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Abstract

We explore the impact of roughness in crack walls on the P-wave modulus dispersion and attenuation caused by squirt flow.

For that, we numerically simulate oscillatory relaxation tests on models having interconnected cracks with both simple and

intricate aperture distributions. Their viscoelastic responses are compared with those of models containing planar cracks but

having the same hydraulic aperture as the rough wall cracks. In the absence of contact areas between crack walls, we found that

three apertures affect the P-wave modulus dispersion and attenuation: the arithmetic mean, minimum and hydraulic apertures.

We show that the arithmetic mean of the crack apertures controls the effective P-wave modulus at the low- and high-frequency

limits, thus representing the mechanical aperture. The minimum aperture of the cracks tends to dominate the energy dissipation

process, and consequently, the characteristic frequency. An increase in the confining pressure is emulated by uniformly reducing

the crack apertures, which allows for the occurrence of contact areas. The contact area density and distribution play a dominant

role in the stiffness of the model and, in this scenario, the arithmetic mean is not representative of the mechanical aperture.

On the other hand, for a low percentage of minimum aperture or in presence of contact areas, the hydraulic aperture tends to

control de characteristic frequency. Analysing the local energy dissipation, we can more specifically visualise that a different

aperture controls the energy dissipation process at each frequency, which means that a frequency-dependent hydraulic aperture

might describe the squirt flow process in cracks with rough walls.
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Abstract14

We explore the impact of roughness in crack walls on the P-wave modulus dispersion and15

attenuation caused by squirt flow. For that, we numerically simulate oscillatory relax-16

ation tests on models having interconnected cracks with both simple and intricate aper-17

ture distributions. Their viscoelastic responses are compared with those of models con-18

taining planar cracks but having the same hydraulic aperture as the rough wall cracks.19

In the absence of contact areas between crack walls, we found that three apertures af-20

fect the P-wave modulus dispersion and attenuation: the arithmetic mean, minimum and21

hydraulic apertures. We show that the arithmetic mean of the crack apertures controls22

the e↵ective P-wave modulus at the low- and high-frequency limits, thus representing23

the mechanical aperture. The minimum aperture of the cracks tends to dominate the24

energy dissipation process, and consequently, the characteristic frequency. An increase25

in the confining pressure is emulated by uniformly reducing the crack apertures, which26

allows for the occurrence of contact areas. The contact area density and distribution play27

a dominant role in the sti↵ness of the model and, in this scenario, the arithmetic mean28

is not representative of the mechanical aperture. On the other hand, for a low percent-29

age of minimum aperture or in presence of contact areas, the hydraulic aperture tends30

to control de characteristic frequency. Analysing the local energy dissipation, we can more31

specifically visualise that a di↵erent aperture controls the energy dissipation process at32

each frequency, which means that a frequency-dependent hydraulic aperture might de-33

scribe the squirt flow process in cracks with rough walls.34

1 Introduction35

The indirect geophysical characterisation of fluid-saturated rocks in subsurface has36

a fundamental role in several activities, such as the monitoring of radioactive waste dis-37

posal and of geological CO2 sequestration, the exploration and production of geother-38

mal energy and hydrocarbons, among others (Klimentos, 1995; Rapoport et al., 2004;39

Metz et al., 2005; Tester et al., 2007). In particular, rock pores such as micro-cracks are40

very important in this scenario since they can modify significantly the hydraulic and me-41

chanical properties of fluid-saturated rocks. Seismic methods are widely used for rock42

characterisation given that seismic waves are strongly a↵ected by the presence of fluid43

in the rock pores as well as by the characteristics of the pore space including pore vol-44

ume, compliance, distribution, and connectivity. Frequently, the porosity of rocks is split45

into the contributions of sti↵ and compliant porosities (Müller et al., 2010). Pores hav-46

ing spherical geometries constitute the sti↵ porosity often referred to as the equant poros-47

ity. Compliant porosity is represented by pores of very low aspect ratio such as micro-48

cracks and grain contacts which can be observed, for example, in micro-CT images (e.g.,49

Andrä et al., 2013; Madonna et al., 2013). When a seismic wave propagates through a50

medium containing fluid saturated connected pores with di↵erent compliances, it can be51

significantly attenuated and dispersed due to squirt flow at the pore scale (O’Connell &52

Budiansky, 1977; Murphy et al., 1986; Mavko & Jizba, 1991; Dvorkin et al., 1995; Gure-53

vich et al., 2010). In this scenario, the seismically induced pressure gradients between54

connected pores of dissimilar compliance are equilibrated through a fluid pressure dif-55

fusion (FPD) process. The consequent friction between particles of the viscous fluid dis-56

sipates energy. Squirt flow evidence at seismic and sonic frequencies were shown in lab-57

oratory experiments in which glycerine-saturated samples of Fontainebleau and Berea58

sandstones, as well as of limestones, were submitted to forced oscillations by Pimienta59

et al. (2015); Subramaniyan et al. (2015); Borgomano et al. (2019); S. Chapman et al.60

(2019).61

A variety of analytical squirt flow models considering di↵erent geometries of pore62

shapes and cracks has been developed (e.g., O’Connell & Budiansky, 1977; Mavko & Jizba,63

1991; Dvorkin et al., 1995; M. Chapman et al., 2002; Pride et al., 2004; Gurevich et al.,64

2010). Alkhimenkov et al. (2020) presented a comparison between numerical results and65
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an analytical model for squirt flow. In general, accepted analytical models should repro-66

duce the equations of Gassmann (1951) in the low frequency limit (M. Chapman et al.,67

2002). The reason is that at the relaxed state for undrained boundary conditions (low-68

frequency limit), the time of a half period of a passing wave allows for fluid pressure to69

equilibrate through FPD. At the unrelaxed state (high-frequency limit), the fluid pres-70

sure has no time to equilibrate during a half period of a passing wave and the elastic prop-71

erties of the saturated material are predicted by the formulation of Mavko and Jizba (1991),72

which assumes that no FPD occurs during the passage of the wave. At intermediate fre-73

quencies, FPD occurs inside the cracks during the passage of the wave and part of its74

energy is dissipated. Nevertheless, all analytical solutions assume smooth walls for the75

cracks despite the fact that crack walls in rocks have been observed to present complex76

profiles including wall roughness and contact areas, irregular shapes, among others (e.g.,77

