month out-of-sample
interval from 30 June 2016 to 01 January 2018. Additionally, we compare the global evo-
lution of plasma density predicted by the models with the global Het images obtained
from the IMAGE EUYV to validate the models qualitatively and ensure that they repro-

duce the global dynamics of the plasmasphere correctly.

The paper is structured as follows: In section 2, we describe the data used for train-
ing and validation of the models, i.e., in situ density measurements from the Van Allen
Probes and the plasmapause position derived from the IMAGE EUV. We describe the
neural network, the physics-based VERB-CS code, and the Kalman filter and how it is
used to develop the assimilative model in section 3. In section 4, we present the results
obtained with the models for the Halloween storm in 2003 and several events from 2001,
and also for a long-term density reconstruction. Finally, in sections 5 and 6, we discuss

implications and possible improvements to the models developed in this study.

2 Data

All magnetic field, solar wind data, and geomagnetic indices have been downloaded

from the OMNIWeb data service. We have used the density dataset obtained with the

NURD (Neural-network-based Upper hybrid Resonance Determination) algorithm (I. Zhelavskaya

et al., 2016) for the period from 01 October 2012 to 01 July 2016, to train the neural net-
works. 1. Zhelavskaya et al. (2016) employed feedforward neural networks to identify the
upper hybrid resonance bands in the dynamic spectrograms made with the Electric and
Magnetic Field Instrument Suite and Integrated Science (EMFISIS) suite (Kletzing et

al., 2013) onboard the Van Allen Probes satellites and calculated the plasma density from
the upper-hybrid resonance frequency. The electron density data set is publicly avail-
able at the GFZ Data Services (I. Zhelavskaya et al., 2020). The Van Allen Probes pro-
vide electron density measurements for all local time sectors and L ~ 2 — 6 Rg. We

use density measurements for a period of 30 June 2016 to 1 January 2018 (obtained with
the same method) to quantify the performance of all the models developed in this study

in section 4.3.

To validate the global output of our models, we use the plasmapause locations de-

rived from the EUV instrument on board the IMAGE satellite (Sandel et al., 2000). The
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IMAGE EUV instrument provided the global images of the plasmasphere for the first

time. These images can be used to derive the location of the plasmapause by consider-

ing the outermost sharp edge of Het (Goldstein, Spasojevié, et al., 2003). Goldstein, Sandel,
Forrester, and Reiff (2003) showed that the sharp edge of He™ in the EUV images cor-
responds to the actual location of plasmapause. We use the density threshold of 40 £

3 as an approximation of the plasmapause position in the global reconstructions

10 cm™
of density produced by the models, which corresponds to the lower sensitivity thresh-

old of the IMAGE EUV instrument (Goldstein, Sandel, Forrester, & Reiff, 2003). It is
worth noting that the IMAGE mission operated in 2000 — 2005, which was a different

solar cycle compared to the one we used in the training of the neural network. There-

fore, the IMAGE EUV images are the best available data source for validating the global
evolution of the shape of the plasmasphere produced by the models developed in this study.
The plasmapause database derived from the IMAGE EUV instrument was obtained from

http://enarc.space.swri.edu/EUV/.

3 Methodology
3.1 The neural network-based model of plasma density PINE

We utilize the output of the PINE model (I. Zhelavskaya et al., 2017) as “obser-
vations”, which we combine with the physics-based VERB-CS code modeling the evo-
lution of plasma density in the data assimilation setup. I. Zhelavskaya et al. (2017) used
feedforward neural networks to model the global plasmasphere dynamics in the equa-
torial plane. They used geomagnetic parameters, their time histories, and the location
given by L and MLT as input variables to the model. The plasma density in the equa-
torial plane of the Earth was the only output. The neural networks were trained on a
4-year plasma density dataset obtained from the Van Allen Probes plasma wave mea-
surements. These density measurements were derived using the Neural-network-based
Upper hybrid Resonance Determination (NURD) algorithm for automatic inference of
the electron number density from plasma wave measurements made by the Van Allen
Probes (I. Zhelavskaya et al., 2016). The model was extensively validated by means of
K-fold cross validation to ensure that it does not overfit and generalizes well on unseen
data. Furthermore, its global output was compared to the collection of global images of
the He™ distribution in the plasmasphere obtained with the EUV instrument of NASA’s

IMAGE mission to ensure that the model produces reasonable global density reconstruc-
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tions (e.g., Figures 4, 8, and 9 in I. Zhelavskaya et al. (2017)). The model works well for
quiet and moderately disturbed events (Kp < 7), but its performance is limited dur-

ing strong geomagnetic storms due to the lack of such examples in the training data set.

In the original study, the authors used K-fold cross validation with K=5 to train
and validate the model. They used this procedure also to find the optimal inputs to the
model (for more details, please see Appendix A). The training and validation datasets
were constructed by randomly dividing the whole dataset into K=5 subsets, where in
each iteration, one subset was left aside and used to validate the model (not used for train-
ing), while the rest of the K — 1 subsets were used to train a neural network. It should
be noted that while the division of data into training, validation, and test sets is carried
out in a random fashion in that study, the more secure way to perform splitting for the
time series is to divide data sequentially. The sequential division guarantees indepen-
dence of all three subsets, while random division may produce optimistic evaluations on
the validation and test sets for the events outside of the time period of the dataset. Nonethe-
less, the network resulting from training conducted using the random division would still

have a good performance when reconstructing the past events.

In this study, we expand the analysis performed in I. Zhelavskaya et al. (2017) by

conducting the K-fold cross validation procedure using sequential division of data into

training and validation sets. We use an approach similar to the one implemented in I. S. Zhelavskaya

et al. (2019). In that study, the authors implemented an approach incorporating both
sequentiality and randomness in splitting the data into training and validation sets. The
motivation behind that is that, as discussed above, random division into folds may lead
to optimistic evaluations on the validation set, since such splitting causes a correlation
between the training and validation sets. The sequential splitting, in turn, may lead to
a significantly different distribution of the target variable in the training and validation

sets. For example, it may occur that the validation or training set does not contain pe-

riods of high geomagnetic activity due to the way the data were split. Therefore, 1. S. Zhelavskaya

et al. (2019) implemented an intermediate solution. They first split the data into 35-day
blocks sequential in time, and then assigned these 35-day blocks randomly to the CV folds
for either training or validation. The reason for using blocks of a 35-day length is to avoid

the possible effect of the 27-day recurrence caused by the solar rotation.

—10-
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We apply the K-fold CV procedure described above to the density measurements
from the Van Allen Probes. The obtained results are described in detail in Appendix A.
In summary, we confirm the findings of the original study of I. Zhelavskaya et al. (2017).
The models based on the geomagnetic indices yield the best performance, compared to
the models based only on solar wind or on both solar wind and geomagnetic indices. As
discussed in the original study, the models based on the solar wind inputs are less ac-
curate than models based on geomagnetic indices. At the same time, the models based
on both data sources tend to overfit the training data. We find that the optimal model
is based on the 48-hour time history of geomagnetic indices AE, Kp, Sym-H, and also
F10.7. The model also includes the location input given by L and MLT. This updated

version of the PINE model is used in this study.

