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Abstract

The appearance of alluvial channel networks is similar to that of trees and their roots what have self-similarity. In the process
of a fluvial evolution, alluvial channels are inner-shaping, adjust to achieve a stable equilibrium state, and form some channel
patterns that establish balance relationships between the parameters of the local turbulence field of the channel flow and the
supplies of the water discharge, sediment transport rate and sediment composition in a river basin. Therefore, the characteristic
dimension 12 of the representing eddy of the turbulence field of the channel flow and the dynamic characteristic length 1d of a
catchment are supposed to respectively represent the local dynamic factor and the dynamic factor stream along. The geometric
dimension of the cross section of a channel is deduced. And then, it is clarified that the self-similarity equation of cross section
morphology has similarity relationship conjugated with the self-similarity equation of the widths of a channel network. One of
the hydraulic geometry relationship equations reveals that the nominal dimension 12 and the gravitational acceleration g have
the same effects on shaping channel patterns in the fluvial processes. Finally, the governing equations for channels in regime
are derived. It is considered that the regime situation can be regarded approximately to that of the bankfull water level of
channels, and exponential relationship equations of channels in regime are given systematically. All the results of the study are

consistent with the actual statistical data of the channels of Songhua River Basin.
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Key Points:

1) The self-similarity relationships of channel widths along streams and cross-section
shapes is a pair of conjugated similarities.

2) An artificial virtual governing eddy controls the whole process of the bursting, energy
transfer and dissipation in the turbulence field.

3) The relationship between the channel width and water discharge is the only one that is
not affected by sediment supply of a river basin.

Abstract

The appearance of alluvial channel networks is similar to that of trees and their roots
what have self-similarity. In the process of a fluvial evolution, alluvial channels are inner-
shaping, adjust to achieve a stable equilibrium state, and form some channel patterns that
establish balance relationships between the parameters of the local turbulence field of the
channel flow and the supplies of the water discharge, sediment transport rate and sediment
composition in a river basin. Therefore, the characteristic dimension I, of the representing eddy

of the turbulence field of the channel flow and the dynamic characteristic length I, of a

catchment are supposed to respectively represent the local dynamic factor and the dynamic factor
stream along. The geometric dimension of the cross section of a channel is deduced. And then, it
is clarified that the self-similarity equation of cross section morphology has similarity
relationship conjugated with the self-similarity equation of the widths of a channel network. One
of the hydraulic geometry relationship equations reveals that the nominal dimension |, and the
gravitational acceleration g have the same effects on shaping channel patterns in the fluvial
processes. Finally, the governing equations for channels in regime are derived. It is considered
that the regime situation can be regarded approximately to that of the bankfull water level of
channels, and exponential relationship equations of channels in regime are given systematically.
All the results of the study are consistent with the actual statistical data of the channels of
Songhua River Basin.
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Plain Language Summary

Except particularly younger ones, botanical trees around us have many grade dimensions
of branches. Let’s compare one part of the branches with the whole tree, we will find that they
are very similar. The morphological similarity between one part and the whole of a tree is called
self-similarity. The appearance of streams merging into rivers on the Earth in a bird's-eye view is
similar to that of a botanical tree. Therefore, a river is also self-similar what just like a botanical
tree. The dynamic characteristics of every river on the Earth are different. In order to grasp the
laws of river evolution and changing processes, People have done a lot of exploration, but so far
no ideal results have been obtained. The self-similarity of river channels, here, is used into the
study of river evolution as a constrain equation, and a dynamic method for describing the
turbulence field of water flow is proposed. In the paradigm of Newtonian mechanics, the kinetic
relationships of river parameters are successfully given. These relationships can help us to
understand the behavior of fluvial rivers, such as the self-sculpting of river patterns and various
local and stream-along dynamic equilibriums.

1 Introduction

A river is a product of the interaction between its water flow and channel bed, which is
achieved by means of sediment scouring and depositing on the bed. Sediment materials are
sometimes a component of the water flow or sometimes a component of the channel bed. The
water flow acts on and shapes the channel bed, meanwhile, the bed constrains the flow and
affects the flowing structure. The two of the water flow and the bed are interdependent, inter-
played, and mutually organized, and are always in the process of changing and adjusting.
Therefore, the patterns of channel networks are the outcomes of the self-organizing and
evolution according to certain dynamic principles.

There are two aspects of self-adjustment of an alluvial channel: local adjustment and
stream-along adjustment. The local adjustment of a channel refers to the relationship between the
cross-section geometry dimension and its morphology of the channel and the supplies of the
water discharge, sediment and sediment composition. The stream-along adjustment of a channel
refers to the relationship between the channel morphology and the channel dynamic behaviors
such as scouring or silting and their balancing, branching and confluence along the course.

The study on the basic principles of the self-adjustment of a fluvial process has a long
history, and many hypotheses are proposed, of which some representatives are the uniform
distribution of energy dissipation and minimum total work in the system (Leopold, 1964),
minimum variance (Langbein, 1964), minimum channel bed activity (Dou, 1964), minimum unit
stream power (Yang , 1971), critical initiative condition (Li, 1976; Parker, 1978), minimum
function of channel system(Chang, 1979), maximum energy dissipation rate (Huang, 1981),
maximum sediment transport rate (White, 1982), maximum resistance coefficient (Davis, 1983)
and so on. All these hypotheses derived a series of semi-theoretical and semi-experienced
formulas, which cannot be proof rigorously and theoretically and may lead to conclusions
incompatible with some observations. Therefore, the study of the principles of self-adjustment of
the fluvial process is still a difficult task in river dynamics.
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Channel networks are parts of the fluvial landforms and have self-similarity (Mandelbrot,
1983). The geometric shape with self-similarity of a channel formed by self-adjustment is mainly
determined by the factors such as water discharge, the rate of sediment supply and the debris
size. For the case where the channel flow’s intensity is greater than the sediment starting
condition and less than the suspending condition, only the bed load exists. When the flow
intensity is greater than the suspending condition of sediment, the rate of bed load and the rate of
suspended load increase and decrease synchronously. So the bed load transport is accompanied
all time with the fluvial process, especially in the upstream part of a river basin, the transport of
sediment is mainly bed load. The overall patterns of a river are principal components of the pool
- riffle - bar unit and modes of bar development. In a fluvial process, the bar evolution is the
essential connection between the episodic nature of bed material transport and the production of
river morphology (Church M, and R. I. Ferguson, 2015). The bed load exchanges with the bed
materials continuously in the process of the river evolution and inherently deform channel
patterns laterally, such as straight, meandered or braided channels. And the channel morphology
is an inevitable outcome of following the principles of self-adjustment, which is mainly trimmed
and shaped by the bed load.