Pyrak-Nolte et al., 1987; Jaeger et al., 2007). In view of this limitation, numerical anal-78

yses are the most adequate tools to quantitatively explore the impact of roughness in79

the crack walls on squirt flow and the resulting e↵ective moduli dispersion and atten-80

uation.81

Digital rock physics (DRP) is a technique that consists of imaging (micro-CT) and82

digitising the pore space, as well as, the mineral rock matrix and using numerical sim-83

ulations to obtain e↵ective rock properties, such as, elastic moduli, permeability, elec-84

trical conductivity, among others. DRP has been frequently performed with the objec-85

tive of reproducing experimental measurements (e.g., Saenger et al., 2011; Dvorkin et86

al., 2011; Andrä et al., 2013; Saenger et al., 2016). In the particular case of elastic mod-87

uli, results obtained using DRP methods are in general not able to reproduce the cor-88

responding laboratory observations. This is usually attributed to either the dimension89

of micro-cracks being below the rock image resolution (Zhang & Toksöz, 2012; Madonna90

et al., 2013; Das et al., 2019), or to the filters and interpreter-dependent cut-o↵s applied91

during the segmentation process (Andrä et al., 2013; Arena et al., 2014). In any case,92

the roughness of crack walls tends to be largely underestimated during the digitalisation93

process. To date, the e↵ects of underestimating or completely neglecting the roughness94

of crack wall remains unexplored. Recent attempts to account for these e↵ects include95

the work of Quintal et al. (2019), which considered 2-D cracks having walls with asper-96

ities producing narrow throats, and showed that a shift of the attenuation peak to lower97

frequencies occurs due to the change of the aperture associated with the introduced as-98

perities. This result points to the importance of quantifying the e↵ects of crack asper-99

ities on squirt flow and the associated seismic response.100

This work focus on studying the e↵ects of crack roughness on squirt flow in terms101

of the e↵ective P-wave modulus dispersion and attenuation of a rock model. For that,102

we numerically perform quasi-static, oscillatory relaxation tests following the numeri-103

cal scheme proposed by Quintal et al. (2016, 2019). This approach employs the quasi-104

static, linearised Navier-Stokes equations to describe the fluid physics within the pore105

space coupled with the linear elasticity equations for the solid elastic material (grains)106

embedding the pore space. We consider 3D models having two hydraulically intercon-107

nected micro-cracks with rough walls. In such models, cracks are perpendicularly ori-108

entated and allowing for one of them to be highly compressed during the oscillatory tests109

(i.e., representing the compliant porosity of the model) and the other remains nearly un-110

a↵ected by the compression (i.e., representing the sti↵ porosity of the model). First, we111

consider cracks with a binary distribution of apertures (i.e., crack aperture is allowed to112

have only two possible values). We then extend the analysis to crack models having more113

intricate distributions of the crack aperture (Nolte & Pyrak-Nolte, 1991). Finally, we in-114

vestigate the expected changes due to an increase in the confining pressure emulated by115

reducing the crack apertures and allowing for the occurrence of contact areas. We pro-116

vide a comprehensive analysis of the role played by the geometrical aperture distribu-117

tion as well as by the hydraulic aperture of the cracks in the numerically obtained ef-118

fective moduli and attenuation.119
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Table 1. Material properties of the models.

Properties Solid Fluid

Bulk modulus K [GPa] 35 4.35
Shear modulus µ [GPa] 40 0
Fluid viscosity ⌘ [Pa · s] 0 1

2 Methodology120

2.1 Mathematical formulation121

We quantify the e↵ective P-wave modulus dispersion and attenuation due to squirt122

flow in cracked media. For that, we numerically apply quasi-static, oscillatory displace-123

ments on a model of cracked material. We follow the numerical approach of Quintal et124

al. (2016, 2019), which couples the elasticity equations for the solid background (repre-125

senting the rock grains) with the quasi-static, linearised Navier-Stokes equations for the126

laminar flow of a viscous fluid in the cracks. We neglect inertial terms, which is valid con-127

sidering that wavelengths are much bigger than the size of analysed numerical models.128

Viscous friction between fluid particles inside the cracks due to FPD is the only possi-129

ble cause for energy dissipation. Additionally, in Appendix A we calculate the reduced130

Reynolds number (Zimmerman & Main, 2004) and verify the validity of employing the131

linearised Navier-Stokes equations for the fluid flow inside the cracks induced by oscil-132

latory displacements.133

We solve the conservation of momentum equation, which, neglecting inertial terms,134

reduces to135

r · � = 0, (1)136

where � is the total stress tensor, considering a generalised constitutive equation, whose137

components in the frequency domain (Quintal et al., 2019) are138

�kl = 2µ✏kl + �e�kl + 2i!⌘✏kl �
2

3
i!⌘e�kl, (2)139

where ✏kl are the components of the strain tensor, e is the cubical dilatation given by140

the trace of the strain tensor, �kl is the Kronecker delta, � = K� 2
3µ is the Lamé pa-141

rameter written in terms of the bulk K and the shear µ moduli, ⌘ is the shear viscos-142

ity, ! is the angular frequency and i is the imaginary unit.143

Eq. 2 is valid for the whole model since it is reduced to Hooke’s law in the solid144

elastic background by setting the shear viscosity ⌘ to zero,145

�kl = 2µ✏kl + �e�kl, (3)146

and, inside the cracks Eq. 2 is reduced to147

�kl = Ke�kl + 2i!⌘✏kl �
2

3
i!⌘e�kl, (4)148

because the shear modulus µ is zero in the fluid (e.g., Table 1). Combining Eqs. 1 and149

4 yields the quasi-static, linearised Navier-Stokes equations, which describe a Newtonian150

flow inside the cracks.151

2.2 Numerical upscaling152

Our numerical models consist of two perpendicular cracks, that intersect each other153

at their centres, embedded in a solid elastic background representing the rock grains (Fig-154
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Figure 1. a) Numerical model consisting of two perpendicular and hydraulically intercon-

nected cracks of 200⇥200⇥h µm3
embedded in a cubic non-porous solid elastic background of

210⇥210⇥210 µm3
. b) Mesh of the numerical model coloured according to the side length of each

tetrahedral element. The inset of panel b shows the meshing inside the cracks only.

