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Abstract

Generation and propagation of lower hybrid drift wave (LHDW) within and near the electron diffusion region (EDR) during
guide field reconnection at the magnetopause is studied with data from the Magnetospheric Multiscale mission and a theoretical
model. Inside the EDR where the electron beta is high (8 ~ 5), the long-wavelength electromagnetic LHDW propagating obliquely
to the local magnetic field is observed. In contrast, the short-wavelength electrostatic LHDW propagating nearly perpendicular
to the local magnetic field is observed slightly away from the EDR, where §3 is small (70.6). These observed LHDW features
are explained by a local theoretical model only after including effects from the electron temperature anisotropy, finite electron
heat flux and parallel current. The short-wavelength LHDW is capable of generating significant drag force between electrons

and ions.
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Key Points:

« The short-wavelength lower hybrid wave is observed inside a current sheet dur-
ing guide field reconnection.

¢ Theoretical model for the dispersion relation of the lower hybrid wave based on
local geometry is developed.

« Free energy source for the lower hybrid wave is the perpendicular current and high

beta stabilizes the wave.
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Abstract

Generation and propagation of lower hybrid drift wave (LHDW) within and near the elec-
tron diffusion region (EDR) during guide field reconnection at the magnetopause is stud-
ied with data from the Magnetospheric Multiscale mission and a theoretical model. In-
side the EDR where the electron beta is high (8. ~ 5), the long-wavelength electromag-
netic LHDW propagating obliquely to the local magnetic field is observed. In contrast,
the short-wavelength electrostatic LHDW propagating nearly perpendicular to the lo-

cal magnetic field is observed slightly away from the EDR, where . is small (~ 0.6).
These observed LHDW features are explained by a local theoretical model only after in-
cluding effects from the electron temperature anisotropy, finite electron heat flux and par-
allel current. The short-wavelength LHDW is capable of generating significant drag force

between electrons and ions.

1 Introduction

Magnetic reconnection (Yamada, Kulsrud, & Ji, 2010) rapidly releases magnetic
energy through topological rearrangement of magnetic field lines. In the diffusion region
where reconnection occurs, there are various free energy sources for waves and instabil-
ities. In particular, the lower hybrid drift wave (LHDW) has been observed frequently
near the diffusion region in both laboratory (e.g. Carter, Ji, Trintchouk, Yamada, & Kul-
srud, 2001; H. Ji et al., 2004; Yoo, Yamada, Ji, Jara-Almonte, Myers, & Chen, 2014) and
space (e.g. Chen et al., 2019; Graham et al., 2017; Norgren, Vaivads, Khotyaintsev, &
André, 2012). The fast-growing, short-wavelength (kp, ~ 1; k is the magnitude of the
wave vector K; p, is the electron gyroradius), electrostatic LHDW propagating nearly
perpendicular to the local magnetic field (Bg) does not exist near the electron diffusion
region (EDR) during antiparallel reconnection (Carter et al., 2001; Roytershteyn, Daughton,
Karimabadi, & Mozer, 2012; Roytershteyn et al., 2013) due to the stabilization by the

high plasma beta (8) (Davidson, Gladd, Wu, & Huba, 1977). The long-wavelength (k./pepi ~

1; p; is the ion gyroradius) electromagnetic LHDW propagating obliquely to By is ob-
served in the EDR, (H. Ji et al., 2004; Roytershteyn et al., 2012) but it does not play an
important role in fast reconnection under typical magnetosphere conditions (Roytershteyn
et al., 2012).

In general, reconnection occurs with guide field, which is a relatively uniform out-

of-plane magnetic field component. The presence of the guide field impacts the struc-
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ture of the diffusion region and electron and ion dynamics (Fox et al., 2017; Pritchett
& Coroniti, 2004; Ricci, Blackbill, Daughton, & Lapenta, 2004; Tharp et al., 2012). More-
over, the guide field can reduce 5 in the EDR, such that the fast-growing, short-wavelength
LHDW can exist in the EDR, potentially impacting on reconnection and electron dy-
namics.

Here we demonstrate that the short-wavelength LHDW is generated near the EDR
by analyzing data from the Magnetospheric Multiscale (MMS) mission. In this event,
there is a moderate guide field (Bg ~ 0.5Bcq; By is the guide field magnitude; Bye is
the reconnecting field magnitude). Inside the EDR where 5, is high (~ 5), the long-wavelength
LHDW is present, while the short-wavelength LHDW is excited slightly away from the
EDR where S, is about 0.6.

Observed LHDW activity are explained by a local theoretical model, improved from
a previous model (H. Ji, Kulsrud, Fox, & Yamada, 2005) by including important effects
from the electron temperature anisotropy, finite electron heat flux for the parallel tem-
perature, and parallel electron flow. This model address LHDW with an arbitrary an-
gle between k and By unlike the classical formulation (Davidson et al., 1977). Results
from the model agree with measured characteristics of the short-wavelength LHDW; k
is nearly perpendicular to By at kpe ~ 0.7. The short-wavelength LHDW produces sig-
nificant drag force between electrons and ions. This study proves that the short-wavelength
LHDW can be excited within the EDR under a sufficiently large guide field, potentially

affecting electron and reconnection dynamics.