3.2 The physics-based model of plasma density VERB-CS

The evolution of the plasmasphere density in the equatorial plane can be described

by the following equation:

on on on
E'qus%-l-v]gﬁ—s—lz (1)

where n denotes the plasma density; ¢ is the MLT; R is the radial distance in the equa-
torial plane; v4 and vg are drift velocities in MLT and radial distance, respectively; S
is the source of charged particles; and L includes loss processes. The second and third
terms describe the transport of the plasmaspheric particles due to the Ex B drift. Re-
filling is taken into account by the source term .S, and the loss term L accounts for the

loss of the particles into the interplanetary medium.

We calculate E'x B drift velocities using the dipole magnetic field approximation
and assuming that the electric field is a superposition of co-rotation, convection, and sub-
auroral polarization stream (SAPS)-driven electric fields. The co-rotation electric field

is calculated from the electrostatic potential:

A
¢cr = —%7 Acr = 92 kV/Rg (2)

To calculate the convection electric field, we use the Kp-dependent Volland-Stern elec-
tric field model (Maynard & Chen, 1975; Stern, 1975; Volland, 1973):

0.045
1— 0.159Kp + 0.0093Kp?

pvs = —Amcr?sin(¢), Amc =

—11—
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We use a shielding parameter v = 1.8 instead of standard v = 2, as our experiments

show that using v = 1.8 agrees better with observations (more details are provided in

the Results and Discussion sections). We include the effect of SAPS in the model by us-
ing the Kp-dependent model of the SAPS electric field developed by Goldstein et al. (2005).
This model quantitatively includes the average properties of SAPS reported in Foster

and Vo (2002). The SAPS has an effect on the location of the dusk side plasmapause and

influences the shape and location of plasmaspheric plumes.

To account for refilling, we use refilling rates of equatorial electron density from
Denton et al. (2012). These rates were inferred from passive radio emissions measured
by the IMAGE RPI instrument during quiet geomagnetic times and are valid for the range

L =2 t0 9. The model provides median, mean, 1st and 3rd quartiles of the refilling rates.

In our study, we have used the median refilling rate: loglo(d”;f‘*) = 2.22 — 0.006L —

0.0347L? (in cm~3/day).
The escape of particles from the plasmasphere into the interplanetary medium through
the magnetopause can be described by the loss term L of the form

== (4)

T

where 7 is a lifetime parameter. To model magnetopause loss, we set 7 close to 0 out-
side of the magnetosphere, and to a very large number inside the magnetosphere. The
boundary of the magnetosphere, the magnetopause, is calculated using the Shue et al.

(1998) model.

To solve equation (1) numerically, we employ the VERB-CS code (Aseev & Shprits,
2019). The VERB-CS code models electron transport in ambient electric and magnetic
fields and loss due to interaction with plasma waves. The VERB-CS code solves the two-
dimensional advection equation that describes the particle drift, and we have extended
the code to solve equation (1) by introducing losses to the magnetopause and the source

term S.

Equation (1) must be complemented by initial and boundary conditions. To spec-
ify the initial conditions, we use the empirical density model of Sheeley et al. (2001) and
the model of plasmapause by Carpenter and Anderson (1992). The models by Sheeley
et al. (2001) provide the mean and the standard deviation of measurements for the plas-

masphere and trough, and are valid for 3 < L < 7 and all local times. To extend the
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density to lower L-shells, we use the density at L = 3 for L < 3. We start our simu-
lations using the VERB-CS code during geomagnetically quiet intervals (Kp < 2) and
therefore assume that the plasmasphere is symmetric in MLT at the beginning of each

simulation.

The boundary conditions are periodic in MLT and constant in R. They are set at
Ry =1.75 and 10 Rg with 0.2-Rp and 0.5-hour grid steps in radial distance and MLT,
respectively. We use the Sheeley et al. (2001) model to set the inner boundary condi-
tions at 1.75 Rg. We use a statistical model of electron plasma sheet density developed
by Dubyagin et al. (2016) to set the outer boundary conditions at 10 Rg. The model is
valid for the nightside MLT sectors and distances between 6 and 11 Ry and is based on
~ 400 h of particle measurements from the THEMIS mission. The model is parameter-
ized by the average of the solar wind proton density over 4 h and the average of the south-
ward component of interplanetary magnetic field (IMF Bg) over 6 h. We assume that
the electrons at 10 Rg, reside on the open drift paths at 10 Ry on the dayside and set

the outer boundary conditions to 0 from 6 to 18 MLT.

The plasmasphere is known to reach saturation after prolonged periods of quiet ge-
omagnetic conditions (Park, 1974; Xiao-Ting et al., 1988; Lawrence et al., 1999; Su et
al., 2001). To account for this effect, we have imposed a saturation upper limit of den-
sity on the code output. We have used the saturated density model of Carpenter and
Anderson (1992). It is worth noting that this model provides an average of plasmasphere
density observed after periods of relatively quiet geomagnetic conditions for at least 62
hours, rather than a theoretical upper limit. However, the ease of use of this model makes
it a good choice for the purposes of this study, namely to illustrate the application of data
assimilation to combining neural network and physics-based models together in an op-

timal way.

3.3 The assimilative model

In this section, we outline the Kalman filter technique and describe its application

to the fusion of the physics-based and empirical models of the plasmasphere.

The Kalman filter is a popular technique for data assimilation. It is commonly used
to adjust model predictions in accordance with available, typically sparse, observations,

while taking into account uncertainties of both the model and observations (Kalman, 1960).
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In this study, we adapt the Kalman filter technique to combine the predictions of two
models, namely the physics-based VERB-CS code and the neural network-based PINE
model. For this purpose, we consider the VERB-CS code as a model that propagates a
state of the system in time. The output of the data-driven PINE model, in turn, is used

as observations.

3.3.1 The Kalman Filter

The Kalman filter consists of two steps: the forecast step and the analysis step. These
steps are repeated in cycles. In the forecast step, the model is used to issue predictions
at the current time step ¢y, using the previous state of the system, if available. The out-
put of this step is called the forecast of the system. In the analysis step, this forecast is
updated in an optimal way, given the observations at time ¢;. The output of this step
is called the analysis. At this point, the cycle of the Kalman filter is complete and the
next iteration can start at time t51. Before describing each of the steps in more detail,

several notations need to be introduced.

Let us denote the model forecast of the density at time t; by n£ . Hereinafter, sub-
script k is an index of time ¢, bold lowercase letters denote vectors that are obtained
after discretization of a physical quantity, and bold upper-case letters denote matrices.

Please note that all discretized variables are assumed to be vectors.

If equation (1) is linear, its discretized version can generally be written as
f_ a
n; = Mkflnkfla (5)

where superscripts f and a denote forecast and analysis, respectively, and Mj_1 is a ma-
trix, also referred to as the model matrix or the model operator. This matrix can be ob-
tained, for example, by applying a finite difference method to (1). At a given time tg_1,
the model matrix Mj,_; propagates the current state of the system nf_; to the next state
in time ni. The analysis nj}_, is the best estimate of the state vector at time ¢;_1, based
on the model and the available observations. The evolution of plasma density can be mod-

eled by sequentially solving equation (5) for k =1,2,....