ure 1a). These models are a representative elementary volume (REV) of periodic me-155

dia consisting of a repetition of these fundamental blocks (Appendix B). We consider cracks156

having a length of 200 µm and, depending on the model, the apertures (h) varying from157

0.3 to 2.7 µm (in the case of planar cracks that would be equivalent to aspect ratios that158

vary from 0.0015 to 0.0135). The REV is a cube of 210 µm side. These models build up159

media having porosities from 0.2% to 2%. We have chosen the approximate crack dimen-160

sions based on the statistical analysis of thermally cracked rock samples described by Delle Pi-161

ane et al. (2015). We employ material properties of quartz for the grains (Mavko et al.,162

2009) and of glycerin for the fluid filling the cracks (Table 1), as commonly used in forced-163

oscillations laboratory experiments so that the frequencies at which maximal squirt flow164

e↵ects are expected fall within the seismic frequency range. In order to study the role165

played by the roughness of the cracks on the squirt flow mechanism, the aperture dis-166

tribution of the cracks has been generated following the approach introduced by Nolte167

and Pyrak-Nolte (1991). The full workflow for the model generation is described by Lissa168

et al. (2019).169

To calculate the P-wave modulus dispersion and attenuation, we solve equations170

1 and 2 using a finite element direct solver from COMSOL Multiphysics. The numer-171

ical models are discretised in tetrahedral elements with side length represented by the172

colour bar in Figure 1b. The smallest elements are located inside the cracks, where en-173

ergy dissipation occurs. The number of tetrahedral elements depends on the model. The174

number increases due to an increase in the wall roughness or due to a decrease in the175

aperture. This is because the mesh elements increase their size from the crack to the grains176
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and, consequently, a smaller aperture, as well as a rough wall, require smaller element177

sizes. In general, the total number of elements is around 1’000’000 for the cracks and 1’000’000178

for the grains. We numerically perform quasi-static relaxation tests by applying an os-179

cillatory displacement at the top boundary of the models. Additionally, normal solid dis-180

placements are set to zero on the lateral and bottom boundaries of the models. Assum-181

ing an incident wavelength much bigger than the REV size, the e↵ective P-wave mod-182

ulus (H) in the vertical direction (z) and corresponding attenuation (Q�1) are obtained183

by volumetrically averaging the vertical component of the stress and strain fields in the184

entire spatial domain (O’Connell & Budiansky, 1978):185

H(!) =
h�zz(!)i
h✏zz(!)i

, (5)186

187

Q
�1(!) =

hIm[H(!)]i
hRe[H(!)]i , (6)188

where h�zz(!)i and h✏zz(!)i represent the volumetric averages of �zz and ✏zz for each189

frequency (Lakes, 2009; Jänicke et al., 2015) and Re and Im correspond to the real and190

imaginary parts of a complex number.191

Given that the crack tips in our numerical models are close to the model bound-192

aries, elastic interaction e↵ects between the cracks are expected to occur, which are ac-193

counted for in our numerical approach (Guo et al., 2018). Nevertheless, in some cases,194

the stress and strain fields in the sample and those imposed at the boundaries may not195

be compatible with the assumed periodicity, which is manifested as disturbed fields at196

the boundaries. We performed a test for assessing possible undesired boundary e↵ects197

(Milani et al., 2016). The test consists on comparing the e↵ective P-wave modulus re-198

sponse of our model, or the repeating unity cell, with that of a model formed by an as-199

sembly of 4 identical repeating unity cells. The results, which are reported in Appendix200

B, show that there are no boundary artefacts a↵ecting the numerical results.201

2.3 Local energy dissipation202

For a better understanding on how the energy dissipation occurs in the intercon-203

nected cracks, we calculated the local contribution 1/qn to the total attenuation 1/Q from204

each element ⌦n of our 3D model as function of frequency as follows (Solazzi et al., 2016;205

O’Connell & Budiansky, 1978):206

1

qn(!)
=

h�Pn(!)i/�3n
2!hW (!)i , (7)207

where h�Pn(!)i and hW (!)i are the average power dissipated per cycle in harmonic load-208

ing from each considered element of volume �
3
n
and the average strain energy per cycle209

in the whole domain, respectively, given by Quintal et al. (2019)210

211

h�Pn(!)i = 2⌘Re[ ˙✏xx ˙✏xx
⇤ + ˙✏yy ˙✏yy

⇤ + ˙✏zz ˙✏zz
⇤ + ˙✏xy ˙✏xy

⇤ + ˙✏xz ˙✏xz
⇤ + ˙✏yz ˙✏yz

⇤
212

� 1

3
( ˙✏xx + ˙✏yy + ˙✏zz) ( ˙✏xx + ˙✏yy + ˙✏zz)

⇤]n�
3
n
, (8)213

214

and215

hW (!)i =
X

⌦

1

4
Re [ ˙�xx ˙✏xx

⇤ + ˙�yy ˙✏yy
⇤ + ˙�zz ˙✏zz

⇤ + ˙�xy ˙✏xy
⇤ + ˙�xz ˙✏xz

⇤ + ˙�yz ˙✏yz
⇤]

n
�
3
n
, (9)216

where a dot on top of a variable implies the multiplication of the variable by i! and the217

symbol ⇤ denotes the complex conjugate of the variable. The total attenuation can be218

obtained as the sum in the whole model of the local contribution 1/qn weighted by each219

element volume, that is,220

1

Q(!)
=

X

⌦

1

qn(!)
�
3
n
. (10)221
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3 Results222

We estimate the e↵ective P-wave modulus dispersion and attenuation caused by223

squirt-flow between hydraulically interconnected cracks by numerically applying quasi-224

static, oscillatory relaxation tests to models such as the one shown in Figure 1a. The squirt225

flow process is usually described as the compression of a compliant pore or crack which226

is connected to a sti↵er one. In our models we consider vertical oscillatory compression227

emulating the deformation caused by a P-wave with vertical (z) incidence and a wave-228

length much bigger than the model. Consequently, the horizontal crack behaves as the229

compliant pore while the vertical one, which remains nearly undeformed, behaves as the230

sti↵ pore. We first consider a simple crack walls roughness which corresponds to a bi-231

nary distribution of apertures in the cracks and, then, we extend the analysis to more232

complex roughness of the crack walls by considering fully variable apertures. In both cases,233

the cracks are completely open (i.e., no contact areas). We also compute the hydraulic234

apertures of the crack models according to the workflow described in Appendix C. The235