Based on the above understanding, the study on the principle of the self-adjustment of
river channels is implemented in two aspects that are local adjustment and stream along
adjustment, namely. It is proved that the self-similarity relationship of channel widths along
streams and the self-similarity relationship of cross-section shapes is a pair of conjugated
similarities. and the regime relationships of cross section parameters are given systematically.

2 Bed load transport rate in an alluvial river

2.1 Effective shear stress of sediment transport

The stream power of an alluvial channel is usually consumed in three aspects, which
overcomes the form resistance of the channel, the shear stress of transporting sediment and the
shear stress acting on the stationary particles on the channel bed namely. The shear stress of the
water flow acts on sediment particles is called the effective shear stress in river dynamics.

Einstein [1956] proposed that the effective shear stress 7, of water flow obeys the logarithmic
law of turbulence, which is

u Xy
—=25In|30.22= -
25| 022 @)

* S

where u is the velocity of water flow, u, is the shear velocity, k; is the roughness element
dimension of river bed, y is the parameter for transition smooth-rough (Einstein gives the

calculation curve).
For the convenience of calculation, Fan [1992, 1995] gives the fitting equations of the
calculation curve of y as
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where & =11.62 is the nominal thickness of the boundary layer, vis the kinematic viscosity
u*
coefficient of water.
The roughness of the bed surface in Eq. (2-1) is twice the particle size d of the
sediment on a river bed which is the median particle size of bed load material. Averaging Eq. (2-
1) along the water depth, yields

L = 25'[‘]% (2_3)

JgHJ 2d

where U is the average velocity, H is the average water depth, J is the slop of water flow, and g
is the gravity acceleration.
According to Einstein's (1950) recommendation, the formula for calculating the

effective hydraulic radius R, of the effective shear stress 7, can be obtained by replacing H
with R, , this becomes
U 11yR!

=25In
gR;J 2d

(2-4)

In order to express simply, the effective shear stress 7, is written in dimensionless
form @,. Consequently,

where . is the specific gravity of sediment particles, y is the specific gravity of water, u_ is
effective shear velocity .
The relationships among effective shear stress 7, , effective shear velocity u;, and

effective hydraulic radius R, are u] = \/rl; lp= \/gRgJ , in which p is the density of the liquid.

In hydraulic calculations, the average water depth H of a channel is commonly used, and
IS not appeared in Eq. (2-4), but the slop J of water flow which is not easy to determine appears
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in it, which brings inconvenience to calculate the effective shear stress. Fan [1992, 1995]
introduced the comprehensive capacity parameter for the alluvial channel flow

15
2
F=| Y /% (2-6)
Vs ygd 14
y

where Ry, is the hydraulic radius that is about equal to the average depth H (R, =H) for a wide and
shallow channel, vis the kinematic viscosity coefficient of water.

The relationship [Fan, 1995] between the effective dimensionless shear stress 6’6 of
channel flow and the comprehensive capacity parameter F, is

! 4 a)d n
g, =f (_) F (2-7)
|4

where @ is the terminal settling velocity of a single sediment particle in still clear water, n is the

exponent that is given as
07 1

14

n= 2-8
o (2-8)

0.8 —>1
14

And the function f '(@j is given as following
14

d 0.152 d
0.145 (“’—+o.01j . Y5
. wd) 14 14
(TJ B wd 0% wd =9
0.048(——8.8) AN TS
1% 1%

The curve of Eq. (2-7) has two parts that belong to smooth wall and rough wall [Fan,

2017] of water flow respectively, which is disconsecutive at @:15.
14

When calculating the effective dimensionless shear stress &, with Eq. (2-7), the settling

velocity of the medium sediment particle should be calculated by the formula of Zhang (1961),
which is

2
a):\/(13.95§] +1.09%:77 gg —13.955 (2-10)
y
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2.2. Bed load transport of channel flow

The amount of bed load transport per unit time is called the rate of bed load transport and
represented by the symbol "Gg" in kg/s or T/s, and the rate of bed load transport per unit width of
a channel is commonly expressed in the symbol "gy" in kg/s/m or T/s/m .

Let’s consider there are N sediment particles in quantity moving on a channel bed in a
unit area with a unit width. The average velocity of these N sediment particles along the flowing
direction is Vs, the bed load transport rate per unit width should be

9, = P, g O°NV, (2-11)
The rate of bed load transport per unit width in dimensionless form is written as
@, = 9p
o 177 g (2-12)
Y

Fan [1995] proposed a method to solve the number of sediment particles N and their
average velocity Vs along the flowing direction. And the Eq. (2-11) is expressed as
®, =26, - 0! wp+/8, —0.9) (2-13)
where &, =ﬁ =0.045 is the dimensionless effective shear stress in the critical condition
of sediment particles on the channel bed from moving to stop [Fan, 2017], and ¢, = 2.5In(11;()
is the wall law coefficient of water flow.

From Eg. (2-13), a simple relationship with the wall law coefficient ¢, can be seen that
the rate of bed load transport per unit width in dimensionless form @, is a function of the non-

dimensional effective shear stress &, only.

3 The local geometric dimension and shape of a cross-section

3.1. The local geometric dimension of a cross-section

The sediment from an eroded catchment enters river channels in the form of bed load
materials. The channels automatically adjust themselves to certain geometries and dimensions to
fit the runoff conditions of the river basin to transfer the supplied sediment.