2 Overview of the MMS Event with LHDW

An overview of a magnetopause event observed by MMS2 on December 14, 2015
(Chen et al., 2017; Ergun et al., 2017) is shown in Fig. 1. Here we use burst-mode data
from the Fluxgate Magnetometer (FGM) (Russell et al., 2016), Search Coil Magnetome-
ter (SCM) (Le Contel et al., 2016), the electric field spin plane (Lindqvist et al., 2016),
axial double probes (Ergun et al., 2016), and Fast Plasma Investigation (FPI) (Pollock
et al., 2016). Two magenta vertical lines denote two regions, where the local dispersion
relation for LHDW is calculated. The region A represents the EDR (Chen et al., 2017;
Ergun et al., 2017), while B is slightly outside the EDR.

The magnetic field profile measured by FGM is shown in Fig. 1(a). The transfor-

mation matrix from the geocentric solar ecliptic coordinate to the local LM N coordi-
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Figure 1. Overview of a magnetopause event with LHDW activity observed by MMS2. Two
magenta dashed lines denoted by A and B indicate the time where LHDW stability analysis is
performed. The region A represents the EDR, while the region B is slightly outside the EDR. (a)
Magnetic field profile measured by FGM. Across the current sheet, there is an average negative
By component. (b) Magnetic field profile measured by SCM, filtered by a low-pass filter with a
cutoff frequency of 40 Hz. (c) Magnetic field spectrogram by the Morlet wavelet. The black line
indicates fru. Fluctuations in the magnetic field persists throughout the current sheet crossing
(01:17:39.7 — 01:17:41.5). In the region A, the fluctuations is below fru. (d) Electric field profile
filtered by the same filter. There are strong fluctuations around the region B. (e) Electric field
spectrogram by the wavelet analysis, which demonstrates fluctuations near fr,n around the region
B. (f) Electron density profile. Density fluctuations exist near B. (g) Profile of S.. In the region
A, B. is high, while it becomes small around the region B. (h) Profile of the electron flow. Both

parallel (red) and perpendicular (blue) components exist throughout the current sheet crossing.
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nate system is (L, M, N) = ([0.095, —0.481,0.865], [—0.445, —0.811, —0.392], [0.889, —0.346, —0.290]),
which is obtained by a hybrid method (Yoo & Yamada, 2012) using both the minimum

variance analysis and timing analysis, particularly with the assumption of the constant

thickness (Haaland et al., 2004). The current sheet thickness for this event is about 130

km, which is larger than the ion skin depth d; in the region B (~ 90 km). The region

A is close to the reversal of the reconnecting field component By, while the region B is

shifted to the low-density side. Note that there is a density asymmetry across the cur-

rent sheet with a ratio of about 3, as shown in Fig. 1(f). Profiles of By, and the electron

flow u, in Fig. 1(h) suggest that MMS2 passes through the current sheet from 01:17:39.7

to 01:17:41.5.

The out-of-plane magnetic field component Bj; has a negative value on average,
indicating there is a guide field for this event. The large perturbation of By, from 01:17:39.7
to 01:17:40.3 in Fig. 1(a) is due to the bipolar Hall field structure in asymmetric recon-
nection (Mozer, Angelopoulos, Bonnell, Glassmeier, & McFadden, 2008; Pritchett, 2008;
Yoo, Yamada, Ji, Jara-Almonte, & Myers, 2014). Excluding this variation, the guide field
strength is about 14 nT. Considering the asymmetry (Cassak & Shay, 2007), B is about
28 nT. Thus, By ~ 0.5Bec.

Near the region A, as shown in Fig. 1 (b) and (c), fluctuations in the magnetic field
B below the local lower hybrid frequency (fLu, denoted by the black line in (c)) exist.
Fluctuations in the electric field E and electron density n. are not strong, as shown in
Fig. 1 (d) and (f). Around the region B, as shown in Fig. 1(b)—(f), there are fluctuations
in B, E, and n, near fig. As shown in spectrograms of B and E in Fig. 1(c) and (e),
most power of the fluctuations exist close to fLy.

Figures 1(g) and (h) shows the profile of 8, and the electron flow vector u,, respec-
tively. Values of 3, are different in two regions; about 4.2 in A and 0.6 in B. Values of
U,, in contrast, are similar. Note that both the perpendicular and parallel components
of u, are significant. The observed features of fluctuations in the region B can be explained
by the short-wavelength LHDW. First, the perpendicular electron flow u., is large. Sec-

ond, the mode exists when [, is small. Finally, the frequency of the wave is around fy.