P-wave modulus and attenuation for planar cracks having such hydraulic apertures are236

compared with that of the binary and fully variable aperture crack models to help un-237

derstanding the e↵ects of rough crack walls. Finally, we emulate an increase in the con-238

fining pressure on certain models by applying a uniform reduction of the crack apertures239

which, in turn, creates contact areas.240

3.1 Cracks with binary aperture distribution241

First, we consider aperture distributions with only two possible aperture values.242

Figure 2 shows a model of interconnected cracks having a minimum aperture, a max-243

imum aperture and no intermediate ones, here referred to as a binary model. The cracks244

are embedded in a non-porous elastic solid cube as shown in Figure 1a. We consider six245

di↵erent binary aperture distributions, which are illustrated in Figure 3. Additionally,246

the cracks are symmetrical with respect to their central plane. In those models, the per-247

centages of the crack having the minimum aperture of 0.3 µm are 2.5%, 5%, 7.5%, 10%,248

20% and 50%, while the rest of the crack has the maximum aperture of 2.7 µm. This249

means that cracks with 100% and 0% of minimum aperture hmin are planar cracks (i.e.,250

have constant aperture) with apertures of 0.3 µm and 2.7 µm, respectively.251

The P-wave modulus and corresponding attenuation in the vertical direction for252

the binary models, with aperture distributions shown in Figure 3, are plotted in Figure253

4. The compression of the horizontal crack, due to the vertical deformation, generates254

a fluid pressure gradient between the highly compressed horizontal crack and the nearly255

undeformed vertical one. As a consequence, FPD occurs and energy is dissipated due256

to friction between layers of the viscous fluid. For validation of our numerical simula-257

tions, we obtained the low- (LF) and high-frequency (HF) limits following the approaches258

of Gassmann (1951) and Mavko and Jizba (1991), respectively. In the first case, we nu-259

merically compute the anisotropic dry sti↵ness matrix from 6 relaxation test by extend-260

ing the 2-D methodology of Rubino et al. (2016) to 3-D for the planar crack model hav-261

ing 2.7 µm of aperture and under dry conditions. Then, using Gassmann’s equations,262

we calculate the saturated sti↵ness matrix (P-wave modulus with vertical incidence ob-263

tained from this analysis is shown as dotted black line). At the LF limit, the P-wave mod-264

ulus depends on the porosity of the rock and, thus, it changes with the percentage of hmin.265

For the HF limit, we consider no hydraulic communication between cracks. For that, we266

employ a boundary condition within the cracks that restricts the fluid flow to zero be-267

tween cracks. The numerically obtained P-wave modulus in the vertical direction for the268

saturated planar crack model having 0.3 µm of aperture is shown as red dotted line. The269

increase in the percentage of hmin in the crack aperture distributions, increases the P-270

wave modulus at the LF and HF limits, sti↵ening the models due to the reduction in the271

crack volume.272
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Figure 2. Example of one model having two hydraulically interconnected cracks with a bi-

nary aperture distribution, i.e., only two apertures of hmin = 0.3 µm (5% of crack area) and of

hmax = 2.7 µm (95% of crack area) are present. The distribution of the minimum aperture zones

is uncorrelated.

Considering now the attenuation responses, we observe in Figure 4 (bottom) that273

the binary models having 5% to 20% of hmin exhibit two attenuation peaks at charac-274

teristic frequencies fc1 close to 10 Hz and fc2 close to 104 Hz. Based on theoretical so-275

lutions for the squirt flow characteristic frequency of the form fc ⇠ K

⌘
( h
L
)3 (e.g., Gure-276

vich et al., 2010), the two attenuation peaks suggests that there are two characteristic277

aspect ratios or apertures playing a role in the energy dissipation. The characteristic fre-278

quency fc2 is located near to that observed for 0% of hmin (i.e., h=2.7 µm), while fc1279

is closer to the characteristic frequency observed for 100% of hmin. The magnitude of280

the high-frequency attenuation peak decreases and the one of the low-frequency peak in-281

creases as the percentage of hmin in the crack aperture increases. Moreover, the tran-282

sition between dominating peaks occurs for a percentage of hmin as low as 10%.283

To gain a better understanding of where the energy dissipation occurs we apply284

the methodology described in Section 2.3. Figure 5 shows the local contribution 1/qn285

(Eq. 7) to the total attenuation 1/Qp in horizontal slices within the horizontal crack for286

the model having 5% of the hmin at the frequencies fc1=10 Hz and fc2=104 Hz. The287

colour-bar range is fixed equally for both considered frequencies in order to clearly rep-288

resent the magnitude di↵erences. The colour plots correspond to two horizontal slices289

(xy-planes) at z=0 µm (top) and z=1.05 µm (middle). Despite the fact that 1/qn is max-290

imal in the cracks intersection for both frequencies, they present a minor contribution291

to the overall dissipation. At the bottom, the sum of the 1/qn over each horizontal slice292

within the crack is plotted for both frequencies. In agreement with the attenuation curve293

in Figure 4 (blue solid line), the local contribution 1/qn corresponding to fc2 presents294

the highest magnitudes. Important di↵erences regarding where energy is being dissipated295

can be observed for the two frequencies. Although energy dissipation is reasonably sim-296

ilar in the middle plane (z=0 µm) for both frequencies, there is a significant di↵erence297

between them in the plane outside the aperture hmin, closer to the walls of the cracks298

(z=1.05 µm). Furthermore, dissipation is much more concentrated within abs(z) < hmin299

at fc1 than at fc2. From the sum of 1/qn over each horizontal slice within the cracks300

(bottom), we observe for fc1 high concentration of energy dissipation within the min-301

imum aperture (hmin) for the whole horizontal crack. Consequently, for the binary mod-302

–8–



manuscript submitted to JGR: Solid Earth

Figure 3. Aperture distributions employed in the model of Figure 2 containing two identical

and perpendicular cracks with binary apertures: hmin = 0.3 µm (varying from 2.5% to 50% of

crack areas) and hmax = 2.7 µm (for the remaining percentage of crack wall areas). In addition,

the apertures between parenthesis correspond to the crack conditions after an increase of the

confining pressure described in Section 3.3.