For the bed load transportation of a channel, the sediment particles are big enough that

generally od >1 is tenable, son = 0.8 in Eq. (2-8), namely
14

ax
-2 -
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When the effective dimensionless shear stress 6. is much larger than the dimensionless

effective shear stress in the critical condition of particles from moving to stop, 6’{, > 9(; in Eq.
(2-13), The non-dimensional bed load rate is simplified as
D, ~ 20,0."° (3-2)
The relationship between the bed load transport rate per unit width gy and the rate of bed

load transport Gg of a channel is
G

= (39

9, =

where B is channel width.
The relationship between water discharge Q and the factors of a cross-section is
Q=BHU (3-4)
where H is the average depth and U the average velocity of the cross-section.
For an alluvial channel, the cross sections are generally wide and shallow which are

E >10, the hydraulic radius Ry, is approximately equal to the average depth H of the channel.

Substituting of Eq. (3-1) in Eq. (3-2), yields

1/2 1/2 3/4 Y7V dd :
JgBH (G—] (sz] &) vy )

Qdo'3 }/SQ VsV v e

When the particles of bed load materials are not very fine sand, for od >15, we obtain

1%
0.3
I 17s=7 gd
{f(ﬂ 7 | 1038

v v

For the full rough bed, the Einstein’s parameter for transition smooth-rough is y =1, and
the wall law coefficient is ¢, =2.5In(11) =6, thus Eq. (3-5) can be approximately written as

‘/g 'jt's | ( ng ~1.0 (3-6)
Vs

From Eq. (3-6), the geometric dimension of a channel can be obtained with response to
the water discharge, sediment discharge and particle size as

0.6 1/2
BH'*=Q (@ d—] (3-7)
Ge 9
The left side of Eq. (3-7) is the cross-section dimension BH"® of a channel, and the water
discharge at left of the right side of the equation presents the scale of the channel. The physical
meaning of Eq. (3-7) is that the cross-sectional dimension BH™® of a channel is completely
determined by the hydrodynamic conditions of the water discharge, the rate of sediment supply
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and the debris size, which is a relationship between the local parameter BH'® of a channel and
the parameters along the channel.

3.2. The cross-section shape of a channel

7.Q

From the perspective of a river basin, the parameter . in Eq. (3-7) is the volume of

B
7Q

B
erosion ability that is expressed by a parameter of the characteristic length 1, of the basin,

5/3
h=(%9j d (3-8)

The parameter |, is a stream-along factor. The bigger the sediment particles in the basin
is, the stronger the anti-erosion ability is, and the larger I, is. The more the volume of runoff

7.Q

required for the production of unit volume sediment . in the basin is, the stronger the anti-
B

runoff required to produce unit volume of sediment in the basin, d®® indicates the anti-

erosion ability is, and the larger |, is.

Let’s suppose that the shape of each cross section of a channel stream along is similar to
each other by the mechanism of the self-adjustment, the dimension of the self similarity channel
network is correspondence to Eq. (3-7) for the total sediment supply rate Gg in Eq. (3-8), we

have
I 0.3
d

BH® =4 _ ]
JEQ (3-9)

Generally, the relationship between the channel width and water flow discharge is
considered as

B=a,Q" (3-10)
where, o, is a coefficient; g is an exponent.

There are two parameters in Eq. (3-10). And a constraint for Eq. (3-10) can be set. Here,
let «, be a parameter independent of channel width B and depth H .

Substituting Eqg. (3-10) into Eq. (3-9), there is

I 0.3
H8 = Ql—ﬂ1 3-11
9 (3-11)
Dividing Eq. (3-10) by Eq. (3-11), yields
B g .
(RO 39 g (3-12)
d

B : :
Here, ae that reflects the local cross-section shape of a channel is a parameter not

related to B and H , and ¢, is a parameter not related to B and H , too. Thus the parameter I
that is the anti-erosion ability of the basin and not related to B and H .
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4 Stream-along adjustment principles of channels

4.1. Erosion or deposition along a channel

The water discharge Q is constant along a channel for steady flow without
tributaries or river branches. The wear of the sediment particles along the stream is
negligible if the reach is not particularly long, and the sediment particle size d is regarded
as a constant. In order to study the shape changing of cross-section along the channel, Eqg.
(3-7) is differentiated along the direction of the stream, becomes

o(BH™)dB O(BH)dH _(7.Qd* “2(_3}3168 @
oB oH dl G, ¢ 2)Gg di
where | is the length of the channel.
0.6 1/2
According to Eq. (3-7), Q(E—Q%J in Eq. (4-1) can be replaced by BH"®, this

B

becomes
dB__ 4dH _1dG, ”
B T H 2G, (4-2)

This is the differential equation of self-adjustment along a channel for steady flow.

When a channel is in scoured circumstances, the channel is getting deeper as some of the
sediment of the bed are being washed away, and the water depth H is increasing along the
stream. The rate of sediment transport Gg of the channel reach is increased consequently

dG; >0. Therefore, from Eq. (4-2), the channel is getting narrower and deeper along the course

dB < 0. As the channel width is getting narrower which is yielded by scouring, the two sides of
the channel bank are not synchronized in the process of channel narrowing, which is often a
unilateral growth of one bank side. As an outcome of the increase in the water depth of the
channel and the unilateral growth of one shore, the channel is getting bent, which further
promotes the erosion of the opposite shore and eventually forms a meandering channel. The
meandering of the channel increases the path length of the stream, which reduces the channel
slope and reduces the capacity of sediment transport, and makes an equilibrium of sediment
transportation. The final bending shape of the channel depends on the need to increase the length
of the stream during the self-adjustment.

Usually, the total width of the sluice gates of a dam on a channel is smaller than the
channel width upstream the dam, dB <0, which causes the channel to be soured downstream the
dam. As the sediment siltation occurs upstream the dam, the water flow tries to recover the rate
of sediment transport automatically and makes the channel be scoured downstream the dam. (

dH >0 and dG; > 0). The recovery of sediment transport rate is slow and the scouring length

of downstream is long. After the construction of the Three Gorges Dam in China, the general
scouring of the middle and lower reaches of the Yangtze River is a realistic example of the
principles of self-adjustment along a stream.

Contrary to the above, for the deposition circumstances of a channel reach, the
sedimentation on the channel bed leads to decrease of the water depth H of the channel (dH <0)

and reduce the rate of sediment transport Gg (dG; < 0). Therefore, from Eq. (4-2), it can be
seen that at this time, the channel width increases along the stream of the siltation reach of the
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channel dB > 0. This makes the channel become scattered and shallow, such as the wandering
reach of the Yellow River in China.