3 Calculation of the LHDW dispersion relation

The geometry of our local model is similar to that of H. Ji et al. (2005); z is along

By, and y is along the density gradient direction in the ion rest frame. The wave vec-
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tor is assumed on the 2-z plane with an assumption of negligible k,. Unlike H. Ji et al.
(2005), the equilibrium electron flow velocity (ueo) has a parallel component (uep.). Equi-
librium temperature is assumed to be uniform and ion temperature anisotropy is ignored.
The detailed derivation of the dispersion relation is provided in the supporting in-
formation. Here only important improvements over the model in H. Ji et al. (2005) are
discussed. First, for the quasi-electrostatic nature of the short-wavelength LHDW, the
perturbed electron density ne; is independently obtained from the electron continuity

equation:

(w—k-uep)ner = (k- Ue1 — i€Ue1y)Neo, (1)

where the subscript 1 indicates perturbed quantities, ue; is the perturbed electron flow
velocity, neo is the equilibrium density, and € = (dneo/dy)/neo is the inverse of the den-
sity gradient scale. The electron temperature anisotropy is also taken into account; Ti5 #
TeHO, where T and Te!‘O are the perpendicular and parallel electron equilibrium temper-
ature, respectively.

The perturbed perpendicular electron pressure is assumed to be pd; ~ 7”L61T(j(37 which
means that the perpendicular temperature perturbation is ignored (isothermal limit).
This simplification is justifiable because LHDW stability does not much depend on the
specific form of pf;l; other terms such as Eq, ue; X By, and ueg X By are more impor-
tant for the electron momentum balance along the perpendicular direction. Here, E; and
B, are the perturbed electric and magnetic field, respectively. This isothermal limit im-
plies infinite heat flux for the perpendicular temperature. We find that the dispersion
relation does not change much even in the limit of the zero heat flux.

For the parallel direction, however, more rigorous treatment of the electron heat
flux is required, as the perturbed electron parallel pressure p!l becomes important for
the electron force balance due to the absence of ue; xBg term. To obtain p!l, we start
from the following equation from the Vlasov equation:
ou

+ V- (uepl) + V- al + 275 pl = 0, (2)

apl
ot

where pl = m. J(vs — tez)? fedv, ql = me [(Vv — Ue)(v; — Uez)? fedv, and neue =
J vfedv. Note that q! is the electron heat flux affecting the parallel electron temper-

ature rather than the parallel heat flux.
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A closure for q(LI is required for p!l. The 341 fluid model (J.-Y. Ji & Joseph, 2018)

gives

Te .
al=—"—x (p!VTc + TeVpl — 5 Val - Te'Vpé) +al.2, (3)

MeWce

where 7!l = 2(p‘! —p)/3, and T, = (2T + TPU)/3. The derivation of this equation is
I

.1, in the collisionless limit

also given in the supporting information. The closure for ¢
is J.-Y. Ji and Joseph (2018)

I ik

Qe1z = /=177
RV

where TeH1 = (pﬂl—Tjom)/no is the perturbed parallel temperature and v = /2T00/Me
I

elx

2n0vteT!|1 , (4)

is the electron thermal speed. By linearizing Eq. 3, ¢.,,, becomes

Tl vl

I 2( 60_4 CO) el (|l

= —— " N0Ue0r = To Loy N0UeOx) 5
Qo1 9 Te%) CTiO 0t%e0 1700 %e0 ( )

where 7l = 24T — Te”O)/Q(TeJ(j + Tio). With Egs. 2, 4, and 5, p!l is given by

Qk‘H’I’LoTeHOUelz
W= K- Ueg — Pk L tie0s + 1(2/3/7) |y [vte

Pl = neaTig + (6)

With these closures, the electron momentum equation is solved to obtain the per-
turbed electron current density, Jo;. The ion current is given by the Eq. (8) in the Ref.
(H. Ji et al., 2005). With J; = Jo; + Ji1, the Maxwell equation without the displace-

ment current k x (k x Eq) = —iwppJ; can be expressed as

Dmm Dzy sz Elx
Dye Dy, Dy.||Ey|=0 (7)
Dzm Dzy Dzz Elz

with a tensor D. The dispersion relation for the wave can be obtained from detD =

0. The calculation for each component of D is provided in the supporting information.
Dispersion relations are obtained with plasma parameters measured in the region

A and B. For the region A, parameters averaged over 01:17:39.989-01:17:40.049 are By =

6.5 0T, ng = 6.1 cm™3, T = 79.5 eV, T = 70.9 eV, Tio = 395 €V, tep, = 17.9V4,

and e, = —14.1Va, where Va = 57.7 km/s is the local Alfvén speed. With these val-

ues, Bo = 4.24 and fr,y = 4.4 Hz. For the region B, parameters averaged over 01:17:40.469