els (Figure 4) the attenuation at fc1 is controlled by the minimum aperture while at fc2303

the attenuation is controlled by a bigger aperture.304

To better illustrate where energy dissipation occurs at each frequency within a crack305

for the model having 5% of the hmin, we calculate the sum of the local contribution to306

the attenuation in the horizontal crack as a function of z (vertical coordinate) at six fre-307

quencies (Figure 6, top). The area under each curve after multiplying each 1/qn by their308

element volume (i.e., �3
n
) represents the contribution of the energy dissipation inside the309

horizontal crack to the total attenuation for the considered frequencies. Energy dissipa-310

tion outside the minimum aperture, increases from low- to high-frequency until reach-311

ing its maximum at fc2 = 104 Hz. Although energy dissipation for f = 10 Hz is low-312

est outside hmin, inside the minimum aperture it reaches higher magnitudes similar to313

the other considered frequencies. Figure 6 (bottom) shows the contribution to the to-314

tal attenuation (1/Qp) taking place inside the minimum aperture (blue circles) as well315

as the total attenuation (green solid line) for the model having 5% of hmin. The excel-316

lent match between the curves at the low frequency peak confirms that the minimum317

aperture (hmin) has predominant control over attenuation at fc1.318

3.1.1 E↵ect of hydraulic apertures319

Relating the hydraulic behaviour of a cracked-model with its P-wave modulus dis-320

persion and attenuation requires quantifying the hydraulic transmissivity of the crack321

which is controlled by its aperture distribution. Even though the hydraulic transmissiv-322

ity of the media considered in this work is zero, since the cracks are not in contact with323
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Figure 4. Real part of the P-wave modulus Re(H) and attenuation 1/Qp as functions of fre-

quency for the interconnected cracks presented in Figure 3 and for pairs of interconnected planar

cracks with aperture of 0.3 or 2.7 µm. In addition, P-wave modulus at low- and high-frequency

limits following Gassmann (1951) and Mavko and Jizba (1991) approaches, respectively, are

shown in dotted lines for the planar crack models having 0.3 µm (red dotted lines) and 2.7 µm

(black dotted lines) of aperture.

the REV boundaries, the local transmissivity within each crack governs squirt flow be-324

tween the connected cracks. We then focus on the fluid flow behaviour of each crack (the325

horizontal and vertical cracks are equal in our models). We use the numerical method-326

ology described in Appendix C to obtain the hydraulic apertures for some of the binary327

models shown in Figure 3.328

Figure 7 (top) shows the calculated arithmetic and harmonic mean of apertures,329

and hydraulic apertures for the binary models having from 5% to 70% of hmin in their330

aperture distributions. In agreement with Beran (1968); Silliman (1989); Zimmerman331

and Main (2004), our results for the hydraulic aperture are bounded by the arithmetic332

hh3i and harmonic hh�3i�1 means. Most importantly, the hydraulic aperture takes val-333

ues similar to the harmonic mean and much closer to hmin even though hmin represents334

less than 50% of the crack. Figure 7 (bottom) shows the total attenuation magnitudes335

for the binary models at the two discussed characteristic frequencies, as function of hmin336

percentage. The attenuation at fc1 is higher than at fc2 already from 10% of hmin and337

from 50% it is close to the maximum value possible (that for the plane crack with 100%338

of hmin, Figure 4). Thus, for these models, both the hydraulic aperture and the char-339

acteristic frequency of the maximum attenuation are predominantly governed by the min-340

imum aperture once it exceeds 50%.341

Figure 8 shows the P-wave modulus dispersion and attenuation of the three binary342

models having 5%, 10% and 50% of hmin, together with that of three models having cracks343

with a constant aperture equal to the corresponding hydraulic apertures. The match be-344

tween the dominating characteristic frequency (fc2) of the binary model with 5% of hmin345

(blue curves) and that one of a model with planar cracks whose aperture is equal to the346
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Figure 5. Local contribution 1/qn (Eq. 7) to the total attenuation 1/Q at fc1 = 10 Hz (left)

and fc2 = 10
4
Hz (right) in two horizontal slices (xy-planes), at z=0 µm (top) and z=1.05 µm

(middle), for the binary model of Figure 3 having 5% of hmin. At the bottom, the sum of the

1/qn for each horizontal slice within the crack is plotted for both frequencies.

hydraulic aperture indicates that the latter controls the main attenuation peak caused347

by squirt-flow in this model. When there is not a clear dominating attenuation peak, such348

as, for 10% of hmin (green curves), the fc of the planar model having the hydraulic aper-349

ture is still located close to fc2. The fc of the binary model having 50% of hmin, on the350

other hand, matches the fc1 corresponding to an aperture of 100% of hmin or h = 0.3351

µm (shown in Figure 4). Meanwhile, the planar model having the hydraulic aperture of352

the model with 50% of hmin predicts a characteristic frequency located one order of mag-353

nitude higher than that of the corresponding binary model. Which emphasis that it is354

the hmin, and not the hydraulic aperture, the one controlling the energy dissipation pro-355

cess for this model.356

3.2 Cracks with more intricate rough walls357

The analysis presented in Section 3.1 deals with simple models to understand the358

e↵ects that cracks with rough walls have on squirt flow. However, their abrupt changes359
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Figure 6. Sum of the local attenuation contribution 1/qn for each horizontal slice within the

horizontal crack at six frequencies (top) and the total attenuation (blue solid line) with the vol-

umetric integration of 1/qn only inside aperture hmin (blue circles) as a function of frequency

(bottom) for the binary model having 5% of hmin.

in aperture are expected to unrealistically enhance the influence of the aperture varia-360

tion. In this section we consider more realistic aperture distributions (Figure 9), but still361

considering symmetric rough walls. The two numerical models A and B have cracks with362

fully variable apertures, with 20% of hmin = 0.3 µm and equal arithmetic mean aper-363

ture hmean = 2.7 µm. Model A presents a regular distribution of zones having aper-364

tures equal to hmin (white zones), which we refer to as uncorrelated distribution, while365

Model B has the zones with hmin gathered in broader areas, i.e., correlated distribution.366