4.2. Equilibrium reach of sediment transport

For the equilibrium reach of sediment transport, dG; =0, the differential Eq. (4-2) of

self-adjustment of channel morphology along the stream for steady flow becomes
dB dH
5 1.8 w (4-3)

This presents that one of the width or water depth is unchanged in the equilibrium reach
of sediment transport, the other is also unchanged, that is, if dB =0 then dH =0, vice versa. If
the channel width is changed by engineering activities, the depth of the water will adjust
according to Eq. (4-3). Similarly, if the depth is changed, the width will adjust accordingly.

For example, bridge piers occupy the width of a channel on the construction of a bridge,
which is caused dB <0 by human beings. The result of self-adjustment is to increase the water
depth H, dH > 0, which leads to bridge crossing scour commonly. The same effect will be
produced in the downstream of longitudinal dike or spur dike for channel regulation.

4.3. Conjugated feature of stream-along self-similarity of channel networks

It has been noticed for a long time that the channel network of a river basin is similar to
the branches of botanical trees. In fact, the morphology of channel networks is similar to that of
tree roots which are all confluence growth and have self-similarity. Leonardo da Vinci claims in
his NOTEBOOKS, note N0.394, that "All the branches of a tree at every stage of its height when
put together are equal in thickness to the trunk (below them).” Based on the fractal relationship
between area and diameter, Mandelbrot [1983] introduces diameter exponent, which is expressed
as

th = dtlA + dtzA (4-4)

where d; is the diameter of botanical trees, and the exponent is A=2 . It is indicated that the
fibrous bodies constituting a botanical tree have a uniform distribution in the tree trunk.
Mandelbrot considers that the bankfull widths of the tributaries of a channel network are also in
accordance with Eq. (4-4). The fractal features of the Mississippi River in the United States are
studied by B. B. Mandelbrot, and the exponent A =2 is obtained for the widths of the channels of
Mississippi River, which is the same as the diameter exponent of botanical trees.

For the main channel widths and the widths of all the tributaries of a channel network
that has self-similarity, and according to the definition of fractal geometry on similarity
dimension, the self-similarity relationship of the channel widths in the form of exponent can be
written as

B°=3'8 (@-5)

where D is the fractal dimension; i =1, 2, ..., n; n is the number of tributaries.

Let’s observe a simple channel network where two channels meet only, and marked by
"1" and "2" for each. The water discharge of channel "1" is Qy, and of channel "2" is Q,. The
water discharge of the main channel downstream the confluence of the channel "1™ and "2" is Q,
and according to the law of continuity, yields

Q = Ql + Qz (4'6)
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Changing Eq. (4-1) to

1/2
Gg 9
=BH"| === 4-7
Q @@mJ (4-7)

Substituting Eq. (3-10) into Eg. (4-5), the simple channel network relationship before and
after the confluence of channel "1" and "2" is

a, D [0/ D [0/ D
(8Q) =(8.Q™) +(8.Q") (4-8)

Comparing Eqg. (4-6) with Eq. (4-8), since the two channels "1" and "2" are completely

irrelevant, for the self-similarity simple channel network, therefore

Bi=Pu=P (4-9)
1
a, = 5 (4-10)
Put Eq. (3-10) into Eq. (4-9), there is
B° B°_B/r°
—=1=2 4-11
Q Q @ (¢11)
Substituting Eqg. (4-7) into Eq. (4-11), thus
BD—lldO.B B BlD—lIle.B _ BZD—lld20.3 :IQD-2_5 (4-12)

H 1.8 H11.8 H21.8

where IQD_Z'5 is a proportional parameter, which is written in an exponential form in order to
ensure the dimensional harmony of Eq. (4-12), and |, has a dimension of length.

Since channel "1" and "2" are completely arbitrary, it can be deduced from Eq. (4-12)
D-1 D-1
that the parameter 1,”** is not related to the parameters —— and I,%*.Therefore, — is not
H H

related to channel width B and water depth H. From Eqg. (3-12), we know that has nothing

H 1.8

with B and H, so there must be
D=2 (4-13)
As noticed, in order to deal a suitable transportation with the supplies of water and
sediment upstream, the cross-section dimension of the channel is adjusted stream-along
according to the principle of Eq. (3-7), so that the fractal dimension D of the width of the alluvial
channel is equal to 2. Therefore, the self-similarity Eq. (4-5) of an alluvial channel network
becomes

B*=> B’ (4-14)
i=1

The similarity relationship of the cross-sectional shape of the channel obtained from Eq.
(4-12) is
B 1 1
H1.8 - |QJ/2 |do.3 (4'15)
EqQ. (4-15) is also valid for the two unrelated channels 1" and "2", and will not be
repeated hereafter.
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Here, the parameter |, needs to be further explained. Since Eq. (4-5) presents the self-
similarity relationship of all channels in a river basin, which is a macroscopic overall concept,
the parameter |, in Eq. (4-15) should include the total water and sediment supplies of the basin,

no matter whether the sediment transportation in channels is suspended load material and/or bed
load material. That is, the sediment transport rate Gg in Eq. (3-8) is the sum of the transport rate
of suspended load and bed load.

The two aspects of the self-similarity of a channel network have been revealed, one is the
self similarity relationship of the channel width Eq. (4-14) stream-along, the other is the self
similarity relationship of cross-section shape Eq. (4-15). They are similarity equations
conjugated and synchronize with each other. One is true as another is demonstrated.

let's use the foot symbols of "1" and "2" again to indicate the two branches of a river in
the same way as we do in Eq. (4-6). The water discharge of branch "1" is Q, and of branch "2"
is Q2, and the water discharge of the channel after the confluence of the two branches is Q. For a
braided river with bifurcating channel streams, there are expressions of Eq. (4-5), (4-6) and (4-8),
too. The upstream part of the branches is similar to tree branches, and the downstream part is
similar to tree roots, all of which have self-similarity. Similarly, there are expressions of Eq. (4-
14) and Eq. (4-15) for the branches in sediment transport equilibrium.