— 529 are By = 19.8 nT, ng = 6.2 cm™3, T} = 122 eV, T = 77.6 eV, T}p = 402 eV,

Uepz = 2.65Va, and uep, = —5.07Va with Va = 174 kmm/s, . = 0.58, and frg = 12.9

Hz.
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Figure 2. Dispersion relation of LHDW. For each subplot, the left (right) panel shows the
contour plot for the real (imaginary) part of the angular frequency normalized by the local lower
hybrid frequency wru as a function of kp. and 6. Here p is the electron gyroradius in the region
B even for the axis of panels (a). (a) In the region A, the long-wavelength LHDW (§ ~  70° is
unstable, while the short-wavelength LHDW is marginally stable due to high 8. (b) In the re-
gion B, the short-wavelength LHDW has fast growth rates v ~ 0.6wrLa with ®(w) ~ wru. (¢)
Without the parallel flow, the dispersion becomes symmetric with respect to # = 90° but there
is no significant change in . (d) When the perpendicular flow is reduced to 0.7Va, v becomes
much smaller, which indicates ucos is the free energy source. The range of 6 is different for panels
(c) and (d). (e) Without q!, oblique modes are stabilized. (f) Without T, e!ll (infinite heat flux), 7
becomes even larger especially for more oblique modes, which shifts R(w) with the maximum ~ to

about 0.4wrH.
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The calculated dispersion relation is shown in Fig. 2(a); the left (right) panel shows
the real (imaginary) part of the angular frequency as a function of k£ and 6, which is nor-
malized by the local (angular) lower hybrid frequency, wrn. In the region A, the short-
wavelength LHDW around 6 = 90° is marginally stable despite the strong electron flow.
The long-wavelength LHDW around 6 = 70°, in contrast, is unstable around f < 0.5fry,
which agrees with measurements in Fig. 1(c).

In the region B, the short-wavelength LHDW has large growth rates with the max-
imum growth rate ymax ~ 0.6wry, as shown in Fig. 2(b). The frequency around ymax
is ~ 0.8 fpg. The model expects k; > \kH |. All these features are consistent with those
of the short-wavelength LHDW (Davidson et al., 1977).

This model indicates that the free energy source is the perpendicular current. Even
with zero parallel electron velocity, the dispersion expects similar 7, as shown in Fig. 2(c).
When the perpendicular velocity is decreased from 2.65V to 0.7V, however, v becomes
small, as shown in Fig. 2(d). If ueg, is reduced below 0.5V, the mode disappears.

To understand the effect of q‘e! on the dispersion, we have tested two limits — no

heat flux and infinite heat flux. Without the heat flux, pﬂl in Eqn. 6 becomes

2kmn TH U,
ph = natl + 2

w—k uy
With the infinite heat flux (v, — 00), pﬂl = nelTCHO, which means TCH1 = 0. Figure 2
(e) and (f) show the dispersion for these two limits. When 6 is close to 90°, results are
not affected. For oblique modes, however, the heat flux significantly affects the disper-
sion relation, especially the growth rate. Without qﬂ, oblique modes are quickly stabi-
lized; as shown in the bottom panel of Fig. 2(e), v becomes negative for 6 ~ 85° or 6 ~
96°. With the infinite heat flux (zero TeHl), on the other hand, v for oblique modes be-
comes larger than values in Fig. 2(b), as shown in Fig. 2(f).

This dependence of v on q! can be understood by the parallel force balance. The
perturbed pressure term, ikpﬂl can be interpreted as a restoring force against the elec-
tric field perturbation. The heat flux reduces the temperature perturbation, which means

that the restoring force decreases as the heat flux increases. Thus, in the limit of the in-

finite (zero) heat flux, v becomes larger (smaller) for oblique modes.

4 Comparison between theory and observation

The dispersion relation is crucial for identifying the wave and understanding its prop-

agation. If all MMS satellites observed the same wave packet, k could be estimated di-
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Figure 3. Wave vector measurement and comparison with the theory. (a) Profile of Ea near
the region B, which is filtered by a low-pass filter with a cutoff frequency of 40 Hz. Signals from
MMS2 and MMS4 correlate. The cyan box indicates the period where the analysis for the wave
vector is performed. The gray box indicates the range of data used for the wavelet analysis. (b)
Magnitude of the wave vector. Blue asterisks are measured values (kp. ~ 0.7). Theoretical val-
ues with various 6 are plotted with solid lines. (c) Angle between k and Bg. Blue asterisks are
values estimated by the SVD analysis. Theoretical values with various k are plotted with solid
lines. The wave propagates almost perpendicular to Bg. Error bars in (b) and (c) are from the
standard deviation of the values computed during the period indicated by the cyan box in (a).
Frequency values in (b) and (c) are the central frequency of the Morlet wavelet. (d) Anoma-
lous drag by LHDW. d Eprdne is normalized by BrecVanne. The black dashed line represents the

nominal normalized reconnection rate for collisionless reconnection, 0.1 (Birn et al., 2001).
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rectly from the phase difference (Yoo et al., 2018). However, for this event, signals from
only MMS2 and MMS4 have correlation, while they are near the region B. Thus, single
spacecraft methods such as the singular value decomposition (SVD) analysis (Santolik,

Parrot, & Lefeuvre, 2003) should be considered.

The SVD analysis has its own caveat; this method relies on the assumption that
there is only one dominant k for a given frequency. This assumption is not valid for LHDW;
as shown in Fig. 2(b), there is a range of k and 6 that has a positive growth rate for a
given frequency. In this case, the estimated k is a power-weighted average of multiple
wave vectors, which underestimates the magnitude of k (Yoo et al., 2019). The direc-
tion of the estimated k, on the other hand, still indicates the average propagation di-
rection.