If applied to a real (“true”) state n},_, of the system, the model matrix propagates
n!_, with some error €}/. This error can originate from the uncertainties of the model,

such as errors due to missing physical processes in the model or numerical errors due to
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discretization of the continuous equation (1). It is also referred to as the model error:

n}, = M;_in}_, + ¢ (6)

The vector €} is usually assumed to be a Gaussian white-noise random variable
with zero mean and covariance matrix Q,,, which is referred to as the model error co-
variance matrix (i.e., E(e}?) = 0 and E(e}?eM ) = Q,,, where E is the expectation op-
erator). To correct the model error e,iw , we can exploit the information that observations
provide. Given a true state of the system nf, that is defined on the same grid as the fore-

cast n£ , the measurements n$”* can be represented as follows:

n®* = Henf + e, (7)

where Hj, is referred to as the observation operator and ezbs is the observation error. The

role of the observation operator is to convert the true state from the model grid onto the
grid of observations (these two grids are generally different). The observation error €2
can be associated with the measurement technique. Note that when we treat the out-

put of the data-driven PINE model as observations, the error ezbs includes errors of the

PINE model predictions. The typical assumption is that vector €{*® is a Gaussian white-
noise random variable with zero mean and covariance matrix Ry, also referred to as the

observation error covariance matrix (i.e., E(¢2*) = 0 and E(e{**¢2*T) = Ry).

The Kalman filter then combines the model forecast n'}: with observations nzbs to

obtain a prediction that is closest to the truth in the least squares sense, given the in-
formation about the model and observation error covariance matrices Q; and Ry. The
optimal combination of the forecast and observations is referred to as analysis, nf, as
mentioned above. The analysis n{ at time ¢, can be obtained from the analysis nf_,

at the previous time step by sequentially solving the equations that constitute the Kalman

filter described below.
Forecast step

The forecast step advances the forecast and the forecast error covariance. First, the
analysis nj,_, obtained at time ?;_; is propagated to the next time ¢; using the model
matrix My _1:

f

n; = M;_nj_,. (8)
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Then, the forecast error covariance matrix P{; is updated according to:
, T
P = My Pi My + Qs (9)

where P}, is the analysis error covariance matrix. The matrices P£ and Pj; are estimates
of forecast and analysis errors, respectively. The forecast error covariance matrix P£ is

used later in the analysis step.
Analysis step

In the analysis step, the forecast obtained in the previous step is updated accord-
ing to observations:

n{ = n£ + K (nzbs - Hkn£> , (10)

where K, is referred to as the Kalman gain. The Kalman gain is a matrix of optimal
weights that is used to correct the forecast based on available observations. The last term
in the equation represents the correction to the forecast given the observations, weighted

by the Kalman gain. The Kalman gain K is updated at time ¢ as follows:
K, = P/HT (Hka,:H{ n Rk>71 . (11)
Finally, the analysis error covariance matrix P, is updated as follows:
¢ =P/ — K HP]. (12)

This finishes the iteration k& of the Kalman filter.

3.3.2 Details of implementation

There are several details of the Kalman filter implementation that should be taken

into account, which we describe below.

The nonlinear term S in equation (1) does not allow us to write the discretization
of the equation in the form (8). The non-linearity of the equation requires the extension
of the Kalman filter equations (8) and (9) by linearizing the model operator. In order
to simplify the implementation of the Kalman filter, we avoid the linearization of the model
operator by running one step of the VERB-CS code instead of solving equation (8) to
obtain the plasma density forecast n£ from a previous (optimal) state n{_,. The VERB-
CS code solves the partial differential equation (1) numerically by discretizing density

n, drift velocities v, and vg, sources S, losses L, and spatial and temporal derivatives
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00 and 2. Discretization allows us to consider plasma density and other param-
Ov,’ OvRr ot
eters at discrete times tx, where k is an integer, on the grid consisting of discrete val-

ues of MLT and R.

To update the forecast error covariance matrix Pi in equation (9), we obtain the
model matrix My_; by discretizing equation (1) without the source term S. For this,
we use the first-order explicit upwind finite difference scheme with a time step that au-
tomatically adapts to changing drift velocities to satisfy the Courant stability condition.
Such an approach allows us to take into account the refilling only in the forward model.
Neglecting the refilling rates does not significantly affect the optimality of the Kalman
filter, if the step of data assimilation is chosen to be much smaller than the character-
istic time of the refilling (that is on the order of days, Denton et al. (2012) and references

therein). In this study, the data assimilation is performed every 4 hours.

As mentioned in the previous paragraph, assimilation of the VERB-CS and the PINE

model output is performed every 4 hours. This time allows the physics-based code to evolve

the state of the system starting from the initial “blended” state. We note that this time
was chosen empirically. Comparison with other times (3 and 5 hours, not shown here)
showed that using 4 hours provides a slightly better performance. The assimilation is
not performed when Kp > 6 and for one day after the storm, i.e., only the output of
the VERB-CS code is taken into account during the storm times and shortly after them,
and the PINE output is not considered. This is done in order to avoid possible errors

that can be propagated from the neural network model, as it is not reliable for Kp > 6.

Another aspect that should be noted is the implementation of the observation op-
erator Hg. This operator transforms the forecast of the model n£ from the model grid
onto the grid of observations (see eq. (7)). In our case, the model grid is that of VERB-
CS, and the observations grid is that of the PINE model. As discussed in the previous
section, the spatial grid of VERB-CS ranges from 0 to 24 hours with 0.5-hour grid step
in MLT and from 1.75 to 10 Rg with 0.2 Rg grid step in radial distance. In order to ob-
tain the global output using the PINE model (i.e., on the whole equatorial plane and not
just at specific L and MLT), we need to assume a spatial grid, on which the output is
produced. The PINE model is valid for all MLT sectors, and from 1.75 to 6.15 Rg in ra-
dial distance due to the use of density measurements from Van Allen Probes for train-

ing. Therefore, the lower and upper boundaries of the PINE grid are set at 1.75 and 6.15
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R in radial distance, respectively. In order to simplify the implementation of the Kalman
filter, we use a spatial grid of the same resolution as the VERB-CS, namely with 0.5-
hour and 0.2-Rg, grid steps in MLT and radial distance, respectively. Thus, the spatial
grid of PINE is a subset of the VERB-CS grid, which makes it easier to assimilate the
PINE output. Hy is then defined as a matrix consisting of zeros and ones, where 1 cor-
responds to an element of this matrix when the model’s (VERB-CS’) grid point coin-
cides with the observation (PINE’s) grid point, and 0 otherwise. The number of rows

in Hy is the number of grid points of PINE, and the number of columns is the number

of grid points of VERB-CS.

In the standard formulation of the Kalman filter, the model and observation er-
ror covariance matrices are assumed to be known., That is rarely the case in practice,
and simple approximations are typically made. One approach is to set up the model and

observation covariance matrices Q;, and Ry, as diagonal matrices with elements o™ (n/)?2

obs (nobs)Q obs are referred to as

and « , respectively (Kondrashov et al., 2011). o™ and «
model and observation errors, respectively, and are usually empirically chosen constants.
If they are chosen to be equal to each other, both model and data contribute equally to
the result of data assimilation, otherwise the result is dominated by either data or model.
This approach is used in a number of studies in space physics, in particular for the ra-
diation belt reanalysis (Daae et al., 2011; Y. Shprits et al., 2013; Kellerman et al., 2014;
Cervantes et al., 2020). In this study, we employ an approach that builds on and extends
this methodology. We use the same form of the model and observation covariance ma-
trices Q;, and Ry, namely, diagonal matrices with elements o™ (nf)? and a°®®(n°**)2
respectively. However, we choose the model and observation errors, o™ and a°’, to de-
pend on the plasmapause position (instead of just being constant). Specifically, we as-

obs are located inside

sign different values to m and obs depending on whether nf and n
or outside the plasmapause. The plasmapause is calculated according to a fixed density
threshold of 40 cm™3 (the densities larger than the threshold are assumed to be inside

the plasmasphere, otherwise — outside). We assign the model error inside the plasma-

pause o4, = 0.407, the model error outside the plasmapause a4, = 0.507, the
observation error inside the plasmapause af%,. = 0.335, and the observation error out-
obs

side the plasmapause « = 0.333. The description of how these values were ob-

outside
tained is presented in Appendix B. Using such an approach, we obtain a better agree-

ment between the assimilative model and observations, compared to using single con-
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stants for o™ (n)? and a°**(n°**)?2, respectively. However, we choose the model and ob-

servation errors, o™ and a°bs.