To quantify the amount of variation of their apertures, we compute the standard devi-367

ation (std). Model B has a higher standard deviation (stdB=2.55 µm) than Model A (stdA=1.9368

µm). Figure 10 (top) shows the real part of the P-wave modulus and attenuation for both369

models. For comparison, the same curves of planar crack models having crack apertures370

equal to hmin and hmean are also included. The P-wave modulus at the LF and HF lim-371

its of both models tend to converge to that of the planar crack model having the same372

mean aperture hmean (black dashed curve). Due to the absence of contact ares, the crack373

density (given by the number of cracks and their surface in a certain volume) controls374

the sti↵ness of the models (Kachanov & Mishakin, 2019). The crack density is high and375

equal in all our models, which means that the di↵erence is their sti↵ness is controlled376

by the di↵erence in the crack volumes of the models. Moreover, provided that all mod-377

els have the same area in the xy-plane (200⇥200 µm
2), the arithmetic mean of the aper-378

tures is the only geometrical parameter controlling the crack volumes. Therefore, we re-379

fer to the aperture controlling the elastic response of the fracture (hmean) as the mechan-380

ical aperture. Interestingly, Model A has a clearly defined dominating attenuation peak381

–12–



manuscript submitted to JGR: Solid Earth

Figure 7. Arithmetic mean, harmonic mean and hydraulic apertures for binary model having

from 5% to 70% of hmin in their apertures. Also hmin=0.3 µm and hmax=2.7 µm are plotted in

dashed lines for reference (top). Seismic attenuation (1/Qp) for the binary models of Figure 3 at

the characteristic frequencies as functions of hmin (bottom).

Table 2. Apertures for crack models presented in Figure 9

Model Minimum Arithmetic mean Hydraulic

A hmin = 0.3 µm hmean = 2.7 µm hH = 1.31 µm
B hmin = 0.3 µm hmean = 2.7 µm hHx = 1.28 µm ; hHy = 1.92 µm

in the considered frequency range while Model B presents a broader attenuation curve.382

This is explained by the fact that Model B has a higher standard deviation of the crack383

aperture than Model A, which implies that more crack apertures are playing a role in384

the attenuation response. Figure 10 also shows the P-wave modulus dispersion and at-385

tenuation of planar crack models having the hydraulic apertures of Model A and B (2).386

The characteristic frequency of the planar crack model with aperture hH in y-direction,387

which is the same as the fluid flow in the oscillatory test for Model B, matches the fre-388

quency range corresponding to the maximum attenuation for Model B. On the other hand,389

the characteristic frequency of Model A, which is dominated by hmin, is significantly lower390

than the one associated with the planar crack model with aperture hH . This means that391

the distribution of zones having apertures equal to hmin (i.e., correlated or uncorrelated)392

also plays a role in the characteristic frequency.393
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Figure 8. Real part of the P-wave modulus and attenuation for binary models having 5%,

10% and 50% of hmin (solid lines) and the ones corresponding to planar crack models having

their equivalent hydraulic apertures, that is hH=2.31 µm, hH=2.04 µm and hH=0.55 µm, respec-

tively (dashed lines).

3.3 Cracks with contact areas394

Laboratory measurements of seismic attenuation on fluid-saturated rock samples395

are usually obtained under variable confining pressure at ranges a↵ecting the rocks in396

subsurface (e.g., Subramaniyan et al., 2015; Pimienta et al., 2015; S. Chapman et al.,397

2019). The increase of confining pressure on cracked rock samples produces the occur-398

rence of contact areas between crack walls or compliant pores, which in turns increases399

the overall sti↵ness of the rock (Shapiro, 2003). For analysing the corresponding e↵ects400

on squirt-flow, we emulate an increase in confining pressure by introducing an uniform401

reduction in the crack apertures.402

We first consider the binary uncorrelated crack models of Figure 3 having 5% and403

10% of hmin=0.3 µm and we apply a uniform reduction of 0.3 µm. This yields a reduc-404

tion of the maximum aperture from 2.7 to 2.4 µm and the occurrence of 5% and 10%405

of contact area density (CAD), respectively (apertures in brackets in the colour bar of406

Figure 3). We numerically estimate the hydraulic apertures of those models following407

the methodology outlined in Appendix C (Table 3). Figure 11 shows the P-wave mod-408

ulus dispersion and attenuation for the considered models with and without contact ar-409

eas, emulating their opening state before and after an increase in the confining pressure,410

as well as the response of planar crack models having the hydraulic aperture of the mod-411

els with contact areas. The increase in the confining pressure produces a sti↵ening of the412

cracks, as seen from the overall reduction of P-wave modulus dispersion and attenuation.413

As expected, such e↵ects are larger for the model with 10% of CAD due to the further414

reduction in pore space. In addition, the low-frequency attenuation peak vanishes due415

to the closure of the minimum aperture. The characteristic frequencies of the planar crack416

models with the corresponding hydraulic apertures are in qualitative agreement with that417

of the models with contact areas. Nevertheless, significant discrepancies between their418
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Figure 9. Aperture of cracks having rough walls with uncorrelated (Model A) and correlated

(Model B) distributions of zones of minimum aperture hmin = 0.3 µm (white zones). In addition,

the apertures between parenthesis correspond to the crack conditions after an uniform reduction

in the apertures that emulates an increase of the confining pressure.

Table 3. Apertures for crack binary models with contact areas

Model Minimum Maximum Arithmetic Mean Hydraulic

5% CAD hmin = 0 µm hmax = 2.4 µm hmean = 2.28 µm hH = 2.12 µm
10% CAD hmin = 0 µm hmax = 2.4 µm hmean = 2.16 µm hH = 1.85 µm

attenuation magnitude can be observed, which emphasises the necessity of employing419

three apertures to describe the squirt flow process: the mechanical aperture governing420

the P-wave magnitude at the frequency limits (we showed that it is the mean aperture421

in absence of contact areas), and the minimum and hydraulic apertures having control422

on the characteristic frequencies of the attenuation curve. In presence of contact areas423