The wave vector k is estimated by combining two methods. With the unit vector
k from the SVD analysis, the magnitude k is

P2 — ¢4
lA{- (1‘2 —1‘4)

k= , 9)

where ¢ and ¢4 are the phase of the correlated signal measured by MMS2 and MMS4,
while ry and ry are the location of MMS2 and MMS4, respectively. The phase informa-
tion comes from the Morlet wavelet transform of Ej; (Torrence & Compo, 1998). As shown
in Fig. 3(a), Eps signals from two satellites are correlated in the region B (cyan box).

Figure 3(b) shows the measured kp. (blue asterisks), compared with theoretical val-
ues (solid lines). For theoretical values, the Doppler shift due to the frame difference is
considered, which is Af = u; - k/27. Here u; is the ion flow velocity in the spacecraft
frame (ui, = 33 km/s, u;, = —38 km/s). At f = 0.98fLu, kp. = 0.66, which agrees
with the theoretical value with 6 ~ 87°. Note that the mode with the highest growth
rate exists around 6 ~ 87° and kp. ~ 0.6, as shown in Fig. 2(b).

Figure 3(c) shows the measured 6 (blue asterisks), compared with theoretical val-
ues of various k (solid lines). The measurement shows that LHDW propagates almost
perpendicular to By, which agrees with the model. The measured k has a dominant com-
ponent along the z direction (R = (0.987,—-0.155,—0.019) for f = 1.05fLy), which sup-
ports the ignorance of k.

The short-wavelength LHDW generates correlated fluctuations of the electron den-
sity and electric field, generating anomalous drag force between electrons and ions (Mozer,

Wilber, & Drake, 2011). Figure 3(d) shows § Epdne, normalized by BiecVan{(ne), where

Van = 274 km/s is the hybrid upstream Alfvén velocity for asymmetric reconnection

—11—
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(Cassak & Shay, 2007). Here the angle bracket means the average of a quantity A from
01:17:40.2 to 01:17:40.8 and a fluctuating quantity is defined as 64 = A — (A). Two

fluctuating quantities 0 F; and dne are correlated, producing a positive net value of 0 Ep;dne,

especially from 01:17:40.4 to 01:17:40.6. The value of 0 Eprone/(ne) over this period is

significant, compared to the nominal reconnection rate for collisionless reconnection, 0.1ByecVan

(Birn et al., 2001), indicating a potential importance of the electrostatic LHDW for elec-

tron and reconnection dynamics.

5 Summary and Discussions

In summary, we present LHDW activity inside a reconnecting current sheet mea-
sured by MMS with a moderate guide field. The long-wavelength LHDW exists inside
the EDR where S, is high, while the short-wavelength LHDW exists slightly outside the
EDR where S, is low. The analysis on the wave number k shows that k has a dominant
perpendicular component with a magnitude of kp, ~ 0.7 for f ~ fpu, which agrees
with features of the fast-growing, short-wavelength LHDW (Davidson et al., 1977). For
better understanding of LHDW | we have developed a local theoretical model for the dis-
persion relation. Overall, results from this model explains the observed LHDW activ-
ity, including the magnitude and direction of k.

The model is based on the previous work in H. Ji et al. (2005) but improved to in-
clude the electron heat flux for better modeling of the perturbed parallel electron pres-
sure, electron temperature anisotropy, parallel electron flow, and independent compu-
tation of the perturbed electron density for electrostatic effects. This model can calcu-
late the dispersion with an arbitrary angle between the wave vector and magnetic field,
unlike the kinetic treatment of LHDW (Davidson et al., 1977).

The limitation of this local model should be discussed. This analysis assumes no
wave propagation along the gradient direction, neglecting the global structure of the cur-
rent sheet. To address this issue, a global eigenmode analysis (Daughton, 2003; ?) should
be carried out, which is our future work. For this event with a large current sheet width,
however, this local analysis seems acceptable. The negligible k, over k; is also supported
by the measurement.

This model assumes no temperature gradient for both electrons and ions but the

temperature gradient may be important for LHDW activity. With parameters measured
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in the region B, however, the results are not sensitive against relatively small change in
the local temperature.

This study shows that the short-wavelength LHDW is potentially important for
electron and reconnection dynamics by generating drag force between electrons and ions
under a sufficient guide field. Further systematic research on this topic within or near
the EDR is warranted both in space (i.e. Chen et al., 2019) and in laboratory (i.e. Ste-

chow et al., 2018).
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1 Derivation of g/l (Eqn. 12)

From the kinetic equation in the (¢,r,w = v — V)) coordinates (V is the fluid
velocity),

df 9 9 q 9 . _
%—(WoVV)'%f+V'(Wf)+%'(Af)+EWXB'%f*C(f)7 (1)
where
d 0
it TR AL (2)
1 av
A= E[F*—i—q(VxB)] T (3)

For the pll fluid equation, we need to obtain the closure
ql = /dgvmwﬁWf = qHéJrq[ (4)

where q” = fd?’vmwﬁ’f has been obtained in J.-Y. Ji and Joseph (2018) and we will
[

obtain the q'| closure. We adopt the closure (transport) ordering d/dt ~ 0 and the lin-
ear response theory.