4 Results

In this section, we perform several tests to compare the performance of the PINE,
VERB-CS, and assimilative model, which is henceforth referred to as the Assimilative
Magnetospheric Plasma density (AMP) model. We compare the outputs of the models
during the 2003 Halloween storm and a number of events during March-June 2001. We
validate the models by comparing the modeled and observed shape of the plasmasphere
by using the plasmapause location obtained from the IMAGE EUV instrument. We also
perform a long-term density reconstruction for the period of 30 June 2016 to 1 January
2018, using all the models. For the long-term run, we validate the models by compar-
ing their output to the in-situ density measurements from RBSP-A. This period was not
used in the training of the PINE model. The setup of all the models used in these tests

is described in section 3.

4.1 Test 1: Halloween storm 2003

The first test we perform is to compare the performance of the models for the 2003
Halloween storm. The Halloween storm occurred from late October to early November
2003 and was one of the strongest solar storms observed during the satellite era. Dur-
ing this period, a series of energetic eruptions occurred, including two CMEs (coronal
mass ejections), which struck the Earth, one shortly after another, with an extremely
short (less than a day) Sun-Earth shock transit time (e.g., Gopalswamy, 2006). At the
Earth, Kp reached 9 and Dst nearly -400 nT. Fortunately, the plasmapause locations de-
rived from IMAGE EUV are available during some parts of the storm, which makes it

an ideal event for testing the models for extreme geomagnetic conditions.

Figure 2 shows the global electron density reconstruction during the Halloween storm
2003 using the PINE (left column), VERB-CS (middle column), and assimilative (right
column) models. The first four rows show the global snapshots of density, and the bot-
tom row shows the Kp index during the event. The first four rows correspond to the spe-

cific times during the event when the plasmapause from the IMAGE EUV instrument
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Figure 2. Comparison of the PINE (left), VERB-CS (middle), and assimilative model (right)
outputs during the 2003 Halloween storm. The first four rows show the outputs of the mod-

els corresponding to the times marked with the red lines in the bottom panel showing the Kp
index during the 2003 Halloween storm. The black-and-white dots show the location of the
plasmapause derived from the IMAGE EUV images. The color in the first four rows indicates

the logarithm of density (the scale of the colorbar is the same for all models and all times). The
gray and black section of the colorbar indicates a density threshold of 40 + 10 cm™? and can be
considered a rough approximation of the plasmapause location for the sake of comparison to the
observed plasmapause position obtained from IMAGE EUV (more details on that are given in
section 2). The Sun is to the left. Row (a) corresponds to the time before the storm, (b) to the

period during the storm (second CME), (c¢) and (d) to the recovery phase of the storm.
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was available. These times are marked with the red lines and labels (a-d) in the bottom

panel.

In order to obtain a global output using the PINE model, it was applied to each
point on its spatial grid independently (described in section 3.3.2), and the smoothed
global output shown in Figure 2 was obtained by interpolating between the points. The
output of the VERB-CS code was obtained by running the model starting from quiet
geomagnetic conditions (27-Oct-2003 20:00 UT, Kp = 1.7) with the setup described in
section 3.2. The output of the assimilative model was obtained by running the model
from the same time. Its setup is described in section 3.3. The time step of the simula-
tions is 15 minutes for all the models. The time of the IMAGE plasmapause location is
chosen to be as close as possible to the temporal grid of the models, but not further than
14 minutes away. Therefore, the time of the IMAGE plasmapause may not exactly co-
incide with the time of the simulation and may deviate from it by 14 minutes maximum.
Although it is possible to set the exact time of the simulation for the PINE model, we
choose to select the same temporal grid as in the VERB-CS and assimilative AMP mod-

els to ensure an equal comparison between all the models.

As seen in Figure 2, the PINE model agrees well with the plasmapause derived from
the IMAGE EUV before the storm, but produces unrealistic global density reconstruc-
tion during the main phase of the storm. As discussed in the introduction, the reason
for that is the absence of training examples during extreme geomagnetic events (there
is no single Kp = 9 in the training dataset of PINE). After the storm (row (c)), the size
of the plasmasphere reproduced with PINE is in good agreement with the IMAGE ob-
servations. On the contrary, the VERB-CS model produces an overly extended plasma-
sphere during the quiet time before the storm, but successfully reproduces the massive
erosion of the plasmasphere (row (b)) observed in the IMAGE EUYV observations as well.
Several days after the storm (row (d)), VERB-CS produces lower densities inside the plas-
masphere than those produced by PINE (this can be seen from the color in the density

snapshots: yellow color in VERB-CS, compared to the red color in the PINE output).

The assimilative AMP model is in good agreement with IMAGE observations for
all phases of the disturbance. The size of the plasmasphere before the storm is in bet-
ter agreement with IMAGE plasmapause observations, compared to the VERB-CS out-

put, and is closer to the size of the plasmasphere modelled with PINE. During the storm,
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the PINE output is not taken into account and, therefore, the assimilative model pro-

duces results similar to the physics-based VERB-CS model, successfully reproducing the
massive erosion of the plasmasphere. After the storm, it produces densities closer to those
obtained with PINE inside the plasmasphere (as can be seen from the color in the den-

sity snapshots), while the shape of the plasmapause is retained from both PINE and VERB-
CS models. This example illustrates how a neural network-based and physics-based mod-
els can be combined in an optimal way to produce a more accurate global density recon-
struction than each of them separately. Such a result is a good indication that the as-
similative methodology is useful to model the plasmasphere dynamics during extreme

geomagnetic events.

4.2 Test 2: Multiple events (March-June 2001)

In the previous section, we showed that the assimilation of the neural network- and
physics-based models demonstrated good agreement with the plasmapause observations
during the 2003 Halloween storm, and performed better than either of the models sep-
arately. In this section, we test the models further by comparing their output for a num-
ber of events in March-June 2001. We have selected 5 events corresponding to different
Kp levels, starting from quiet geomagnetic conditions (Kp = 2.7) and reaching disturbed
ones (Kp = 8). The motivation behind this selection was to test how the models per-
form separately and when combined by means of data assimilation for different levels of

geomagnetic disturbance.

Figure 3 shows snapshots of global density reconstructions using the PINE, VERB-
CS, and assimilative models for 5 different events in 2001. The format is similar to Fig-
ure 2. The columns correspond to models, as labeled in the top row. The rows corre-
spond to events. The times of the density snapshots and the corresponding Kp values
are labeled in each row on the left. The events are ordered by increasing Kp index, rather
than by time. The format of the density snapshots is the same as in the top four rows

of Figure 2.