Both the aforementioned tributaries and branches have the self-similarity, which shows
that the self-similarity of a channel network is the embodiment of the principles of the self
adjustment along streams. The conjugated similarity equations of Eq. (4-14) and Eq. (4-15)
express different meanings of channel similarity. Eq. (4-14) represents the self similarity of the
channel pattern which belongs to the category of fractal; while Eq. (4-15) represents the dynamic
similarity of the channel morphology which belongs to morphodynamic paradigm. As long as
one of them is tenable, the other must be tenable, which shows the consistency of natural
phenomenon and mechanism. The self similarity relationship of Eq. (4-14) is a phenomenon,
while the dynamic similarity relationship of Eq. (4-15) is a mechanism which is one of the basic
principles of the self adjustment of the alluvial morphology along streams.

. , B .
According to Eq. (4-15), the morphological parameter e of a channel is completely

determined by the two parameters with length dimension: one is the local parameter |, which

presents the influence of the turbulence field of water flow on the morphology of the cross
section of the channel; the other parameter 1, is a stream-along factor that presents the influence

of the water discharge, the rate of sediment supply and the debris size on the cross-section
morphology of the channel.

Vortex clusters in the turbulence field of an open channel flow are transferring
momentum and energy as the water flow in the channel from upstream to downstream. In the
continuous cycle of turbulent activities of the channel flow, large momentum bodies with small-
size eddies in the form of vortex clusters promote a series of bursting of big eddies from the
channel bed during the processes of sweeping the bed surface, and make the transfer of
momentum, then the big eddies later split themselves into smaller eddies step by step with
energy consumption and momentum transfer. Very small- size eddies diffuse in the whole
turbulence fluid finally. This cycling movement of the vortex clusters provides the required
energy for the turbulence field, maintains the various functions of the channel flow, and ensures
the local cross-section transportation of the water discharge and incoming sediment as well as the
sediment composition. Therefore, the small- size eddies that directly affect the motion of
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sediment particles in and near the turbulence field should be clearly manifested in Eg. (4-15), in
which the parameter |, with length dimension should be directly proportional to the single
representative eddy element dimension that dominates the turbulence field. So |, is considered
as the characteristic length of the dispersion representative eddies in the turbulence field.

Under the aforementioned recognition, for a steady uniform flow, the energy
consumption per unit time and unit stream length is yQJ , which is transferred by eddies in
turbulence field. So next, the turbulence field of channel flow is studied, which has interaction
with the channel boundary that consists of sedimentation mainly.

5. Nominal eddies in turbulence field of a channel flow

5.1. The definition of " Q" eddy

There is a dynamic relationship among the shape of a channel, turbulence field of the
stream and the sediment transportation. The cross-section geometric dimension and morphology
of the channel, which is the motion area of the vertexes in the turbulence field, are shaped by the
water flow of the channel through sediment erosion and deposition. In the case of bankfull water
level of the channel, the shape and geometric dimension of the turbulence field of the channel are
the cross-section shape and geometric dimension of the channel. In order to study the interaction
between the turbulence field and the boundary of a cross section, a way to describe the
turbulence field in a dynamic manner has to be explored.

In the turbulence field, the larger vortex clusters are continuously converted to the
smaller vortex clusters. Small-size eddies spread around, which diffuse to the whole flow field
and is also a process of momentum transfer that provides the energy required for the various
functions of the turbulence field. In order to quantitatively describe the dynamic characteristics
of the turbulence field, it is assumed that the momentum transfer between the eddies in the
turbulence field can be represented by the nominal eddies named " Q" eddies that have
characteristic length 1. Each of the nominal eddies has a conical body that the diameter of its

. . . : 1
base area is equal to 1, so the base area is equal to%lgz, the height of the cone is equal to EIQ :

and the volume of the " Q" eddy is equal to %Igs .

For a steady uniform flow, the energy consumption per unit time and unit stream length is
»QJ , which is achieved by the eddies transfer in the turbulence field. The sweeping water to the

bed surface causes bursting of the water near the bed surface to generate a large number of
eddies, turning the energy of the quantity »QJ into the kinetic energy of the eddies. The " Q"
eddies have the entire functions of the turbulence field, such as the energy consumption and
momentum transfer. All the energy of the channel flow is transmitted through " Q" eddies to
form the spatial distribution of the energy in the turbulence field. So the average value of the

kinetic energy of a single " Q" eddy is %’02”_4 I,3U? in the turbulence field, and the following
equation can be established

1 =
J=M_,=p—1,U? 5-1
7Q 92,0249 (5-1)
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where M, is the number of the " Q" eddies that have the characteristic length 1, and are
produced by the bursting water per unit time and unit stream length.

There are two unknown variables in Eqg. (5-1), M, and I,. And a dynamic constraint can
be set on one of them. Should the representative eddy (the " Q2" eddy) show the burst
characteristics of the turbulence field, the characteristic length I, of the "Q" eddy is related to
the average frequency p,, of intermittent germinations occurred in unit time in the turbulence

field, which is expressed as
1

Po = m (5-2)

After the " Q" eddy in turbulence field has two dynamic constraints of Eqg. (5-1) and Eq.
(5-2), the definition of the " Q" eddy in the turbulence field can be clearly given now: " Q" eddy
is an artificial virtual governing eddy in the turbulence field, which controls the whole process of
the burst frequency, energy transfer and energy dissipation in the turbulence field.

5.2. The numbers and dimension of " Q" eddies in turbulence field

For a steady uniform flow, the energy consumption per unit time and per unit stream
length is »QJ , which is achieved by the vortex transfer in the turbulence field. The sweeping
water to the bed surface causes bursting of the water near the bed surface to generate a large
number of eddies, turning the energy of the quantity »QJ into the kinetic energy of the eddies.