We take the moments [ deUmwﬁw of the kinetic equation:

d d
/d?’vmwﬁwd—‘]; = %q” : ignored by the closure ordering, (5)
3 2 9 . . s
d’vmwiw(w - VV) %f : ignored by the linearization, (6)
/d?’vmwﬁwv (wf)=V-(%%: /d%mwwwwf). (7)

We should decompose wwww into orthogonal polynomials (see J.-Y. Ji and Held (2008))
for the consistent truncation in the expansion of a distribution function.

c= = (8)

vr /2T /m

ccce = pl4 g <02 - ;) {p’1} +3{p’l} + (ip02 —p+ i) {ny 9)
— plo_ g P2} 43 {p21) + (gpoz _ 0 i) (i

3
3{p*} + 1 {1} + higher order moments to be truncated,



where the operator {...} is the symmetrization of the tensor (J.-Y. Ji & Held, 2008). For
bb : ccce (notation b = 2),

1
bb:{pzl}:6(bb:p2|+2bb~p2+2b~p2b+p2), (10)
1
bb: {II} = (I + 2bb). (11)
Therefore,
3
/dvmwﬁwwf = mU%/dvbb: (3{p2|} + 4{ll}) ! (12)
4 1 2 2 2 2 31
= mop [ dv 36(bb:p | +2bb - p? +2bb - p +p)+1§(l+2bb) f
2
1
= L (ml+2bb-m+2b- b+ m) +muf n(l+2bb)
T
— = (ml+2bb-m+2b-wb+7) + T 1+ 2bb)
m m
T T T T
— 42 bb-wr+2-b-wb+ —7 + T 2bb,
m m m m
where
plo= P+, (13)
1
pt = p-— 37> (14)
2
m =30 —p"), (15)
p=1x (p“ + 2pl) (16)
3 )
3 1

Hereafter we will drop b terms, which will be nullified by the bx operation:

3 1 1
V-mr= ibauﬂﬂ — §V7T|| — —§V7T||, (19)

T T T T
v/dvmwﬁwwf ~ V. <p||+2bb.7r+2b-7rb+ 7r+Tp2bb> (20)
m m m m m
T T T
= V. <p|| +4—mbb + —m +Tp2bb>
m m m m

1 1 T
- —plvr+ =1vpl - —Vn.
m m 2m

For the 8% - (Af) term,

1 A
A= —[F.+q(VxB)|- = = —(Vp+V-m). (21)



0 0
/dvmwﬁwﬁ (Af) = - /dva : %(wﬁw)f (22)
= - /dvm(?b -wwA - b+ wﬁA)f

= —2b-pA-b—plA
= —2plA.-bb—pllA
1
— —p“%(Vp—i— V.m)
1 1 3

Il
mn

All together, V - (wf) + 22 - (Af)

1 1 T |
all = —plvT+ =7Vl - —vr - Zovpt (23)
m m 2m mn

n

1 T Il
= = <p||VT +7vpl - Zvm - L vpl) .
m 2

. 0 0
3 2 _ 3 2
= —m/d3v(waf)- (2w||b+wﬁl)
= —m/dngﬁw x Bf
= —q/ xB.
xa /d3WrLu)2wi (wx Bf)=—-0Qq xb. (25)
m 1™ ow
The final equation becomes

(terms dropped by closure ordering) + all + (terms o< b) — Qqll x 2 = 0 (collisionless)
1

q, = 52 x all. (26)
ql = /dvmwﬁwf = q”?ﬁ’ + qﬂ_. (27)

1 T A
qj = —obx <p|VT + 1Vl — SV =Vt ). (28)

2 Derivation of the dispersion relation

The geometry of the model is shown in 1. From the equilibrium momentum equa-
tions, the equilibrium electric field is

Tio

FEy = —————ue0: Bo. 29
0= T Tiou 0z Do (29)
The inverse of the gradient scale is given by
euerBO
=% 30
‘ T+ To (30)
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Figure 1. Geometry of the local theory for the LHDW dispersion calculation. The model is
in the ion rest frame with z toward the equilibrium magnetic field (Bo) and y along the den-
sity gradient direction. The equilibrium electric field Eyq is also along y for the force balance.
The equilibrium electron flow velocity ueo and wave vector k reside on the z-z plane. The angle

between k and By is given by 6.