The global density reconstructions are obtained in the same fashion, as described
in the previous section. Spatial and temporal grids of the models and their setup are also
the same as used there. We note again that the time grid step is 15 minutes, and there-

fore may not exactly coincide with the timing of the plasmapause observations derived
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Figure 3. Comparison of the PINE (left), VERB-CS (middle), and assimilative model (right)

outputs during a series of events in 2001, as indicated in the labels on the left in each row. The

format of the density snapshots is the same as in Figure 2.
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from IMAGE EUV (but is not farther than 14 minutes away). The simulations were run
separately for 5 different events, each starting from quiet geomagnetic conditions. The
starting time and Kp at the beginning of the events were: (a) 10 April 2001 03:00 UT
(Kp = 1.7), (b) 01 June 2001 00:00 UT (Kp = 0.3), (c) 08 May 2001 03:00 UT (Kp =
0.7), (d) 18 March 2001 12:00 UT (Kp = 1), and (e) 30 March 2001 11:00 UT (Kp =
2).

It can be seen that PINE performs well during low and moderate geomagnetic ac-
tivity (rows a-c), i.e., the modelled plasmapause agrees well with the one observed with
IMAGE, similar to the results of the previous section. However, for a more disturbed
event, such as in row (e), when Kp = 8, it produces an abnormal artifact on the night
side. On the contrary, the physics-based VERB-CS model performs very well for the dis-
turbed times (rows d and e): the modelled plasmapause matches exactly the one observed
with IMAGE. However, for the quiet event shown in row (a), it produces an overly ex-
panded plasmasphere, compared to the observed plasmapause. For the event in row (b),
when Kp = 4, the plasmasphere produced by VERB-CS is more eroded than was ob-

served.

The assimilative model blends the outputs of both models in an optimal way for
all the tested events. Its output is closer to the output of the VERB-CS code during the
disturbed intervals (rows d-e) and to the output of the PINE model for the quiet times
(rows a-b). For the event (c), the output of the assimilation appears to be somewhat in
between the outputs of the PINE and VERB-CS models. This test illustrates that the
output of the combined model agrees better with the plasmapause observations from IM-
AGE than the output of each of the models used separately, not only for extreme geo-

magnetic storm, but also for quiet and moderately disturbed events.

4.3 Test 3: Long-term reconstruction of density

In the two previous sections, we have illustrated the performance of the assimila-
tive, PINE, and VERB-CS models for different geomagnetic conditions, including quiet,
moderate, and extreme conditions. The assimilative model demonstrated a better per-
formance compared to PINE and VERB-CS used separately for all considered events.
In this section, we test the performance of all models further by performing a long-term

reconstruction of plasma density using all the models. We compare the modeled density
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Figure 4. Coverage of RBSP-A during 30 June 2016 — 01 January 2018.

with the in-situ density measurements from RBSP-A during the period between 30 June
2016 and 01 January 2018. We choose this particular interval for testing, as the density
measurements during this time were mostly not used in the training of the PINE model.
Therefore, this choice ensures a fair comparison between the performance of PINE, VERB-
CS, and the assimilative model. Furthermore, RBSP-A crosses all MLT sectors during

this interval, as shown in Figure 4, which allows us to evaluate the performance of the
models in different MLT sectors. The setup of all three models is the same as in the two
previous sections. Summary plots demonstrating performance metrics calculated dur-

ing this period for all three models are shown at the end of this section. It is worth not-

ing that the PINE model was trained on the interval 01 October 2012 — 01 July 2016 (I. Zhelavskaya

et al., 2017), and therefore, we exclude the period 30 June — 01 July 2016 when calcu-
lating the performance metrics here. We choose 30 June 2016 as the start time of the
simulation as the Kp index was smaller than on 02 July 2016 (0.3 vs. 0.7), and also since
there was a minor disturbance (Kp = 3.3) between 30 June and 02 July, which could

negatively influence the initial conditions for VERB-CS.

Figure 5 presents a comparison of the output of the neural network density model
in-situ density measurements from RBSP-A from 30 June 2016 to 01 January 2018. Panel
(a) shows the in-situ density observations from RBSP-A. Panel (b) shows the output of
the PINE model. These two panels have the same format: the z-axis corresponds to time,
the y-axis to the L-shell, and the color indicates the logarithm of electron density. The

next two panels (c¢) and (d) show the difference between the observations and the out-
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Figure 5. Long-term comparison of the PINE model and the RBSP-A density measurements
during July 2016 — January 2018. Panels (a) and (b) show the RBSP-A density measurements
and the output of the PINE model, respectively, where the L-shell is on the y-axis, time is on
the z-axis, and the color indicates the log of density. Panels (c), (d), and (e) show the abso-

lute difference, the sign of the difference, and the difference between log of the model and data,

respectively.
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put of the model. Panel (c) shows the absolute difference between logarithms of mod-
elled and observed density. Panel (d) shows the difference itself. The blue color in this
panel implies underestimation of density by the model (the modelled density is smaller
than observed), the red color overestimation. Panel (e) shows the location of RBSP-A’s
apogee during this interval. The gray shaded area implies that the apogee of RBSP-A
was at the nightside (i.e., from 18 to 6 MLT). It is worth noting that the apogee of RBSP-
A is located in the night sector during approximately the first half of the interval, and
therefore, the densities on the farther L-shells are smaller (dark blue color), compared

to the second half of the interval (where the color is light green on the farther L-shells).
During the second half of the interval, RBSP-A’s apogee was located on the dayside, and
therefore, the density is higher there due to plasmaspheric bulge and plume. The bot-

tom panel shows the Kp index during this period.

To obtain the model output at the L- and MLT-coordinates of RBSP-A, the model
was first applied to the full spatial grid of L and MLT. Then, a virtual satellite was flown
through the model output at the coordinates closest to the L- and MLT-coordinates of
RBSP-A, and after that, the output was interpolated to these coordinates. Although the
PINE model can be directly applied to specific L and MLT coordinates without the need
to make a virtual flyby, such a procedure was nonetheless employed in order to obtain

a consistent comparison with VERB-CS and the assimilative model.

It can be seen that the PINE model output is very similar to the observations. The
model captures the expansion of the plasmasphere that occurs during periods of quiet
geomagnetic conditions and erosion associated with geomagnetic disturbances. For ex-
ample, the massive erosion of the plasmasphere during the September 2017 storm is cap-
tured by the model. Moreover, the positive and negative differences between the model
output and observations (shown in panel (d)) are spread randomly over the duration of
the simulation, which indicates that there is no systematic bias in the model. Overall,
these results show that the PINE model performs well on the out-of-sample period (i.e.,

the period not used in the training).

Figure 6 shows the comparison between in-situ density from RBSP-A and the out-
put of the physics-based VERB-CS code. The format of the figure is the same as in Fig-
ure 5, where panel (b) presents the output of VERB-CS, and panels (c¢) and (d) show

the difference between the modelled and observed density in different formats. The model
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Figure 6. Long-term comparison of the physics-based model and the RBSP-A density mea-

surements during July 2016 — January 2018. Panels (a) and (b) show the RBSP-A density mea-
surements and the output of the physics-based model, respectively, where the L-shell is on the
y-axis, time is on the z-axis, and the color shows the log of density. Panels (c), (d), and (e) show
the absolute difference, the sign of the difference, and the difference between log of the model and

data, respectively.
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output at the coordinates of RBSP-A was obtained in the same fashion as in Figure 5:
the model was first run on the full spatial grid, and then the virtual satellite was flown

through the output at the L- and MLT-coordinates of RBSP-A.