(i.e., hmin=0 µm), only the mechanical and hydraulic apertures control the squirt flow424

e↵ects.425

We extended the analysis of contact area e↵ects to the models with fully variable426

apertures presented in Figure 9. A uniform reduction in their apertures of 0.3 µm closes427

the cracks in the areas with previous apertures of hmin and equally reduces the rest of428

their aperture. Therefore, both models have 20% of contact area density after an increase429

in the confining pressures. Table 4 shows their relevant apertures and Figure 12 presents430

their P-wave modulus dispersion and attenuation. The responses from planar crack mod-431

els having their hydraulic aperture as well as models from Figure 9 without contact ar-432

eas are also included in the analysis. From the analysis of Figure 10, we know that the433

attenuation of Model A occurs mostly at low-frequencies, being governed by the min-434

imum aperture. Given that the increase in the confining pressure closes the minimum435

aperture, Figure 12 shows that Model A with contact areas presents negligible P-wave436

modulus dispersion and attenuation. For the same reason, the emulated increase in the437

confining pressure in Model B concentrates most of the remaining attenuation at high-438

frequencies. Comparison between Model B with contact areas and that of the planar cracks439

having its hydraulic aperture hH present relatively large discrepancies on their atten-440

uation and P-wave modulus magnitudes.441
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Figure 10. Real part of the P-wave modulus and attenuation as functions of frequency for

the interconnected cracks presented in Figure 9 and for interconnected planar cracks having the

minimum, the mechanical and the hydraulic apertures of the Models A and B.

Table 4. Apertures for crack models with contact areas presented in Figure 9

Model Minimum Arithmetic Mean Hydraulic

A with CA hmin = 0 µm hmean = 2.4 µm hH = 1.11 µm
B with CA hmin = 0 µm hmean = 2.4 µm hHy = 1.5 µm

4 Discussion442

The aim of the present contribution was to analyse the e↵ects that the roughness443

of the crack walls has on the P-wave modulus dispersion and attenuation caused by squirt444

flow and to investigate whether there are certain crack apertures that could be used to445

interpret this physical process. The considered numerical models are in the micro-scale,446

or pore scale. We followed the proposed hydromechanical approach of Quintal et al. (2016,447

2019) coupling the equations of an elastic background, and fluid filled cracks described448

by the quasi-static, linearised Navier-Stokes (LNS) equations. Quintal et al. (2016) showed449

an equivalency between the results based on the LNS and poroelastic Biot’s equations450

at the mesoscale. Therefore, it is expected that similar results as those observed for mi-451

cro cracks in this study hold for mesoscale fractures exhibiting rough walls.452

The roughness in the crack walls considered in our first models was not allowed to453

produce contact areas. Such constrain implies that the volume of the cracks controls the454

P-wave modulus values at the LF and HF limits. Therefore, the P-wave modulus of the455

models with rough cracks (Models A and B) converge to those of a model with planar456

cracks having their mean aperture at the LF and HF limits. This means that the me-457

chanical aperture is represented by the arithmetic mean aperture without influence of458

the wall roughness. The inclusion of contact areas increases the model sti↵ness and, then,459

contact areas density and distribution start playing a role on the e↵ective response of460
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Figure 11. Real part of the P-wave modulus and attenuation as functions of frequency for the

interconnected cracks presented in Figure 3 having 5% and 10% of contact area density (CAD)

and for interconnected planar cracks having their equivalent hydraulic apertures. Same curves

of those models with binary aperture before the emulated confining pressure increment are also

included.

the models (e.g., Hudson & Liu, 1999). By analysing the attenuation curves, we observed461

that the occurrence of contact areas significantly reduces the attenuation magnitude and462

that their sti↵ening e↵ects are higher for Model A, which has an uncorrelated aperture463

distribution, than for Model B which has a correlated one. For Model B, the aperture464

reduction giving rise to contact areas resulted in significant changes in the P-wave mod-465

ulus dispersion and attenuation. On the other hand, since the attenuation for Model A466

was dominated by the minimum aperture, the aperture reduction caused the magnitude467

of attenuation to be reduced to negligible levels.468

Our results show that rock image simplifications or errors commonly associated with469

DRP methods can significantly a↵ect the calculations of the P-wave modulus dispersion470

and attenuation as well as the hydraulic transmissivity of cracks. For the analysed bi-471

nary models, for example, we observed that a minor change in the percentage of hmin472

(from 5% to 20%) can shift the attenuation peak from 104 Hz to 10 Hz. In addition, we473

show that the characteristic frequency is not controlled by the arithmetic mean aperture474

of the cracks having rough walls. This relevant observation must be considered when crack475

apertures are estimated from the characteristic frequency, for example, in laboratory ex-476

periments. E↵ects of roughness of crack walls, as well as the contact area distribution,477

need to be accounted for when comparing certain experimental measurements with DRP478

estimations.479

In analytical solutions for computing seismic attenuation and moduli dispersion due480

to squirt-flow, the characteristic frequency corresponding to the attenuation peak is re-481

lated to the cubic of an aperture h (among other parameters), which is the aperture of482

a crack with smooth parallel walls (e.g., Gurevich et al., 2010). Based on those analyt-483

ical solutions, the characteristic frequencies of all the planar crack models considered in484

–17–



manuscript submitted to JGR: Solid Earth

Figure 12. Real part of the P-wave modulus and attenuation as functions of frequency for

the interconnected cracks presented in Figure 9 having 20% of contact areas and for intercon-

nected plane cracks having their hydraulic apertures. Same curves of Models A and B before the

emulated confining pressure increment are also included.

this work can be approximated as fc ⇠ 1
2

KS
⌘

( h
L
)3, where KS is the bulk modulus of the485

solid (i.e., rock grains), ⌘ the fluid viscosity, h the aperture of the cracks and L is the486

diameter of a penny-shape crack having the same surface as our rectangular cracks (i.e.,487

L=226 µm). Our work showed that the characteristic frequency of cracks with rough walls488

is mostly related to the minimum aperture hmin and/or the hydraulic aperture hH de-489

pending on the percentage of hmin present in the crack and on the presence of contact490

areas. Moreover, we showed that each aperture present in the crack aperture distribu-491

tion makes a contribution to the attenuation curve. In other words, there is a di↵erent492

aperture dominating the attenuation at each frequency. Therefore, assuming a link be-493

tween aperture and the fluid flow at a given frequency, a frequency-dependent hydraulic494

aperture could be considered for squirt flow. At the mesoscale, a frequency-dependent495

hydraulic conductivity for transient (oscillatory) flow is not a new concept (e.g., Dagan,496