For the dispersion relation, the following Maxwell’s equation without the displace-
ment current term is used:

k x (k X El) = —iw,lj,o.]l. (31)

The perturbed ion current density (Ji;) is given by (H. Ji, Kulsrud, Fox, & Yamada,
2005)
inge> Z"(BEy -Kk) -

h=— Z(OB, + ————k —i
Jll mik’uti (C) ! + 2 ! (

€

2k

) 7" Bk (32)

The first order electron momentum equation is given by
imeno (w — k . ueo) Ue1 = ik'Pel +6n0(E1 +1191 X B0+ueo X B1)+6(E0+ue0 XBo)nel. (33)
The perturbed electron density ne; is given by the electron continuity equation, which
is

(w—k-uep)ne1 = (k- Ue1 — i€Ue1y)Neo- (34)
Assuming that the perpendicular temperature perturbation is negligible, p is just
Per = e T (35)

For the parallel electron pressure, the following equation from the Vlasov equation
is used:

apl
ot

Ot
+ V- (upl) + V-al 255l =0, (36)



where

pﬂ =M -/(Uz - ucz)2fch; (37)
q(! =Me /(V - U—e)(vz - uez)QfedV7 (38)
Nele Z/erdv. (39)

Linearizing Eqn. 36 yields

—iwp!l + euelypﬂo +ik- ueo)pﬂl +ik- uel)noTJO +ik- q!l + 2ik|‘uelzn0Te!‘0 =0. (40)

As shown in the previous section, the 3 4+ 1 fluid model gives us

Te .
al=—"—x (p!VTe + TeVpl — 5Vl - Te'Vpé) +ql.2, (41)

ewce

where 7l = 2(p<L| —p)/3, T. = (2T + TeH)/S. The closure for qglz in the collisionless
limit is given by J.-Y. Ji and Joseph (2018)

| _ iRy u
Qe1, = 2n0vtcTe ’ (42)
Rz '
where Tell1 = (p(!1 - Tellonl)/no is the perturbed parallel temperature. Since k, = 0,

only q‘ellx is required to close Eqn. 40. By linearizing Eqn. 41 and using Eqn. 30, q!u

becomes i Lol
g = 2T —4T0) e
el 9  Th+To

where rll = 20475 — T) /9(T5 + Too).

Il
0UeOz = ’I“‘Ll Tel NnoUeoz s (43)

Then, ik - q(Lll becomes
ik - q!l =3 [ku_rﬂue(h —i(2/V/m)|ky |vte} no(p!1 — Te”onl) — ik uepeno k. (44)

Then, from Eqn. 40, p!l becomes
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The z component of Eqn. 33 is
imeno(w — K - Uep)Ue1z = ikupﬂl + eng(E1 + U0z Biy), (46)
From the Faraday’s Law (wB1 =k x Ey), By, = (k) E1, — k1 E1.)/w. With Eqn. 45,
Eqn. 46, and e = (w — Kk - Ue) /Wee, U1 is expressed as
cosf [ kvl ? €
ittoztterz = Aos i — | {uh« sinf — i (E) uely] : (47)
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The & component of Eqn. 33 is
imeng (W — K - Uep) Uety = ik 1 Py + eneo(Biz + Botery — teo»Biy).
With Eqns. 35, 34, and 47, ue1, can be expressed as
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where Yey, Qez, and Ae, are
sinf /ey [ kvi\’ cos? [ kvl ?
Yoy = 1+ (7) te) |14 B ) |
2&6 k Wee 204eaez Wee
sin? 0 [ kvt 2 cos20 [ kvl ’
Qe = Qe — <te) 1+ —te 5
QOLQ Wee 205eaez Wee

A = @ kue()Z Ela: cosf — Elz sin 0
e BO w BO ’

The y component of Eqn. 33 is

1MeMNen (w -k- ueO) Uy = eneO(Ely7Boue13:7UerBlz+ueOzB1:c)+6(E07Ue0:cBO)ne1-

With Eqns. 34, 29, and 47, ue1, can be expressed as

VYexUelz = *Z‘acyucly

icos® T ( ke

Ao, + A
Qelley TeLO + Ty ) o e

Wee

where Yez, Qey, and Aey are
sinf T% kg cos?0 [ kvl ?
Yoz = 1 + — e0 < el x) 1 + Mte ,
Qe TeO + EO Wee 2aeaez Wee

2
1 /e T kteos cos? 6 kzvl‘e
aey:ae_i(f) L 1+ ’
ae \k TeO + Tio Wee 2000, Wee

i By k (Ue0z SIN O + Ueo cOs 0) E1y
v Bo w BO ’

With Eqns. 51 and 56, ue1y is given by

Uery = i (iC}, Acx + CyAey +iCy, Acz)

-1
[ervye?
e __ ex ey
Cyz - (’Yey - ) )
Vex

«
e e ex
Cypy=Chs ,
Yex

sin 0 cos 0 (kv¢)2+ ey €08 0 < TS ku%)]

where

cy,=0C;
z x
Y Y 2aeaez Wee VexAellez TeJ(_) + T’iO Wee

Similarly, ue1, is given by

Uelxy = ZCEIAel + C;yAey + iC;erzv

(51)

(58)

(59)



where

-1
o Jo e
ny = <’Yew - eey) ) (65)
Vey
e e Qe
Yey
=, cosf ( lTjﬁ kueom> N ey Sin O cos 6 <kthé ) 2 | (67
Qelley TeO +Tio Wee 2’Yeyas@ez Wee

Then, us1, can be written as

Uerz = 1C5 Aex + Oy Aey +iC%, Aez, (68)
where 2
e, = —Oiz + 22029 (’?) (Co.smo+ i), (69)
oo _ o8 0 (kvtle ) ’ (Ce sind + C° E) (70)
2 = Dooes \ we vx veg )
ce = cos 0 (kvlL) 2 (Ce sinf 4+ C¢ E) (71)
o 20e006: \ Wee i Wk