It can be seen that the VERB-CS model captures the general dynamics of the plas-
masphere, i.e., its erosion and expansion, well. Again, the model reproduces a massive
erosion of the plasmasphere during the September 2017 storm. It can be seen, however,
that the differences between observations and the output of VERB-CS shown in panel
(c) are larger than those of the PINE model (shown in Figure 5). As can be seen from
panel (d), the VERB-CS model tends to systematically underestimate observations (vi-
sually, the blue color is predominant). In particular, an underestimation can be seen in
the first half of the time interval, when RBSP-A’s apogee was located at the nightside,
and in the 9-12 MLT sector.

Finally, Figure 7 presents the comparison between in-situ density measurements
from RBSP-A and the output of the assimilative model. The format is the same as in
Figures 5 and 6, where panel (b) shows the output of the assimilative model and pan-
els (¢) and (d) show the difference between the model output and observations in dif-
ferent formats (as described below in Figure 5). The output of the model was obtained
in the same manner as for the other models. The assimilative model was first run on the
full spatial grid, and then a virtual satellite was flown through the global output of the

assimilative model along the RBSP-A coordinates.

It can be seen from the figure that the assimilative model successfully captures the
general dynamics of the plasmasphere, i.e., erosion and expansion associated with cor-
responding geomagnetic conditions. Although, similarly to VERB-CS, it produces lower
densities on the nightside (first half of the interval), its output is in better agreement dur-
ing the rest of the interval, compared to the VERB-CS model: the underestimation that
was observed in the VERB-CS output is reduced. Consequently, the errors of the assim-
ilative model are larger than those of PINE on the nightside but are comparable or even
lower than those of PINE on the dayside. The densities inside the plasmasphere (at low
L-shells) are lower compared to the observations from RBSP-A, which is caused by the
use of the saturation density model (Carpenter & Anderson, 1992) in the assimilative
model setup as well. Overall, the performance of the assimilative model improves on the

dayside compared to VERB-CS and is similar to that of PINE. On the nightside, the as-
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Figure 7. Long-term comparison of the assimilative model and the RBSP-A density measure-
ments during July 2016 — January 2018. Panels (a) and (b) show the RBSP-A density measure-
ments and the output of the assimilative model, respectively, where the L shell is on the y-axis,
time is on the z-axis, and the color shows the log of density. Panels (c), (d), and (e) show the
absolute difference, the sign of the difference, and the difference between log of the model and

data, respectively.
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Figure 8. The root-mean-square error (top row) and the bias or mean error (bottom row) of
the PINE, physics-based, and assimilative models for the 02 July 2016 — 01 January 2018 period.
The Sun is to the left. The colorbar of each row shows the value of the corresponding metric

(RMSE or ME). The colorbar limits are the same for all models in each row.

similative model produces results closer to the VERB-CS and tends to underestimate

the density.

4.3.1 Performance metrics

To obtain a general overview of the performance of all the models, it is helpful to
examine the performance metrics calculated for each model over the whole time period
under consideration. We use the root-mean-square error (RMSE) and mean error (ME)

or bias to analyse the performance of all the models in different L and MLT sectors.

Figure 8 shows the RMSE (top row) and ME/bias (bottom row) of the PINE (left
column), assimilative (middle), and VERB-CS (right) models calculated over the period
from 02 July 2016 to 01 January 2018, used in the long-term simulations shown in Fig-
ures 5-7. It is worth mentioning again that the PINE model was trained on the inter-

val 01 October 2012 — 01 July 2016 (I. Zhelavskaya et al., 2017), and therefore we ex-
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clude the period 30 June — 01 July 2016, when calculating the performance metrics here.
In order to calculate the metrics, the data are binned in L and MLT, and the performance
metrics are computed separately for each bin. The bins in L range from 1.5 to 6.5 with

0.5 bin size, and in MLT from 0 to 24 with bin size 1.

It can be seen that all the models have lower errors closer to the Earth (inside the
plasmasphere), and that the errors increase with L. The errors of the PINE model are
the lowest out of all models in terms of both RMSE and bias in all bins. The errors of
the physics-based model are larger on the nightside and smaller for 10-18 MLT. This re-
sult is similar to the one shown in Figure 6, and implies that the VERB-CS model sys-
tematically produces a more eroded plasmasphere on the nightside than is observed. Af-
ter performing sensitivity tests to all the input parameters of the VERB-CS code (mag-
netic field, electric field, initial conditions, boundary conditions, etc.), we found that changes
in the electric field have the most impact on this behavior (not shown here). Modifying
the shielding parameter v changes the extent of erosion significantly. From sensitivity
tests (not shown), we found that using v = 1.8 provides better agreement with obser-
vations than using the standard v = 2 (Maynard & Chen, 1975). Therefore, we use v =
1.8 in these simulations. This aspect of the VERB-CS code requires further investiga-

tion and testing, which we discuss in more detail in section 5.

It can be seen that the errors of the assimilative model are significantly reduced
in the day and dusk sectors, compared to the physics-based model, but are still large on
the nightside (21-7 MLT). This implies that the assimilative technique works well for blend-
ing the models on the dayside: the error of the assimilative model is smaller than that
of VERB-CS and is closer to the PINE error. However, on the nightside, the assimila-
tive model performance is similar to that of VERB-CS rather than PINE. The reason
for that could lie in the performance of VERB-CS and in the choice of model and ob-
servation errors o™ and o in the Kalman filter. VERB-CS has considerably larger er-
rors on the nightside than PINE does, and it is probable that o™ and «°’® used here do
not account for such a difference in errors between VERB-CS (model) and PINE (used
as observations). If the VERB-CS model is improved, the results of data assimilation
will consequently be improved as well. We discuss this in more detail in the Discussion

section.
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This test still illustrates that the assimilative methodology provides quantitative
improvement in performance compared to the performance of the VERB-CS model (in
particular, on the dayside). The performance of the assimilative model is comparable
to the PINE model performance on the dayside but is closer to the performance of VERB-
CS on the night side. It is clear that further improvement in the physics-based model
(VERB-CS), or using a more advanced model, will improve the performance of the as-

similative model.

As discussed above and can be seen from the results obtained in all three tests, neu-
ral networks have a good performance in general (in terms of performance metrics), but
their performance decreases during extreme geomagnetic storms. At the same time, the
physics-based VERB-CS code reproduces the plasmasphere dynamics during geomag-
netic storms well but tends to be less accurate quantitatively, compared to the neural
network PINE model. The assimilative methodology employed here performs well at com-
bining both models during different levels of geomagnetic disturbance and shows the best
agreement with the plasmapause derived from the IMAGE EUV instrument out of all
models. The comparison with the in-situ density from RBSP-A over a long-term recon-
struction of plasma density shows that the assimilative model can reach the performance
of PINE on the dayside, but at the moment, its errors are closer to the VERB-CS model
errors on the nightside, and consequently are larger than PINE’s. This aspect can be im-
proved in the future by either improving the VERB-CS model and/or by adjusting model
and observation errors in the assimilative model. Overall, the assimilative model devel-
oped in this study demonstrates a potential to combine the advantages of both neural
network and physics-based models, namely to have a good quantitative performance on
average, and produce realistic global density reconstructions during the extreme geomag-

netic events.