For the water flow in the open channel, the parameter pou. _ pU is used to indicate the
7,  pu
strength level of the turbulence sweeping on the bed surface. The larger the parameter A is,
PUs

the stronger the sweeping on the surface is, and the more eddies are generated by one turbulence
2
bursting from the surface. The Froude number UT indicates the activity degree of the eddies in
gl
2
the turbulence field. The larger the Froude number UT is, the more active the eddies are, and
gl

117H

the quicker the eddies’ attenuation is. Use the parameter of Eq. (2-3) to represent the

spatial scale of "Q" eddies’ activities along the water depth. Therefore, for the channel bed with a
length of | and an area of Bl, the number M, of the " Q" eddies with a characteristic length |,

generated by the bursting in unit time is expressed as

M |:aD£z+lpU 1 g|Q(;(HjDQ Bl
° pu. JI,/gu’\2d ) =

(5-3)

2
IQ
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here, « is the spatial factor of the "Q" eddy. D, is the dimension of fractal space, which is the
spatial dimension of the " Q" eddy moving along the water depth in the turbulence field of a

stream. p is the number of " Q" eddies on the area of Bl .
4
Rearranging Eq. (5-3), the number of " Q" eddies per unit time and unit stream length
IS
Dg+1 Do 2
MQ:40! (}(H] Q iz 9 (5-4)
T 2d Hu. U (I,
Substituting Eq. (5-4) into (5-1), yields
D
12 (2d )" _
IQ3/2 — — (_j H3/2 DQJS/Z (5_5)
a X

In the turbulence field, the characteristic length I, of a " Q" eddy has nothing with

water depth H, so the spatial dimension of the " Q" eddy in the turbulence field is.
3
D = — 5'6
0= (5-6)

Thus, the expression of the characteristic length 1, of the " Q" eddy is

1277 2d
l,, = P J (5-7)

The relationship between the channel slope and the characteristic length of the " Q"
eddy is
alO/S IQ
L 5-8
1272 % 2d =8
It can be seen that the characteristic length 1., of a " <2" eddy is directly proportional
to the product of the average water depth and the channel slope. By defining equations (5-1) and

(5-2), and recursive equations (5-4) and (5-7), the " Q2" eddies can be used to generalize the
dynamic functions of the turbulence field of streams.

6. Morphodynamic relationships of an alluvial channel

6.1. Hydraulic geometry parameter of a cross section

The similarity relationship Eq. (4-15) of the cross-section shape of a channel includes two
parameters, |, and |,, where |, is a local parameter and |, is a stream-along parameter. And the

parameter |, must exit in Eq. (3-12) of the local cross section shape. Because Eg. (3-12) and Eq.
(4-15) should be the same, the undetermined parameter «, and exponent 3, are, respectively

B 1 1 1/4
al—[g 5] (6-1)
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p=> (6-2)

From the derivation process of Eq. (3-12) and Eq. (4-15), it shows that the cross-section

B . .
morphology e of a channel integrates the local dynamic factor and the stream-

IQO.S |d0.3
along dynamic factor. Both Eq. (3-12) and Eq. (4-12) were derived based on the local dynamic
relationship of the channel and the self-similarity stream-along. By comparing Eq. (4-12) with
Eq. (3-12), the fractal dimension D =2 of the channel width in Eq. (4-12) was obtained, and the
undetermined parameters in Eq. (3-12) was determined by the feedback of Eq. (4-15). Eq. (3-12)
and Eq. (4-12) confirm with each other and jointly determine the cross-sectional shape

B 1 1

=5 = oz o3 Of the channel.
H™ 1,7 |y

The empirical parameter % of regime channels is widely used in the engineering

. I . B .
community which is very close to Eq. (4-15). It shows that the empirical parameter % is

basically consistent with the similarity principles of channel network, and dynamic similarity Eq.
(4-15) is a hydraulic geometry relationship of alluvial channels.

Since the dynamic similarity parameter % is an embodiment of channel morphology,

5/9
a morphological expression 77 = H is defined here, which is more in line with the current habit

of river engineering. According to Eq. (4-15), the definition is

B (1 1 )°
n= H :(| 1/2|o.3j (6-3)
Q d

For a full rough bed, the Einstein’s parameter for transition smooth-rough is y =1in Eq.

(3-7), the local representative roughness of sediment is the median particle d, of the sediment on
the channel bed surface. Thus,

122/3
IQ = WZde (6-4)
Substituting Eq. (6-4) into Eq. (6-3), yielding
1/6 5/18
B5/9 1 cl10/3 1
= =| — _— 6'5
T H {|d ] [122’3 2d,J J (©-9)

That is to say, the hydraulic geometry parameter » of channel morphology is a

function of the slope and the debris size of the local channel, whose dimension is the reciprocal
of length power 4/9.
According to the data of Songhua River Basin in Table 1, the spatial coefficient of "Q"

eddy « :% is obtained; that is, Eq. (6-5) becomes
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1/6 5/18
B% 1 1
n=—=01 =] | — (6-6)
H l, ) Ld,J
Table 1
Bankfull values of the main and tributaries of the Songhua River Basin
River Station Discharge  Area ( Width Depth  Debris size  Slope Note
(ms) (m)  (m) x10*
m?) (mm)
Nenjiang Jianggiao 2049 1194 224 5.32 1.25 0.2 Main
Nenjiang Dalai 1624 935 169 5.53 25 0.2 Main
Songhua River Xiadaiji 2998 1699 272 6.24 11 0.3 Main
Songhua River Haerb 3614 2215 427 5.18 0.25 0.5 Main
Songhua No.2 Fuyu 601 436 175 2.49 04 0.2 Tributary
Lalinhe Caijiagou 516 361 148 2.44 0.7 0.2 Tributary
Yinmahe Simajia 176 111 32 3.45 0.8 15.0 Tributary
8 ! ! ! ! ! ! !
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| | | | e |
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! | | | | ¢ | |
E 1 1 1 1 1 1 1
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Figure 1. The hydraulic geometry parameter » in Songhua River Basin.

The correspondence between Eq. (6-6) and the data in Table 1 is shown in Figure 1.
According to the sediment observation statistics of the hydrological stations in the Songhua

River Basin, at the bankfull water level, the average particle diameter of the mainstream

sediment transport in the Songhua River is about 0.048 mm, and the average length of the
characteristic length |, of the catchments is 700 m. The average particle diameter of sediment
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transported by Songhua No.2, Lalinhe and Yinmahe River is about 0.05mm, and the average
length of the characteristic length |, of the tow catchments is 400m.