The final goal is to obtain the perturbed current density of electrons, which is given
by J{ = —enepUer — €Ueoner. Thus, an expression for ne; is required. From Eqns. 34,
60, 64, and 68, ne; is given by

kneo

ner = g a (105 er + O Aey +iCFAuc], (72)
where
C = Cg,sinf + Cge/k + CS, cos b, (73)
Cle = C2, sinf + CC ek + C2, cos b, (74)
Cle = C%,sinf + Coe/k + C2, cosf. (75)

Now we are ready for computing the dispersion relation. Eqn. 31 is

kiErp — kL k| Er. —iwpoJiz = 0, (76)
k*Eqy — iwpoJiy = 0, (77)
k3 E1, — ki kB, — iwpodr. = 0. (78)

By multiplying d?, the above equation can be written as

B
K?cos?0E,, — K?sinfcosF;, — iQﬁle =0, (79)
0
K?E,, — iQﬂJ =0 (80)
ly eng ly )
B
K?sin?0F;, — K?sinfcosE,, — iQ—Ole =0, (81)
()

where K = kd;.

Eqgns. 79-81 can be written as

Dyx Dy, Dy.||Ey|=0. (82)
Dzm Dzy Dzz Elz



From Eqn. 32, each component of iQByJi1/eng is

/OB, Z" sin 6
B0 e = CZ By + C% (Elz sinf — Z%Ely + By, cos 9) , (83)
0
iQB,
WOOJ“Z’ = (ZEy,, (84)
1By B ¢Z" cos i €
p— Ji1. =CZFE,, + — (Elm sin @ — zEEly + E;, cos 9) . (85)

From Eqns. 64 and 72, iQJ5, /eng is given by

0B
0 g8, = OBy [(CS, + te02CECL) Avy — i (C + a0z CECL) Aoy + (C2, + 10, C5CL) Aez]

(86)

ENg

where C} = K/(2 — K - ue) and uep = ueo/Va. Here Vo = By/\/toming = diwei is
the Alfvén speed. Similarly, from Eqns. 68 and 72, iQJ{, /eng is given by

QB
Zen 0 Jy, = QBgy [(C’;’z + Ue0, CRO) Ay — i (Czey + ueozczC?’f) Aoy + (C%, + ue0CLCY) Aez] ,
0
(87)
Since there is no y component in ueo, #2.J7, /eng is simply
1QB, e . e
Woojfy = QB (iCy, Aca + Cyy Ay +iCy A - (88)

In terms of dimensionless parameters, QB Acz, 2BoAey, and QByA., can be written as

QBQABJC = (Q — KUeOz COS 0) Elx + (KUeOZ sin Q)Elz, (89)
QByAey = [Ktep, €088 — K (Uey SIn 6 + ueg, cos 0)] Eny, (90)
OByAc: = (Ktepz c080)Ery + (Q — Kueo, sinf) Ey . (91)

Then, each component of the tensor D is

"

Z
Dyy =K%cos®0 — (Z — ¢ sin? @ (92)
— [(CS, + te02CRCE) (2 — Kuep, cos0) + (CS, + 10z CrC) Ko cos 0],
Z//
D, =i (%) CQ sinf + (Cs, 4 ue02CRCy ) [ — K (teoe sin 0 + o cos )] (93)

1"

A
D,.=—K?sinfcosf — ¢ sin 6 cos 0 (94)
— [(C%, + te02CrOE) Ko, sin 6 + (CF, + ez CrCL) (2 — Kueg, sin )],
Dyy=—1 [C’;ﬂE (Q — Kuepz cos ) + Cy . K ueoz cos 9] , (95)
Dyy =K? = (Z — C5, [Q — K (Ucoz sin 0 + ueo cos 0)] (96)
Dy, =—i [OEIKUeOZ sinf + Oy, (2 — Kugpy sin 9)] , (97)
(98)

1
sin 0 cos 6

Z
D., =— K?sinfcosf — ¢
— [(C%, + 1e02CRC) (2 — Kuep, cos ) + (C5, + tep.CjCL) Kueos cos b,

z

. (€ CZ// . e e e :
D, =i (E) 5 cos 0+i (Czy + 1e0:CRCy ) [Q — K (teoa Sin 6 + ueo- cos 0)] (99)
1"
D.. =K?sin?0 — (Z — Cg cos? 0 (100)

— [(C%, + 1e0:CRCE) Ktiep, sin 6 + (C2, + 0, CRC) (Q — Ktiepy sin6)] .

Required input plasma parameters for the dispersion relation include By, ng, Te!lo,
T, Tio, and ue. For ueg, the coordinate transform from the LM N to local xyz coor-
dinate system is needed. The z direction is along By and the y direction is along B x



Ueo. The choice of the gradient (y) direction is based on the model geometry where there
is no y component of uey, and based on the MHD equilibrium, Vp = BxJ, which also
indicates no y component of ugg.
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