5 Discussion

Our results show that the assimilative methodology employed in this study for com-
bining the neural network PINE model and the physics-based VERB-CS code demon-
strates great potential for combining advantages of both models. Namely, the assimila-
tive model demonstrated good performance on a series of test events from the IMAGE
era for a variety of geomagnetic conditions: quiet, moderate, disturbed, and extreme ge-

omagnetic storms. The output of the model showed better agreement with the plasma-
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pause locations derived from IMAGE EUV than PINE or VERB-CS, when used sepa-
rately (Figures 2 and 3). As discussed above, the performance of neural networks is lim-
ited by the training data. As there are no examples of extreme geomagnetic storms in
the training dataset of PINE, its performance is reduced during such events. The assim-
ilative methodology helps eliminate this limitation. The assimilative model also demon-
strated good capabilities in combining quantitative advantages of models in terms of per-
formance metrics. Long-term simulations of plasma density using all the models show
that the current setup of the assimilative model allows for improving the performance

of VERB-CS considerably in the dayside local time sector.

An advantageous feature of the assimilative model is that it can reconstruct the
dynamics of the plasma density beyond the domain of the neural network-based model.
The domain of the data assimilative model extends to 10 Ry in radial distance (as in
the physics-based VERB-CS model), compared to 6.15 Rg of the PINE model. The PINE
model is valid from ~ 1.75 to 6.15 Rg due to the use of density from the Van Allen Probes
for training, and the domain of the assimilative model is the same as that of the physics-
based model, VERB-CS. Therefore, the predictions of the neural network PINE model
can be extended further to the plasma sheet by using the physics-based VERB-CS model
as a “smart” extrapolator. It is worth noting that we have used in-situ density measure-
ments from RBSP-A to validate the models. Therefore, all the models in this study were
quantitatively validated up to 6.15 Rg. The quantitative validation beyond this radial
distance is out of the scope of this study, but including density measurements from other
missions, such as THEMIS, will aid in the quantitative validation of both the VERB-

CS and the assimilative models beyond 6.15 Rg. Moreover, including such density mea-
surements into the training dataset of the neural network will also allow for extending

it to larger radial distances.

An important aspect of the assimilative approach employed here is the choice of

obs

model and observation errors a™ and «°’?. In this study, we employed an approach sim-

ilar to Kondrashov et al. (2011), which was adjusted to use different constant values for

°bs inside and outside of the plasmasphere. We

model and observation errors o' and «
have compared the results obtained using such an approach to using constant values of
errors throughout all radial extent of models (not shown here). We found that using dif-

ferent values of errors for inside and outside the plasmapause works better in our case

and provides better agreement with observations. It is worth noting that selecting the
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model and observation errors is one of the most difficult topics in data assimilation and
is still an active area of research (e.g., Berry & Harlim, 2017; C. H. Bishop, 2019; Hamil-
ton et al., 2019); the existing approaches to select them are mostly empirical. Investi-
gating the selection of these errors in a systematic way and experimenting with the de-
pendence of the errors on other parameters such as L, MLT, and/or geomagnetic activ-

ity should be the subject of future research.

As this is the first study in which a neural network model was combined with a physics-
based model of the plasmasphere, it is focused on demonstrating the assimilative method-
ology and its potential rather than reaching the best possible accuracy for either of the
models in this study. Consequently, we made a number of assumptions and simplifica-
tions, in particular regarding the electric field, refilling, and saturation density models
used in the physics-based VERB-CS code. We discuss them below in the context of the

results obtained in this study.

In this study, we have used the electric field model of Volland (1973) and Stern (1975)
parameterized by Kp (Maynard & Chen, 1975). Since Kp is a 3-hour index, the model
inherently does not take into account the electric field variations on timescales less than
3 hours, which may not be sufficient time to account for changes in the plasmasphere
dynamics on shorter timescales (Goldstein et al., 2005). Using a realistic electric field
from global magnetospheric models or different parameterization accounting for shorter
timescales, such as the parameterization of Goldstein et al. (2005) based on solar wind
and IMF parameters, can potentially improve the model and needs to be investigated
further. It is also worth noting that our tests showed that using a smaller shielding pa-
rameter v = 1.8 instead of standard v = 2 with the Maynard and Chen (1975) pa-
rameterization provides better agreement with both the IMAGE plasmapause and in-
situ density observations from RBSP-A. Changes in this parameter significantly influ-

ence the extent of the erosion of the plasmasphere on the nightside.

It can also be seen from the results that, in some cases, the plasmasphere produced
by the VERB-CS is more extended than was observed, in particular during geomagnet-
ically quiet times (e.g., first row of Figure 3). This could be attributed to the refilling
rates used. We have used median refilling rates from Denton et al. (2012) (without ac-
counting for solar-cycle dependence). The model assumes that there is no significant de-

pendence of the refilling rate on MLT. The same refilling rates are assumed for all ge-
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omagnetic conditions. At the moment, there still remain unsolved problems in the pro-
cesses of plasmasphere ion refilling from the ionosphere (D. L. Gallagher & Comfort, 2016).
Therefore, this topic should be explored further in regard to the physics-based model-

ing of the plasmasphere, and other approaches to parameterizing the refilling should be
tested. For example, De Pascuale et al. (2018) used the approach of Rasmussen et al.

(1993) to model the refilling using the Cold PLasma physics-based model CPL (V. K. Jor-
danova & Miyoshi, 2005; V. Jordanova, Zaharia, & Welling, 2010; V. Jordanova, Thorne,

et al., 2010; V. K. Jordanova et al., 2014), where the approach of equatorial plasma den-
sities toward equilibrium depends on the variation from the saturation level and a timescale.
The timescale of refilling depends on the local time in addition to L, and was calculated
from the differences in outgoing ion flux into the plasmasphere at hemispheric bound-

aries using empirical atmosphere models, including the MSIS-86 thermosphere model (Hedin,

1987), and IRI ionosphere model (Bilitza, 1986), in their study.

From long-term simulations (Figure 6), it can be seen that density inside the plas-
masphere (on low L-shells) is slightly smaller on average than that of RBSP-A. This dif-
ference can be explained by the fact that the saturation model (Carpenter & Anderson,
1992) incorporated into the VERB-CS model provides lower saturation density on av-
erage than observed, using density measurements from the Van Allen Probes. Further
investigation of other saturation density models or constructing a new saturation model
that includes density measurements from the Van Allen Probes is required to improve

the VERB-CS model performance.

The results obtained in this study illustrate that the assimilative methodology can
be applied to combine both the qualitative and quantitative advantages of the VERB-
CS and PINE models. It is clear that further improvement of the mentioned models or
use of more sophisticated models in the physics-based VERB-CS code will improve the
performance of the assimilative model. The methodology developed in this study will
be especially useful for modeling the plasmasphere dynamics during geomagnetic storms
and extreme events, such as the Halloween storms, while also providing realistic density
values during quiet and moderate geomagnetic conditions. The combined data assim-
ilative model is not computationally expensive and can be used as a part of global mod-

els of the magnetosphere or coupled with ring current and radiation belt codes.
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6 Summary and Conclusions

In this study, we demonstrate for the first time how a neural network and physics-
based models of the plasmasphere electron density can be combined in an optimal way
by using data assimilation. We use the Kalman filter technique to optimally blend the
neural network PINE model developed by I. Zhelavskaya et al. (2017) and the physics-
based VERB-CS code (Aseev & Shprits, 2019) adjusted to model the plasmasphere dy-

namics.