1982; Sanchez-Vila et al., 2006; Caspari et al., 2013). However, the numerically estimated497

hydraulic apertures of our work consider a stationary fluid flow inside the rough cracks.498

Since the P-wave modulus dispersion and attenuation respond to a frequency dependent499

phenomenon, the comparison between both approaches might not be completely fair. Nev-500

ertheless, our work highlights the importance of analysing the relation between the fre-501

quency dependent attenuation caused by squirt flow and the hydraulic aperture of the502

cracks.503

5 Conclusions504

We studied the e↵ects that roughness in the crack walls have on squirt-flow by nu-505

merically simulating oscillatory relaxation tests on models containing interconnected cracks.506

Their e↵ects were analysed in terms of the e↵ective P-wave modulus dispersion and at-507

tenuation. We first considered models having cracks with wall roughness described as508
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binary aperture distributions, which allowed for the occurrence of only two apertures:509

hmin and hmax. In a step towards more complex models, we analysed the e↵ects of two510

models with fully variable aperture of the cracks between hmin and hmax having corre-511

lated and uncorrelated distributions of hmin zones. At last, we emulated an increase in512

the confining pressure on those models by reducing the crack apertures, which allowed513

for the occurrence of contact areas. Additionally, we interpreted our results using a nu-514

merically estimated hydraulic aperture hH of the considered rough cracks.515

We observed that in absence of contact areas the arithmetic mean aperture of the516

cracks controls the sti↵ness of the models (P-wave modulus) at the high- and low-frequency517

limits. In addition, visualising the local contribution to the total attenuation curve, we518

observed that at each frequency a di↵erent aperture controls the energy dissipation pro-519

cess caused by squirt flow. This means that the higher the standard deviation of the aper-520

ture distribution is, the broader the attenuation curve will be. Moreover, we identified521

two main apertures controlling the peak frequencies of the attenuation curve. Predom-522

inantly, the minimum aperture hmin tends to govern the energy dissipation process, but523

in presence of contact areas or with significantly small percentage of hmin, the hydraulic524

aperture hH might control the characteristic frequency.525

Appendix A Reduced Reynolds number526

We calculated the reduced Reynolds number (Zimmerman & Main, 2004)527

Re
⇤ =

⇢Uh

⌘⇤
, (A1)528

that is the product of the traditional Reynolds number and the geometric parameter h

⇤ ,529

where ⇢ and ⌘ are the bulk density and viscosity of the fluid, U is the average velocity530

in the main flow direction, h is the mean crack aperture and ⇤ is the mean distance be-531

tween asperities of the walls of the cracks.532

According with Zimmerman and Main (2004), the condition for the inertia forces533

to be negligible compared with the viscous forces is that Re
⇤⌧1. An upper limit for Re

⇤
534

for the cases considered in our study corresponds to the binary model having 50% of hmin535

as it is the one having the minimum ⇤=0.01 µm. As U increases with the frequency, we536

compute Re
⇤ for the maximum considered frequency (i.e., 106 Hz of the oscillatory dis-537

placement). For the described case and a strain on the model of 10�5 (similar to the ones538

impose in laboratory experiments), we obtained U ⇡ 5 ⇥ 10�5 and Re
⇤ ⇡ 1 ⇥ 10�5,539

which comfortably satisfy the condition for the inertia forces to be negligible compared540

with the viscous forces.541

Appendix B REV boundary e↵ects542

Given the dimensions of the numerical model used for our analysis, we followed the543

methodology employed by Milani et al. (2016) to verify the absence of boundary e↵ects544

a↵ecting the results. For that, we consider our REV (Figure 1) to be a repeating unit545

cell (RUC) and created a model consisting of four RUCs as shown in Figure B1. Follow-546

ing the methodology presented in Section 2 we calculate the P-wave modulus and the547

attenuation for models consisting of one and four RUCs having planar crack with an aper-548

ture of 2.7 µm. The choice of such an aperture is based on the fact that this model is549

the most compliant from all the considered models in this work and, consequently, the550

most likely to present boundary e↵ects as shown by Milani et al. (2016). In addition, the551

configuration of the composited RUCs model looks for maximise boundary e↵ects given552

that the distance between the vertical cracks of two consecutive RUCs is minimal.553

Figure B2 shows a negligible discrepancy between numerical results for the mod-554

els composed by one and four RUCs. These results validate the consideration of all the555
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Figure B1. Model composed by four RUCs as the one presented in Figure 1 having two

planar cracks with 2.7 µm of aperture.

Figure B2. Real part of the P-wave modulus Re(H) and attenuation 1/Qp as functions of

frequency for two models composed by one and four RUCs (as the one presented in Figure B1)

having planar cracks with 2.7 µm of aperture.

numerical models presented in this work as REVs. Moreover, it verifies the fact that no556

considerable boundary e↵ects are a↵ecting the presented results.557

Appendix C Hydraulic aperture558

As part of our analysis, we compute the e↵ective hydraulic aperture of the di↵er-559

ent cracks considered in this work. This allows us to interpret the seismic responses in560

terms of hydraulic properties of the cracks. We combine the cubic law and Darcy’s law561

to obtain the hydraulic aperture (hH) of our crack models (Jaeger et al., 2007),562

h
3
H

= �Qy12⌘

wrpy
(C1)563
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where Qy and rpy are the volumetric flux and the fluid pressure gradient for the hor-564

izontal crack, respectively, in the fluid flow direction (i.e., y-direction) and w is the crack565

length in the horizontal direction normal to the fluid flow (i.e., x-direction). To obtain566

Qy, we solve Stokes equations (neglecting inertial terms), using the finite element soft-567

ware COMSOL Multiphisics, for laminar incompressible flow within a horizontal crack.568

This test is performed in time domain and the fluid flow is stationary. The numerical569

estimation of the hydraulic aperture of a crack is obtained by applying a constant fluid570

pressure gradient rpy between two opposite boundaries of a single crack. We measure571

Qy at the crack boundary having the lowest fluid pressure. Unlike the numerical test pre-572

viously described, there is no solid deformation in this test. Additionally, no slip bound-573

ary conditions are applied to the crack walls. Finally, we use Eq. C1 to obtain the crack574

hydraulic aperture.575
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