6.2. The relationship between channel width and water discharge
Substituting Eq. (6-1) and Eq. (6-2) into Eq. (3-10), yielding

B= (ilj QY2 (6-7)

IQ
Eq. (6-7) shows that the characteristic length |, of the " Q" eddy in a channel flow stands

1/4
by the gravity acceleration of the Earth, that is (Iilj , which states, in a fluvial processes,
a9

that the characteristic length 1., and the gravitational acceleration g has the same effects on
shaping channel patterns. The relationship between the channel width and water discharge is the
correlation between large-scale things, while the characteristic length of " Q " eddy is a small-
scale thing. And the large things’ relationship is controlled by such a small-scale thing of " Q"
eddy, which makes one admire the charm of nature.

Substituting Eq. (6-4) into Eq. (6-7) gives

g% 1 14 Q 12
B=| —— — 6-8
£122’3 2de) [\@J ©-8)
Eq. (6-8) reveals that the channel width has a fixed exponential relationship with the

bankfull discharge, which is a power of 0.5, and is not influenced by the amount of sediment
supply of the catchment.

Substituting the space coefficient « =% of the " Q" eddy into Eq. (6-8), yields

) i 1/4 i 12 -
B_o.12(dej L«/EJ (6-9)

Eq. (6-9) is similar to the empirical formula B =kQ"°/J%? given by C.T. Altunin who is

well known in China in river engineering, and is tested with the statistical data in Table 1, see
Figure 2, which fits well.



505
506

507
508

509
510
511
512

513
514
515

516
517
518

519

Confidential manuscript submitted to Water Resources Research

500

450 f-mmmmmmmm-

350 f------------

1 1
1 1
1 1
1 l
1 1
1 1
1 1
400 p------------ fmmmmmmmmm o dmmmmmmmm e
1 1
1 1
| J
1 1
1 1
1 1
I ]

B[m]

250 f--------m---

150 f--------nm--

1

1

1

+

1

1

1

+

1

1

1

1

1

1

1
300 f------------ et R ittt

1 1

1 1

1 1

1 T

1 1

1 1

1 1

200 p------------ ieieietelieieel” it +

1 1

1 1

} 1

1 1

1 1

1 1

1

100 fommmmmmm e

e

[} [
1 1 1
1 1 1
50 p----oAL----- T R e
1 1 1
1 1 1
1 1 1

0 100 200 300 400 500
1 1
L2
0.12 (db]) <@) [m]
Figure 2. Channel width and bankfull discharge in Songhua River Basin.

6.3. The relationship between average flow velocity and water depth
According to the continuity formula Q = AU , Eq. (3-7) can be changed into

U =(EJ JoH (6-10)

For a steady uniform flow and an equilibrium channel of sediment transportation, Eq. (6-
10) gives a relationship between the average velocity and the average water depth of the cross
section of an alluvial channel.
The famous Manning formula is:
U = 1Rro3yv (6-11)
n
where n is the Manning roughness coefficient; R is the hydraulic radius in meters, m; U is the
average velocity if channel flow in meters per second, m/s.
Substituting Eq. (6-11) and Eq. (3-8) into Eq. (6-11) with R=H, yields
RJv2 (G, V(R
= - (6-12)
ng”>  (7Q) \d
Equations (6-12) gives the relationship between the channel bed slope and the sediment

supply per unit water discharge.
The tree morphodynamic relationships of Equations (6-3), (6-7), and (6-10) have their

clear characteristics. Eq. (6-7) contains only the local dynamic factor |, of the channel, Eq. (6-
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10) only the dynamic factor |, stream-along , and the hydraulic geometry parameter 5 of a cross
section Eq. (6-3) is determined by the two factors |, and |, jointly.

7. Regime relationships of alluvial channel

7.1. Regime of alluvial channels

Due to the diversity of geological and geomorphological conditions and the
hydrometeorological environment, channel networks in large river basins have formed various
patterns. Only in vary small catchments with a single river, the river may have a single stable
form. Regardless of whether it is a large or a small river basin, rainfall and soil erosion in the
catchments provide the river(s) with incoming water and sediment and the sediment composition.
In order to match such conditions of the incoming water and sediment and sediment
composition, the channels in the basins evolve into corresponding channel morphology, so as to
transport the corresponding water and sediment.

As erosion occurs in the river basin, sediment enters the channels. A process of sediment
transportation by a channel is the process that the channel adjusts its self to achieve a balance
between the local sediment transport capacity and the amount of sediment supply upstream.
Therefore, the channel performance of regime is that the sediment transport capacity of the main
channel stream is equal to the total sediment volume of its branches:

Gy = Zn:GBi (7-1)

inwhichi=1, 2, ..., n; nisthe number of tributaries.
For the simple channel network that only has two branch channels marked by "1" and "2",

the sediment transport rate of channel "1" is Gg,, and of channel "2" is G, . The sediment

transport rate of the main channel downstream the confluence of the channel "1" and "2" is G; .
In the case of the simple channel network in regime, we get
Gy =Gy, +Gg, (7'2)
Changing Eq. (3-8) into
3/5
d
GB = ysQ [I_} (7_3)
d
As mentioned above, the parameter 1, contains the total sediment supply, both of the

suspended load and bed load.
Substituting Eq. (7-3) into Eq. (7-2), yielding

3/5 3/5 3/5
Q[?j =Q1(|d—1j +Qz(|d—2j (7-4)

Substituting Eq. (4-6) into Eq. (7-4), yields

o] (sl &) eo

Due to the arbitrariness of the two channels "1" and "2", there are
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3/5 35 (7-6)
Id Id2
It can be write in the following form
Il = Id_l = Id_z (7_7)

d d, d,
Substituting Eq. (3-8) into Eq. (7-7), the governing equation of channels in regime is
rQ_rQ _rQ
Gs Gp G
However, the incoming of water discharge and sediment and sediment composition is
various continuously in years, seasons or even in days, and presents periodicity. But most
channels on the Earth have relatively stable patterns corresponding to the bankfull discharge.
From the perspective of the whole basin, the bankfull discharge of a channel is a
controlling and representative constant discharge that has an effective effect on the cross-
sectional dimension and shape of the channel. Even for a large basin composed of several
channel networks, when the bankfull discharge occurs in the main and tributary channels, the
parameter |, is often not very different as the geological and geomorphological conditions of the

catchments in a same river basin are usually close as well as the hydrometeorological
environment. Besides, the impact of the parameter 1, in Eq. (3-9) is low, whose power is 0.3.