We conduct three tests to evaluate the performance of the PINE, VERB-CS, and
the assimilative model developed in this study. In the first two tests, we compare the model-
predicted global evolution of plasma density to the global images of the He™ distribu-
tion from IMAGE EUV; namely, we compare the modelled shape of the plasmasphere
to the observed one using the plasmapause locations derived from the IMAGE EUV for
the 2003 Halloween storm and for five events during March-June 2001. In the third test,
we conduct a long-term reconstruction of electron density using all three models for an
out-of-sample interval from 30 June 2016 to 01 January 2018. We compare the output
of the models to the in-situ density obtained from RBSP-A and compute performance

metrics.

The tests conducted in this study show that the neural network model PINE has
a good quantitative performance on average and reproduces the general dynamics of the
plasmasphere well, such as erosion on the nightside and plume formation. Its performance
is limited, however, for Kp > 7 due to the lack of training data. The physics-based VERB-
CS code also reproduces the dynamics of the plasmasphere well, and is especially effec-
tive during high geomagnetic activity and extreme geomagnetic events. However, its quan-
titative performance is lower than PINE’s. Using the Kalman filter technique of data as-
similation, we were able to combine the advantageous features of both models. The as-
similative model is capable of reproducing the dynamics of the plasmasphere well dur-
ing both quiet and disturbed geomagnetic activity, including extreme geomagnetic events.
Its quantitative performance is better than that of VERB-CS and is comparable to PINE’s

for the dayside local time sector.

Future work includes considering different and more realistic electric field, refill-
ing, and saturation density models. More work should be done regarding the selection

of model and observation error in the Kalman filter setup. The assimilative model can
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be extended by assimilating in-situ density measurements in the model, as well (e.g., from
Van Allen Probes, IMAGE RPI, or other sources, depending on the time period), in ad-

dition to the output of the neural network model PINE.

Appendix A The updated version of the PINE model

As discussed in section 3.1, I. Zhelavskaya et al. (2017) used K-fold cross valida-
tion with random splitting of data into training and validation folds to validate the mod-
els. They also used this procedure to select optimal input variables to the model. They
considered several different combinations of solar wind parameters and geomagnetic in-
dices as potential inputs to the neural network. In particular, they considered models
based solely on geomagnetic indices (Kp, AE, Sym-H, and also F10.7), solely on solar
wind data (solar wind speed, dynamic pressure, proton density, and the interplanetary
magnetic field (IMF) B,), and on a combination of both. As the time history of previ-
ous conditions is important for the plasmasphere dynamics, they also considered differ-
ent durations of time history of these parameters as inputs, starting with simple mod-
els based only on instantaneous values of activity parameters and subsequently adding
more time history of the corresponding parameters to the networks, up to 120 h of time
history. The time history was represented as averages of the time histories of activity
parameters integrated from hour 0 (e.g., 0-3, 0-6, 0-12 h, etc.). Every neural network also

included a location input, as given by L. and MLT.

In this study, we extend this analysis using the K-fold cross validation procedure
described in section 3.1. We consider the same combinations of input parameters to the
neural networks. The neural networks are trained on the density measurements from both
RBSP-A and RBSP-b during 01 October 2012 — 01 July 2016. We use cross validation
to obtain validation and training errors, and the standard deviations of errors. As de-
scribed in section 3.1, all available data for this time interval are split into 35-day blocks.
At first, 10% of the data are left aside as a testing dataset. Then the remaining 35-day
blocks are randomly assigned to the training or validation sets. This type of data split
allows the sequentiality of data to be preserved, and also introduces randomness and rep-
resentation of different geomagnetic conditions in both validation and training sets. The

rest of the methodology is identical to that of I. Zhelavskaya et al. (2017).
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Figure A1l. Root-mean-square error (RMSE) on the y-axis versus the hours of time history
included in the models. The yellow color shows the errors of models based on solar wind, the blue
color is for the models based on geomagnetic indices, and red is for the models based on both

of them combined. Solid lines show validation errors and dashed lines show training errors. The
error bars show the standard deviation of error on the validation set obtained during the CV

procedure.
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Figure A1 shows the root-mean-square error (RMSE) plotted against the number
of hours of time history included into the model. The yellow color indicates the errors
of models based on solar wind, the blue color is for the models based on geomagnetic in-
dices, and red is for the models based on both of them combined. Solid lines show the
validation errors and dashed lines the training errors. The error bars show the standard
deviation of error obtained during the CV procedure. The validation error represents how
well a model performs on the unseen data and is the error we aim to minimize. The dif-
ference between the training and validation errors indicates if a model overfits the data
or not. When the difference is too large, this means that a model “learned” the train-
ing data too well — it memorized it essentially, and due to that performs poorly on the

unseen data. As a consequence, it does not have good generalization capabilities.

It can be seen that the models based only on solar wind have the largest errors.
The errors of the models based only on geomagnetic indices are significantly lower. The
validation errors of all models are large when no time history is included into them and
decrease as more time history is included. After a certain point (around 48-hour time
history), however, the validation errors start to slightly increase again. At the same time,
the training errors always decrease as more time history is included. The moment when
the validation error starts increasing indicates that a model starts to overfit. That is not
desirable in the models and needs to be avoided. In this case, the overfitting starts ap-
proximately after a 48-hour time history (for all models). The inclusion of longer time
history does not bring additional improvement. The models based on the combination
of solar wind and geomagnetic indices have similar errors to the models based only on
indices, but overfit much more. This implies that the model based only on geomagnetic
indices contains a sufficient amount of information to model the plasmasphere dynam-
ics accurately. In this case, the optimal model is based on the 48-hour time history of
geomagnetic indices, since the validation error is the smallest for that particular com-
bination, and the model does not overfit significantly. The inputs to the model are L,
MLT, and averages of Kp, AE, Sym-H, and F10.7 over previous 3, 6, 12, 24, 36, and 48

hours.

Appendix B The model and observation error of the Kalman filter

S

The model and observation errors a™ and a°®® were obtained as outlined below.

We use the results of the long-term density reconstruction obtained in section 4.3. There,
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PINE and VERB-CS were run for the period of 30 June 2016 — 01 January 2018, and

their output was compared to the in-situ density measurements from RBSP-A during

that period. The performance of both models was analysed using the RMSE performance
metric. Here, we have also computed the RMSE of both models for locations inside and
outside the plasmapause of the respective model separately for the period of 02 July 2016

~ 01 January 2018. The plasmapause was calculated using the density threshold of 40 cm ™3,
as described in section 2. Figure Bl (panels a-d) shows the histograms of error distri-
butions during this period for both models at different locations. The RMSEs are labeled
inside the respective panels. We have employed the RMSE values obtained in this anal-

ysis as model and observation errors o™ and a®®® inside and outside the plasmapause

of each model.

The same analysis was performed for the output of the assimilative model. Its RM-
SEs inside and outside the plasmapause are shown in panels (e-f) of Figure B1. It can
be seen that the RMSEs of the assimilative model are equal to approximately an aver-
age of those of PINE and VERB-CS RMSEs (and also MEs). After conducting a series
of experiments with different values of m and obs including just constant values, i.e., with-
out dependence on the plasmapause location (not shown), we found that these values
provide the best agreement between the assimilative model and in-situ density observa-

tions.
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Figure B1. Distribution of errors of PINE, VERB-CS, and the assimilative model inside

and outside the plasmapause during the out-of-sample period of 02 July 2016 — 01 January 2018
(compared to density measurements from RBSP-A). The respective RMSE and ME are given

inside each panel.
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