Therefore, a channel in the hydrodynamic condition at bankfull discharge can be approximately
regarded as the channel in regime.
According Eq. (7-8), when a channel in regime, the parameter 1, is approximately a

constant when the medium sediment particle of each channel is close to each other. Known with

Eq. (3-9) in this case, the cross-sectional dimension BH'® is proportional to the first power of
the bankfull discharge Q.

A typical example of the channel networks in regime is the channels in Songhua River
Basin located in the black soil area of Northeast China, with an annual runoff of 76.2 billion
cubic meters and a drainage area of 565,800 square kilometers, of which there are 16 tributaries
with an area exceeding 10,000 square kilometers. The rainfall of each catchment in the basin is
very close, so as the vegetation coverage. Under the protection of vegetation, the basin has strong
anti-erosion ability, and the water flow is known as a stream with less sand in China. The
bankfull discharge of the channels of Songhua River Basin is about equal to the value of P =
50% flood peak or annual peak discharge of flood. The statistical data in Table 1 is the bankfull
values of the main and its tributaries of the Songhua River Basin, see Figure 3 which indicates
that the bankfull situation agrees well with the state of regime. The cross-section dimension of

channels BH™® is directly proportional to water discharge Q in the Songhua River Basin.

(7-8)
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Figure 3. Bankfull relationship between Q and BH'® of the Songhua River Basin

7.2. Width-depth ratio

The ratio of width to depth is a frequently used parameter in river engineering, which is
obtained by Eq. (6-3) and Eq. (6-7)

B_ i7/18 l1/6 &2/9 -
wle) (%

Substituting Eq. (6-4) into Eq. (7-9), obtains

Ve 7/18 2/9
B o004 1] | L] [ X i
moooli) () ) o

Only the channels are in equilibrium, that is, the G—é of each channel is a constant, is the
7s

width-depth ratio 5 of one of the channels directly proportional to the water discharge Q

whose power is 2/9 in Eq. (7-10) because the dynamic factor |; of a catchment is a function of
GB

7:Q

7.3. Exponential relationships of a cross section

For the tree factors of the channel width, water depth and water flow velocity of a cross-
section, Leopold, L. B., and Maddock, T., Jr. (1953) believe that the following simple
exponential relationships exist between each of the tree factors and the water discharge of a
stream as the river channel in regime.
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B=aQ”
H = azQﬂz
U= O(3Qﬂ3

where, «,, a, and a, are coefficients; g, B, and S, are exponents.

Eq. (6-8) is one of the simple exponential relationships which is the only exponential
relationship not affected by sediment transport since g, is a constant and equal to 0.5, that is, the

channel width and the water discharge have a fixed power of 0.5 whether the river is in regime or
not. However, £, and f, are not constant in many cases, only when channels are in regime(the

G—(B? are constants), be the tow exponents of 3, and f; constants.
7s

From equations (6-3) and (6-7), the relationship between water depth and flow discharge
IS

1/2y 3/5 Q "
H:{IQ 1,% —< (7-12)
%)

Substituting Eq. (6-4) into Eq. (7-11) with o :%, yielding

5/18
H =3.181,Y°(d,d )" [iJ (7-12)

Jg

From the area calculation formula A= BH , the relationship between area and flow

discharge can be obtained as
1 19 7/9
NRTE (_] i] (7-13)
) (Vg

Substituting Eq. (6-4) into Eq. (7-13) has

39 7/9
A=0.41% (ﬁ [%j (7-14)

Substituting the formula U =Q/ A into Eq. (7-13), there is

U :(ETG 1, g (%TQ (7-15)

1 g
Substituting Eq. (6-4) into Eq. (7-15), gives

_ 1 o /9 Q . i
u-2.52[|—j (d,d) \/E(ﬁ] (7-16)

d

For the watersheds that have similar dynamic conditions that have the same erosion
capacity for soil per unit runoff, the channels meet the condition of regime and the parameter

G—(B? is constant. The average water depth H in Eq. (7-12), the cross section area A in Eq. (7-
Vs

14) and the average velocity U of cross section in Eq. (7-16) have a fixed exponential
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relationship with the bankfull discharge Q . The exponential relationship between the average
velocity and the bankfull discharge Q whose power is 2/9, so as the ratio of width to depth in Eq.

(7-9). These equations are not independent, of which only one verified is enough. Eq. (7-14) is in
good agreement with the data in Table 1, as shown in Figure 4.
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Figure 4. Cross-section area and bankfull discharge in Songhua River Basin.

8. Conclusion

The principles of self-adjustment of an alluvial channel are basic problems of river
dynamics. Although the predecessors have explored in many aspects (Church, 2015), and
introduced some assumptions that have some theoretical defects unfortunately. Based on the
understanding that the self similarity phenomenon of channel networks is the result of the self
adjustment of the alluvial channels to reach an equilibrium state, the principles of local and
stream-along adjustment of channels are studied. The following laws of morphodynamics of
fluvial channels are first clarified, which is of great significance to fluvial process.

1) Under the bankfull water level condition, channels are in regime in the catchments of
similar dynamic erosion.

2) Eq. (6-8) on channel width and water discharge is the only one that is not influenced
by sediment transport, which has an exponential relationship. The exponents in the relationships

between other cross-section parameters and the water discharge are fixed only when G—(B? are
Vs

constants for the regime.
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1

3) The equation HE;B =757 %_3 of the cross-section morphodynamic relationship of a
Q d

channel integrates the tow impacts of the local dynamic factor and the stream-along factor.
4) The self-similarity of the channel width and the self-similarity of the cross-sectional
shape are a pair of conjugated similarities, which are tow self adjustment principles of the

n
channel morphology evolution of the alluvial river stream-along. The self-similarity B = Z Bi2
i=1

B 1
of channel network is a representation, while the self-similarity QT8 1203 of the cross-
Q d
section shape is the mechanism that the turbulence field and gravity field play the same role in
the process of channel morphology sculpturing.
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